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HIERARCHICAL  ADAPTIVE  MODELING 
AFOSR  Grant  F49620-96- 1-0462 


Abstract 

Computational  procedures  are  developed  for  evaluating  the  hierarchical  sensitivity  coefficients  of 
the  nonlinear  response  of  composite  and  sandwich  structures.  The  hierarchical  sensitivity 
coefficients  measure  the  sensitivity  of  the  response  to  three  sets  of  interrelated  parameters;  namely, 
panels  (or  shells),  layer  and  micromechanical  parameters.  The  computational  procedure  is  applied 
to  the  nonlinear  static  and  postbuckling  responses  of  composite  shells  and  panels,  as  well  as  to 
sandwich  structures  with  composite  face  sheets.  The  sensitivity  coefficients  are  used  in  conjunction 
with  fuzzy  set  techniques  to  study  the  range  of  variation  of  various  response  quantities  associated 
with  pre-selected  variations  of  the  major  parameters. 


Research  Objectives 

The  overall  goal  of  this  research  is  to  develop  effective  hierarchical  adaptive  modeling  strategies  for 
predicting  the  response  and  failure  of  complex  structures.  The  strategies  are  used  in  simulating 
phenomena  occurring  at  disparate  spatial  and  time  scales  taking  account  of  the  uncertainties  in 
material  and  other  system  properties,  and  using  reasonable  computer  resources.  The  strategies  are 
based  on:  a)  developing  practical  methods  for  the  accurate  calculation  of  transverse  stresses;  b) 
evaluating  the  sensitivity  of  the  structural  response  to  variations  in  material  parameters  associated 
with  a  hierarchy  of  models  used  in  describing  phenomena  occurring  at  different  length  scales,  and 
identifying  the  material  parameters  which  have  the  most  impact  on  the  response  quantities  of 
interest;  c)  studying  the  range  of  variation  of  various  response  quantities  associated  with  pre¬ 
selected  variations  of  the  major  parameters;  and  d)  using  multiple  mathematical  models,  as  well  as 
hybrid  deterministic/non-deterministic  models,  in  different  regions  of  the  structure  to  take 
advantage  of  efficiencies  gained  by  matching  the  model  to  the  expected  response  in  each  region. 

The  scope  of  the  work  includes  nonlinear  and  postbuckling  responses  of  composite  and  sandwich 
panels.  Stiffened  and  unstiffened  panels  with  and  without  cutouts  are  considered. 


Research  Accomplishments 

The  results  of  the  research  conducted  under  this  grant  are  included  in  sixteen  publications.  The 
abstracts  of  the  papers  are  given  in  Appendix  I.  Eight  technical  presentations  were  made  based  on 
the  studies  made  under  this  grant  and  are  listed  in  Appendix  n. 

The  research  activities  can  be  grouped  into  three  categories: 

Practical  Methods  for  the  Accurate  Determination  of  Transverse  Normal  Stresses. 

A  two-stage  computational  procedure  has  been  developed  for  the  accurate  determination  of 
transverse  normal  stresses  in  composite  and  sandwich  panels.  The  procedure  is  based  on  a 
posteriori  determination  of  the  shape  of  the  displacement  variation  in  the  thickness  direction.  In  the 
first  stage,  a  first-order  shear  deformation  theory  is  used  for  evaluating  the  average  through-the- 
thickness  displacements  and  strains  as  well  as  the  in-plane  stress  components. 

Three-dimensional  continuum  equations  are  then  used  to  evaluate  the  transverse  shear  and  normal 
stresses  and  strains.  In  the  second  stage,  the  strains  are  integrated  to  obtain  the  distributions  of  the 
displacement  components  in  the  thickness  direction.  The  Rayleigh-Ritz  technique  is  applied  to 
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obtain  a  modified  displacement  field  in  the  panel  The  in-plane  stress^  are  ^culaKd^  te 
transverse  shear  and  normal  stresses  are  determined  from  the  equations  of  equilibrium.  The 
stage  is  repeated  until  convergence  of  the  transverse  normal  stresses  is  achieve  . 

The  effectiveness  of  the  procedure  is  demonstrated  by  means  of  numerical  examples  of  As* 
rectangular  sandwich  panels  with  composite  face  sheets,  subjected  to  thermomechanical fading ;  . 
The  refits  obtained  by  using  the  foregoing  computational  procedur^ 

Rayleigh-Ritz  technique,  were  found  to  be  in  close  agreement  with  those  obtained  by  using  tnree 
dimensional  continuum  models  for  each  of  the  face  sheet  layers  and  the  core. 

Evaluation  of  Hierarchical  Sensitivity  Coefficients. 

An  efficient  computational  procedure  has  been  developed  for  evaluating  the  hierarchical  sensitivity 
coefficients  of  sandwich  panels  with  composite  face  sheets. 

of  evaluating  the  sensitivity  coefficients  with  respect  to  each  of  the  stiffnesses  of  die  sandwe 
structure.  The  sensitivity  coefficients  with  respect  to  die  effective  matenalparamrtere  of  ^ 
sheets  and  core  layers,  and  micromechanical  properties  (viz.,  fiber,  matt™, core interfi 
DroDerties)  are  then  computed  as  linear  combinations  of  the  sensitivity  coefficients  with  respec 
thesfructural  stiffnesses.  If  the  panel  stiffnesses  are  unifonn,  and  the  constitutive  relahonsof* 
panel,  layer  and  the  constituents  are  linear,  the  coefficients  m  the  linear  combinations  are  constan 
mid  need  to  be  generated  only  once  for  each  panel,  even  when  the  response  is  linear. 

Uncertainty  Analysis. 

A  computational  procedure  has  been  developed  for  uncertainty  analysis.  The  procedure  is  based 
on  treating  the  major  parameters  of  the  structure  (identified  by  the  hierarchical  sejjsmvity 
coefficients)  as  fuzzy  parameters,  and  using  fuzzy  set  techniques  to  provide  information  about  th 
range  and  variation  of  possible  responses,  associated  with  selected  ranges  and  variations  of  the 
major  structural  parameters. 

The  procedure  developed  after  improvements  will  allow  commercial  detemunistic  analysis  codes  to 
perform  uncertainty  Sysis.  TWs  can  be  accomplished  by  modifying  the  input  (to 
variation  in  the  major  parameters)  and  adding  a  postprocessor  to  generate  the  range  of  variation  o 
the  response  quantities.  The  resulting  program  can  serve  as  a  designer  s  tool  kit.  bee  tig.  1 . 

Summary  of  Recent  Accomplishments/New  Findings 

1.  Transverse  normal  and  shear  stresses  are  important  for  predicting  the  onset  of  some s  of the 
damage  mechanisms  in  composite  and  sandwich  panels.  Until  now,  no  practical  method [was 
available  for  the  accurate  determination  of  transverse  normal  stresses,  particularly  for  thermal 
loading.  The  computational  procedure  developed  in  this  study  is  a  step  towards  meeting  tin 
need.  The  procedure  can  be  incorporated,  as  a  post-processing  module,  in  commercial  tmi  e 
element  programs. 

2.  The  design  of  future  complex  air  vehicles  envisioned  by  the  Air  Force  must  take  unceitainties 
and  risk  into  consideration.  The  procedure  developed  in  this  study  will  allow  commercial 
deterministic  analysis  codes  to  perform  uncertainty  analysis.  This  can  be  accomplished  by 
modifying  the  input  (to  include  the  variation  in  the  major  structural  and  material  parameters), 
and  adding  a  post-processor  to  generate  the  range  of  variation  of  the  response  quantities. 
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Proposed  Future  Studies 

Based  on  the  work  completed  under  this  grant,  the  following  research  tasks  are  proposed: 

•  Extending  the  hierarchical  sensitivity  analysis  to  the  sub-component  and  component  levels  - 
see  Fig.  2. 

•  Application  of  hierarchical  sensitivity  coefficients  to  smart  materials/structures  with  strong 
coupling  between  mechanical,  electrical,  thermal  and  possibly  magnetic  field. 

•  Improving  the  efficiency  of  the  uncertainty  analysis,  through  the  use  of  rapid  reanalysis 
techniques,  in  conjunction  with  the  hierarchical  sensitivity  coefficients,  in  generating  die  responses 
associated  with  variations  in  the  major  structural  parameters.  The  procedure  will  be  applied  to 
stiffened  composite  and  sandwich  panels  with  and  without  cutouts. 

•  Incorporation  of  the  hierarchical  sensitivity  analysis  into  a  hierarchical  adaptive  modeling 
strategy,  based  on  using  multiple  mathematical  models  in  different  regions  of  the  structure  to  take 
advantage  of  efficiencies  gained  by  matching  the  model  to  the  expected  response  in  each  region. 


Publications 

List  peer-reviewed  publications  submitted  and/or  accepted  during  the  period  October  1,  1996- 

September  30, 1999  period : 

1.  Karaoglan,  L.,  Noor,  A.  K.  and  Kim,  Y.  H.,  "Frictional  Contact/Impact  Response  of  Textile 
Composite  Structures,"  Composite  Structures ,  Vol.  37,  No.  2,  Feb.  1997,  pp.  269-280. 

2.  Noor,  A.  K.,  Starnes,  Jr.,  J.  H.  and  Peters,  J.  M.,  ‘Theimomechanical  Buckling  and 
Postbuckling  Responses  of  Composite  Panels  with  Skewed  Stiffeners,  Finite  Elements  in 
Analysis  and  Design,  Vol.  27,  No.  2,  Oct.  1997,  pp.  193-214. 

3.  Burton,  W.  S.  and  Noor,  A.  K.,  “Assessment  of  Continuum  Models  for  Sandwich  Panel 
Honeycomb  Cores,”  Computer  Methods  in  Applied  Mechanics  and  Engineering,  Vol.  145, 
1997,  pp.  341-360. 

4.  Karaoglan,  L.  and  Noor,  A.  K.,  “Space  Time  Finite  Element  Methods  for  the  Sensitivity 
Analysis  of  Contact/Impact  Response  of  Axisymmetric  Composite  Structures,”  Computer 
Methods  in  Applied  Mechanics  and  Engineering,  Vol.  144,  Nos.  3-4,  May  1997,  pp.  371-389. 

5.  Noor,  A.  K.,  Starnes,  Jr.,  J.  H.  and  Peters,  J.  M.,  “Curved  Sandwich  Panels  Subjected  to 
Temperature  Gradient  and  Mechanical  Loads,”  Journal  of  Aerospace  Division,  ASCE,  Vol.  10, 
No.  4,  Oct.  1997,  pp.  143-161. 

6.  Xu,  K.  and  Noor,  A.  K.,  “Predictor-Corrector  Finite  Element  Approach  for  Electroelastic 
Analysis  of  Hybrid  Composite  Plates,”  Computer  Methods  in  Applied  Mechanics  and 
Engineering,  Vol.  147,  Nos.  1-2,  July  1997,  pp.  139-145. 

7.  Noor,  A.  K.,  “Computational  Structures  Technology  -  Leap  Frogging  into  the  Twenty-First 
Century,”  in  Advances  in  Computational  Structures  Technology,  B.H.V.  Topping  (ed.),  Civil- 
Comp  Press,  Edinburgh,  U.K.,  1996,  pp.  1-18;  also,  Computers  and  Structures,  Vol.  73, 
Nos.  1-5,  Sept.  1999,  pp.  1-31. 
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8  Noor  A  K  “Some  Future  Directions  of  Computational  Structures  Technology 

^Engineering  Science,  S.  N.  AUuri  and  G.  Yagawa  (eds.).  Tech  Saence 
Press,  Forsyth,  GA,  1997,  pp.  502-507. 

o  Rnlfes  R  Noor  A  K  and  Sparr,  H.,  “Evaluation  of  Transverse  Thermal  Stresses  in 
9'  Compos  ire"  Plates  Based  on  First-Order  Sheiu r  Defotmation Themy,” Methods  m 
Applied  Mechanics  and  Engineering ,  Vol.  167,  Nos.  3-4,  Dec.  1998,  pp.  3 

10  Noor  A  K.,  “Recent  Advances  in  Sensitivity  Analysis  for  Nonlinear  Stmctural  Mech^f! 
Problems”  in  Discretization  Methods  in  Structural  Mechanics,  Proc.  IUTAM/IACM 
Symposium  on  Discretization  Methods  in  Structural  Mechanics  n,  Vienna^  Ausma,  June  2-  , 
1WHA  Mangand  F.  G.  Rammerstorfer  (eds.),  Kluwer  Academic  Publishers,  Dordrecht, 

The  Netherlands,  1999,  pp.  207-216. 

1 1  Noor  A.  K.  and  Peters,  J.  M.,  “Analysis  of  Curved  Sandwich  Panels  with  Cutouts  Subjected 
to  Combined  Temperature  Gradient  and  Mechanical  Loads,”  in  Analysis  and  Design  Issues  f 

Journal  of  Sandwich  Structures  and  Materials,  Vol.  1,  Jan.  1999,  pp. 

io  Moor  A  K  and  Peters  J  M.  “Nonlinear  Analysis  of  Curved  Composite  Panels  Subjected  to 

2‘ Combined  Temperature  Gradient  and  Mechanical  Loads,”  in  A/m/ysis  and  Design 

Modem  Aerospace  Vehicles  - 1997,  G.  J.  Simitses  (ed.)  1 Proc ASNffi  1 ntemat tonal  Congress 
and  Exposition,  Dallas,  TX,  Nov.  17-21,  1997,  AD  Vol.  53,  ASME,  1997 
also,  with  different  title,  "Analysis  of  Composite  Panels  Subjected  to  ^e™°'1rn?ihani 
Loads,”  Journal  of  Aerospace  Engineering,  ASCE,  Vol.  12,  No.  1,  Jan.  1999,  pp.  1  17. 

1  ^  Noor  A  K  Starnes  Jr.  J.  H.  and  Peters,  J.  M.,  "Uncertainty  Analysis  of  Composite 
*  Structures,"  in  Recent’ Advances  and  Future  Trends  in  Composite  Matenalsand  Stmctures, 
special  issue  of  Computer  Methods  in  Applied  Mechanics  and  Engineering  (to  appear). 

14  Noor  A.  K.  and  Malik,  M.,  "Accurate  Determination  of  Transverse  Normal  Stresses  in 
Sandwich  Panels  Subjected  to  Thermomechanical  Loadings,"  Computer  Methods  in  Applie 
Mechanics  and  Engineering,  Vol.  178,  1999,  pp.  431-443. 

15  Malik  M.  and  Noor,  A.  K.,  "Accurate  Determination  of  Transverse  Normal  Stresses  in 
Hybrid  I  am^nated  Panels  Subjected  to  Electro-thermo-mechanical  Loadings,  Intematio 
Journal  for  Numerical  Methods  in  Engineering  (to  appear). 

16  Noor  A.  K.  and  Malik,  M.,  "An  Assessment  of  Five  Modeling  Approaches  for  Thermo- 
mechanical  Stress  Analysis  of  Laminated  Composite  Panels,"  Computational  Mechanics  (to 

appear). 
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Appendix  I 

Abstracts  of  Publications 


Frictional  Contact/Impact  Response  of  Textile  Composite  Structures 
Levent  Karaoglan,  A.  K.  Noor  and  Y.  H.  Kkn  _ 

Composite  Structures,  Vol.  37,  No.  2,  Feb.  1997,  pp.  269-280. 

The  results  of  a  detailed  study  of  the  frictional  contact/impact  response  of  axisymmetric  textile 
composite  structures  are  presented.  The  structures  are  assumed  to  consist  of  an  arbitrary  number  o 
perfectly  bonded  layers  of  woven  fabric  or  braided  preforms.  The  material  of  each  layer  is  turned 
toShypereS  aid  the  effect  of  geometric  nonlinearity  is  included.  The  equations  of  motion  of 
the  structure  are  established  in  the  current  configuration  and  a  displacement  finite  dement  moAti  is 
used  for  the  spatial  discretization.  A  Coulomb  friction  model  is  used  and  the  temporal  integration 
is  performed  by  using  an  explicit  central  difference  scheme.  Both  the  dynamic  response  and  the 
sensitivity  coefficient  are  evaluated.  The  sensitivity  coefficients  measure  the  sen^uvity  of  *e 
response  to  variations  in  the  effective  layer  properties.  Numerical  results  are  presented  for  the 
frictional  contact/impact  response  of  a  spherical  cap  made  of  textile  (woven  and  braided)  compo 
material,  impacting  a  rigid  surface.  Results  are  compared  with  those  of  a  spherical  cap  made  of  tape 

laminate. 


Thermomechanical  Buckling  and  Postbuckling  Responses  of  Composite  Panels 
with  Skewed  Stiffeners 

Ahmed  K.  Noor,  James  H.  Starnes,  Jr.  and  Jeanne  M.  Peters 

Finite  Elements  in  Analysis  and  Design,  Vol.  27,  No.  2,  Oct.  1997,  pp.  193-214. 

The  results  of  a  detailed  study  of  the  buckling  and  postbuckling  responses  of  comp^tibepands 
with  skewed  stiffeners  are  presented.  The  panels  are  subjected  to  applied  edgechnbomttud 
temperature  changes.  A  first-order  shear-deformation  geometrically  nonlinear  shallow-sheil  theory 
that  includes  the  effects  of  laminated  anisotropic  material  behavior  is  used  to  model  each  section  of 
the  stiffeners  and  the  skin.  A  mixed  formulation  is  used  m  the  analysis  with i  the  fundanent  d 
unknowns  consisting  of  the  generalized  displacements  and  the  stress  resttitants  of  ffie  panel.  The 
nonlinear  displacements,  strain  energy,  transverse  shear  stresses,  transverse  shear  strain ^energy 
density,  and  their  hierarchical  sensitivity  coefficients  are  evaluated.  The  hierarchical  sensitivity 
coefficients  measure  the  sensitivity  of  the  buckling  and  postbuckling  responses  to  variations  m 
three  sets  of  interrelated  parameters;  namely,  the  panel  stiffnesses;  the  effective  material 
of  the  individual  layers;  and  the  constitutent  material  parameters  (fibers,  matrix,  mtert^e  ana 
interphase).  Numerical  results  are  presented  for  rectangular  panels  with  open  section  I-stiffeners, 

subjected  to  edge  shortening  and  uniform  temperature  change.  .  ,  , 

The  results  show  the  effects  of  variations  m  the  malenal  properties  of  the  skin  and  the 
stiffener  on  the  buckling  and  postbuckling  responses  of  the  panel,  as  well  as  on  the  sensitivity 
coefficients. 


Assessment  of  Continuum  Models  for  Sandwich  Panel  Honeycomb  Cores 
W.  Scott  Burton  and  A.  K.  Noor  ,X/1 

Computer  Methods  in  Applied  Mechanics  and  Engineering,  Vol.  145,  1997,  pp. 


Detailed  finite  element  models  are  used  for  predicting  the  free-vibration  response  of  infinitely  long 
and  rectangular  sandwich  panels.  The  panels  considered  have  square-cell  honeycomb  core  and 
simply  supported  edges.  The  sandwich  core  and  face  sheets  are  modeled  by  using  three- 
dimensional  solid  elements  and  two-dimensional  plate  elements.  The  predictions  of  the  firnte 
element  models  are  compared  with  those  obtained  by  using  higher-order  sandwich  theory  tor 
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panels  with  the  core  replaced  by  an  effective  (equivalent)  continuum.  i^''‘‘|”',|“'erapP'0aCheS 
are  used  for  estimating  the  effective  material  properties  of  the  equivalent  continuum  1  y  • 


Space-Time  Finite  Element  Methods  for  the  Sensitivity  Analysis  of 
Contact/Impact  Response  of  Axisymmetric  Composite  Structures 

Levent  Karaoglan  and  A.  K.  Noor  ,  _  .  ...  1AA  1007  nn  371-389 

Computer  Methods  in  Applied  Mechanics  and  Engineering,  Voi  144 , 1997,  pp. 

Space-time  finite  element  methods  are  applied  to  the  sensitivity  analysis  of  frictional  ^on^t/impact 

response  of  axisymmetric  composite  structures.  The  structures  are  assme Jdto 

arbitrary  number  of  perfectly  bonded  homogeneous  anisotropic  layers.  .^Ofi^The  s^sS 

are  considered  and  die  material  of  each  layer  is  assumed  to  be  l Wgdgic 

coefficients  measure  the  sensitivity  of  the  response  to  vanations  m  matenal  parameters  or  tne 

structure.  fmite  element  model  is  used  for  the  spatial  ^scretization.  ^tem^ 

int<» oration  is  Derformed  by  using  the  time-discontmuous  Galerkm  method.  Least-squares 
stabbing  operators  are  added  to  the  governing  equations  to  enhance  the  stoWlgljy  0* 

the  high  frequency  modes,  without  degrading  the  accuracy.  A  quasi-explicit  iterative L^f^ontaS 
used  for  generating  the  response  and  evaluating  the  sensitivity  coefficients.  The  normal  contact 
conditions  are  incorporated  within  the  iterative  process.  Numencal  results  ^  presente 
sensitivity  analysis  of  contact/impact  response  of  a  composite  spherical  cap  impacting  a  ngi  p  • 

Curved  Sandwich  Panels  Subjected  to  Temperature  Gradient  and  Mechanical 

Loads  w  n 

Ahmed  K.  Noor,  James  H.  Starnes,  Jr.  and  Jeanne  M  Peters 

Journal  of  Aerospace  Division,  ASCE,  Vol.  10,  No.  4,  Oct.  1997,  pp.  143-161. 

The  results  of  a  detailed  study  of  the  nonlinear  response  of  curved  sandwich  panels  with  composite 
iacc  sheets  subjected  to  a  temperature  gradient  through-the-thrctaess  comb^ 
loadings  are  presented.  The  analysis  is  based  on  a  first-order  shear-deformation  Sanders 
Budiansky  type  theory  with  the  effects  of  large  displacements,  moderate  rotations,  traverse  s  ear 
(^formation  and  Undated  anisotropic  material  behavior  included  A  muted  fa™***. s  used 
with  the  fundamental  unknowns  consisting  of  the  generalized  displacements  and  tiK  stress 
resultants  of  the  panel.  The  nonlinear  displacements,  strain  energy,  principal  strains.  tr^isver 
shear  stresses,  trsmsverse  shear  strain  energy  density,  and  their  hierarchical  sensitivity  coefficienfr 
are  evaluated.  The  hierarchical  sensitivity  coefficients  measure  the  ^ttivity  of  tte  nonhne^ 
response  to  variations  in  the  panel  parameters,  the  effective  properties  of  the  face  sheet  layers  ^id 
the  core,  and  the  micromechanical  parameters.  Numerical  results  are  presented  fo  y 
panels  subjected  to  combined  pressure  loading,  edge  shortening  or  extension  edge  shear  and  a 
temperature  gradient  through  the  thickness.  The  results  show  the  effects  of  variations  m  he  loading 
and  the  panel  aspect  ratio,  on  the  nonlinear  response  and  its  sensitivity  to  changes  in  the  var 
panel,  effective  layer  and  micromechanical  parameters. 


Predictor-Corrector  Finite  Element  Approach  for  Electroelastic  Analysis  of 
Hybrid  Composite  Plates 

Kangming  Xu  and  A.  K.  Noor  J0Q7  __ 

Computer  Methods  in  Applied  Mechanics  and  Engineering,  Vol.  147,  Nos.  1-2,  July  iVVA  PP- 

139-145 


A  predictor-corrector  finite  element  approach  is  presented  for  the  steady-state  (static)  electroelastic 
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analysis  of  multilayered  hybrid  composite  plates.  The  plates  consist  of  a  combination  of  fiber- 
reinforced  amd  piezoelectric  layers  (or  patches)  The  problem 

displacement  components  and  the  electric  potential  Two-dimensional  fiaite  etemenL moddu used 
in  die  predictor  phase.  Linear  displacement  vanation  and  quadratic  electric  potential  variation  are 
rKrKWs  direction  (five  displacement  parameters  and  three  etonc  potenUa^ 
Darameters)  The  functional  dependence  of  the  displacement  components  and  the  electnc  P°52in 
Le  then  calculated  using  three-dimensional  equations.  The  corrected  quantities  are  used  Uo ^  bmrn 
better  estimates  for  the  different  response  quantities.  The  effectiveness  of  the  predictor-corr«: 
approach  is  demonstrated  by  numerical  examples  of  five-layer  plates  consisting  of  fou  jp  P. 
epoxy1  kyerean^  one  piezoelectric  layer,  subjected  to  transverse  mechanical  loading  and  electnc 

potential. 

Computational  Structures  Technology  -  Leap  Frogging  into  the  Twenty-First 
Century 

^Advances  in  Computational  Structures  Technology,  B.H.V.  Topping  (ed.),  Civil-Comp  Press, 
Edinburgh,  U.K.,  1996,  pp.  1-18 

The  history,  recent  developments  and  trends  in  computational  stractures  tTChnol^  (CST)  are 
summarized.  Discussion  focuses  on  development  of  CST  software  go^of  CST^rtresL 
Some  recent  advances  in  a  number  of  CST  areas  are  described,  including  discretization  techniques 
and  element  technology;  computational  material  modeling;  modeling  of  composite  ^J^wi  h 
structures;  life  prediction  methodology;  transient  response  analysis,  numerical  sumdatic in  o 
frictional  contactfmpact  response;  articulated  structural  dynaimcs;  non^te^stre  ra^^mg  an 
analvsis  methods-  hybrid  techniques;  error  estimation  and  adaptive  improvement  straegies, 
strategies  for  solution  of  couphri  problems;  sensitivity  analysis;  integrated  ^^lsf  ^eS1^ 
strategies  and  numerical  algorithms  for  new  computing  systems;  modei  generation] ^ntfal  for 
application  of  object-orientSd  technology.  Research  areas  m  CST  which  have  high  potential  for 
meeting  the  future  technological  needs  are  identified. 

Some  Future  Directions  of  Computational  Structures  Technology 

In  Advances  in  Computational  Engineering  Science,  S.  N.  Atlun  and  G.  Yagawa  (eds.).  Tech 
Science  Press,  Forsyth,  GA,  1997,  pp.  502-507 

Some  of  the  research  areas  of  computational  structures  technology  (CST)  which  have  high 
potential  for  meeting  the  needs  of  future  high-tech  engineering  systems  are  identified.  Discussion 
focuses  on  the  characteristics  of  future  engineering  systems;  drivers  for  *e  technology 
characteristics  of  future  computing  environment;  and  role  of  CST  m  future  CAD/CAM/ 
systems  and  design  environment.  Future  research  areas  include  high  fidehly  ^^iing  ^the 
structure  and  its  components;  failure  and  life  prediction  methodologies;  hierarclucal  integrmed 
methods  and  adaptive  modeling  strategies;  non-deteimimstic  analysis,  soft  computing  and  nsk 
assessment;  fully-coupled  analysis  and  optimization  problems  associated  with  intelligent  and 
modular  structures;  and  validation  of  numerical  simulations. 

Evaluation  of  Transverse  Thermal  Stresses  in  Composite  Plates  Based  on  First- 
Order  Shear  Deformation  Theory 

Raimund  Rolfes,  A.  K.  Noor  and  H.  Sparr 

Computer  Methods  in  Applied  Mechanics  and  Engineering,  Vol.  167,  Nos.  3-4,  Dec.  1988,  pp. 
355-368 
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SsrriSwo^ 

The  distributions  of  the  transverse  stresses  through-the-thickness  are  evaluate  y  f  .  ^ 
Mnsverse  shear  forces  and  the  thermal  effects  resulting  from  the  fume  element  a matyas.  TV 
procedure  fs  taplemented  into  a  post-processing  routine  which  can  V 

existing  commercial  finite  element  codes.  Numerical  results  are  presented  for  f  y 

cross-ply  laminates  subjected  to  mechanical  and  thermal  loads. 


Sensitivity  Analysis  for  Nonlinear  Structural  Mechanics 


Recent  Advances  in 
Problems 

ThEfocrevicarion  Methods  in  Structural  Mechanics,  H.  A.  Mang  and  F.  G  ^Ters,0fr<fd±>; 
Proc  IUTAM/IACM  Symposium  on  Discretization  Methods  in  Snuctural  i lechamcs  , 

Austria  June  2-6,  19W,  Kluwer  Academic  Publishers.  Dordrecht.  The  Netherlands.  1999.  pp. 

207-216 

Recent  developments  in  the  sensitivity  analysis  for  nonlhumr  !£d 

nrnhlems  are  reviewed  The  activities  are  grouped  into  two  general  categories,  nam  y, 

computational  strategies  and  facilities  for  evaluating  the  serai fivity  1  ^ 

anolications  Brief  description  is  given  of  the  activities  pertaining  to  the  tnst  c^egor^  mo 
detailed  discussion  is  presented  for  two  recent  applications:  a)  hierarctncd  ^^^reSect^ 
of  the  various  response  quantities  of  sandwich  panels  with  composite  face  sheets  with  pect 
the  different  laminate,  layer  and  micromechanical  characteristics  of  die  fge  sheets^nd  cor  - 
sensitivitv  analysis  of  the  large  strain  response  of  visco-plastic  solids  subjected  to  aynaim 
loading.  *5!  ampl/ numerical  results  are  presented  and  some  of  the  future  directions  for  research  o 
sensitivity  analysis  of  large-scale  nonlinear  structures  are  outlined. 


Analysis  of  Curved  Sandwich  Panels  with  Cutouts  Subjected  to  Combined 
Temperature  Gradient  and  Mechanical  Loads 

Ahmed  K.  Noor  and  Jeanne  M.  Peters  Vinson  (ed  ) 

In  Analysis  and  Design  Issues  for  Modem  Aerospace  Vehicles  -  1997,  Jack  R. 

Procbf  a  symposium  held  at  the  ASME  International  Congress  and  Exposition.  Dallas.  TX 
N™'  17 tTiWTAD  Vol.  55.  ASME.  1997.  pp.  293-310:  also  in  Journal  of  Sandwich 
Structures  and  Materials,  Vol.  1,  Jan.  1999,  pp.  42-59. 

The  results  of  a  detailed  study  of  the  effect  of  the  cutout  on  the  response  °f5u"^is“d*^sP^ 
are  presented.  The  panels  have  honeycomb  core  composite  face  sheets JJ“  °  or 

temperature  gradient  through-the-thickness  combined  with  press^logn|and^edgjioraning^ 
edge  shear.  The  analysis  is  based  on  a  first-order  shear-deformation  Sanders  Budiaig^type 
theory  with  the  effects  of  large  displacements,  moderate  rotations,  transverse  shear  defoimation 
and  Yaminated  anisotropic  material  behavior  included.  A  mixed  tte 

fundamental  unknowns  consisting  of  the  generalized  displacements  and  the  stre^s  ^ltf1^  °J 
panel.  The  nonlinear  displacements,  strain  energy,  principal  strains,  trai^osc  shear 
transverse  shear  strain  energy  density,  and  their  hierarchical  sen^^ 

The  hierarchical  sensitivity  coefficients  measure  the  sensitivity  of  the  nonhnear  response  to 

variations  in  the  panel  parameters,  the  effective  properties  of  the  face  sheet  layer^  ^dwich  oa^ 
the  micromecharucal  parameters.  Numerical  results  are  presented  for  cylmdncd  sandwich  panels 
and  show  the  effects  of  variations  in  the  loading  and  the  size  of  the  cutout  on  the  global  and  local 
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response  quantities  and  their  sensitivity  to  changes  in  the  various 
micromechanical  parameters. 


panel,  effective  layer  and 


Nonlinear  Analysis  of  Curved  Composite  Panels  Subjected  to  Combin 
Temperature  Gradient  and  Mechanical  Loads 

Ahmed  K.  Noor  and  Jeanne  M.  Peters  nhmrufed) 

In  Analysis  and  Design  Issues  for  Modem  Aerospace  Vehicles  -  1997,  L  Ubre^J  .), 

Proc  of  a  symposium  held  at  the  ASME  International  Congress  and  deposition,  Dallas,  I  , 

Nov.'  17-21? 1997,  AD  Vol.  55,  ASME,  1997,  pp.  143-158;  also  w/different  fle:  Analy™°{ 
Composite  Panels  Subjected  to  Thermo-mechanical  Loads,  m  Journal  of  Aerospace 
Engineering,  ASCE,  Vol.  12,  Jan.  1999,  pp.  1-7. 

The  results  of  a  detailed  study  of  the  effect  of  the  cutout  on  the  nonlinear  response  of  curved 
unstiffened  panels  are  presented.  The  panels  are  subjected  to  combined  temperature  ^grachen 

through-the-thickness  combined  with  pressure  loading  and  edge  sh?Je"“8  ^lMhLw  with  the 
analysis  is  based  on  a  first-order  shear-deformation  Sanders-Budiansky  tg*  shell 
effects  of  large  displacements,  moderate  rotations,  transverse  shear  deformauon  and  lamina^ 
anisotropic  behavior  included.  A  mixed  formulation  is  used 

unknowns  consisting  of  the  generalized  displacements  and  the  stress  resultants of  Ae  panel.  ^ 
nonlinear  displacements,  strain  energy,  principal  strains,  transverse  shear  stresses,  ^ 
shear  strain  energy  density,  and  their  hierarchical  sensitivity  coefficients  are  evaluated.  The 
hierarchical  sensitivity  coefficients  measure  the  sensitivity  of  the  nonlinear  response  to  . 

STpanel  parameters"  as  well  as  in  the  material  properties  of  the  mdividual  layem  Numencd 
results  are  presented  for  cylindrical  panels  and  show  the  effects  of  vacations  m  the  loadmg  and  the 
size  of  the  cutout  on  the  global  and  local  response  quantities  and  their  sensitivity  to  changes  in  the 
various  panel,  layer  and  micromechanical  parameters. 


Uncertainty  Analysis  of  Composite  Panels 

Ahmed  K.  Noor,  James  H.  Starnes,  Jr.  and  Jeanne  M.  Peters,  J.  M. 

In  Recent  Advances  and  Future  Trends  in  Composite  Materials  and  Structures, 
Computer  Methods  in  Applied  Mechanics  and  Engineering  (to  appear). 


special  issue  of 


A  two-phase  approach  and  a  computational  procedure  are  presented  for  predicting  the  variability  in 
the  nonlinear  response  of  composite  structures  associated  with  variations  in  the  geometric  and 
material  parameters  of  the  structure.  In  the  first  phase,  hierarchical  sensitivity  analysis  .is  used  to 
identify  the  major  parameters,  which  have  the  most  effect  on  the  response  quantities  interest, 
the  second  phase,  the  major  parameters  are  taken  to  be  fuzzy  parameters,  and  a  fazzy  set  analyse  is 
used  to  determine  the  range  of  variation  of  the  response,  associated  with  pre-selected  vanatio 
the  major  parameters.  The  effectiveness  of  the  procedure  is  demonstrated  by  means  of  a  numencai 
example  of  a  cylindrical  panel  with  four  T-shaped  stiffeners  and  a  circular  cutout. 


Accurate  Determination  of  Transverse  Normal  Stresses  in  Sandwich 


Subjected  to  Thermomechanical  Loadings 
Ahmed  K.  Noor  and  M.  Malik 

Computer  Methods  in  Applied  Mechanics  and  Engineering, 


Vol.  178, 1999,  pp.  431-443. 


Panels 


A  two-stage  computational  procedure  is  presented  for  the  accurate  determinationof  transverse 
normal  stresses  in  sandwich  panels  subjected  to  thermomechamcal  loadings.  The  procedure 
involves  the  use  of  a  first-order  shear  deformation  model  in  the  first  stage,  and  an  iteration^ 
process  for  successive  improvement  of  the  accuracy  of  the  displacement  and  stress  fields  m  tne 


Tue  effectiveness  of  the  procedure  is  demonstrated  by  means  of  numerical  studies  of 

P-U.  Two  s«s  of  Mr  -are 

considered’  namely  one  with  all  edges  simply  supported,  and  the  oth  j 

Zlv  J  the  remaining  wo  clamped.  The  displacement  components  atd  the 

transverse  sLar  and  normal  stresses  obtained  by  die  proposed  cof  ^onal  p^ls  f 
to  be  in  close  agreement  with  the  solutions  of  the  three  dimensional  contmuum  models. 

Accurate  Determination  of  Transverse  Normal  Stresses  in  Hybrid  Laminated 
Panels  Subjected  to  Electro-thermo-mechanical  Loadings 

Moinuddin  Malik  and  A.  K.  Noor  .  . 

International  Journal  for  Numerical  Methods  in  Engineering  (to  appear). 

A  computational  procedure  is  presented  for  the  accurate  determination  of  transverse  normal  stresses 
to  b£$ Sated  panels  consisting  of  fiber-reinforced  composite  and  piezoelecmc  layers,  and 

subjected  to  mechanical,  thermal  and  electrical  loadings.  The  three  key  e ;le®entSi*e  ?Xm  to 
are- a)  using  through-the-thickness  distributions  of  the  response  quantities  of  a  simpler  promem  m 
effect  ^dimensional  reduction  in  the  given  problem,  b)  adapuve  mipmvement  of  fe  *«*»» 
distributions  of  the  response  quantities  through  successive  applications  of  the  Rayleigh  Kiu 
technique,  in  conjunction  with  the  three-dimensional  electro-thermo-elasticity  f°  es 

layer  and  c)  using  three  dimensional  divergence  equations  for  evaluating  the  transverse  stresses 

^  monshmed  by  means  of  wo  =«.e.  of 

rectangular,  hybrid  laminated  panels.  The  panels  had  two  opposite  edges  clamped  and  me  otter 
^Ser  simply  supported  or  clamped.  In  both  cases,  the  simpler  panels  were  the  panels  of  the 
same  lamination  and  geometry  as  the  example  problems,  but  with  all  edges  simply  suppo 

An  Assessment  of  Five  Modeling  Approaches  for  Thermo-mechanical  Stress 
Analysis  of  Laminated  Composite  Panels 

Noor,  A.  K.  and  Malik,  M. 

Computational  Mechanics  (to  appear). 

A  study  is  made  of  the  effects  of  variation  in  the  lamination  and 

boundary  conditions  of  multi-layered  composite  panels  on  the  accuracy  of  Ae  cte^led  response 
characteristics  obtained  by  five  different  modeling  approaches.  The  modeling hes 
considered  include  four  two-dimensional  models,  each  with  five  parameters  to  charactenze  die 
deformation  in  the  thickness  direction,  and  a  predictor-corrector  aPP™^wi*twelve  drspacement 
parameters.  The  wo-dimensional  models  are  first-order  shear  defotiraaontheoiy.thir  d^ 
theorv  a  theory  based  on  trigonometric  variation  of  the  transverse  shear  stresses  througn 
Aickness,  and^ a  discrete  layfr  theory.  The  combination  of  the  following  takeytaents 
distinguishes  the  present  study  from  previous  studies  reported  m  the  ^teKf^n  •1)  ^ ,  for 

comparison  is  taken  to  be  the  solutions  obtained  by  using  three-ctocH^nal  continuum 
eachof  the  individual  layers;  2)  both  mechanical  and  thermal  loadings  are  considered,  3)  boundary 
conditions  other  than  simply  supported  edges  are  considered;  and  4)  quantities -comiawd mclu 
detailed  through-the-thickness  distributions  of  transverse  shear  and  transverse  nornwl ^stresses. 

Based  on  the  numerical  studies  conducted,  the  predictor-corrector  approach  appears  to  1* 
the  most  effective  technique  for  obtaining  accurate  transverse  stresses,  and  for  therrn^  loading, 
none  of  the  two-dimensional  models  is  adequate  for  calculating  transverse  normal  stresses, 
when  used  in  conjunction  with  three-dimensional  equilibrium  equations. 
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Appendix  II 

List  of  Technical  Presentations  Made  Based 
on  the  Studies  Made  Under  This  Grant 


1  “Analysis  of  Curved  Sandwich  Panels  Subjected  to  Combined  Temperature  Gradient  and 
iSl  Loads,”  38th  AIAA/ASME/ASCE/AHS/ASC  Structures,  Structural  Dynamics  and 
Materials  Conference,  April  7-10, 1997,  Kissimmee,  FL. 

2.  “Some  Future  Directions  of  Computational  Structures  Technology,”  International  Conference 
on  Computational  Engineering  Science  (ICES  ‘97),  May  4-9, 1997,  Costa  Rica. 

3.  “Recent  Advances  in  Sensitivity  Analysis  for  Nonlinear  Structural  Mechanics  _  Problems, 
IUTAM/IACM  Symposium  on  Discretization  Methods  in  Structural  Mechanics  II,  Ju  -  , 
1997,  Vienna,  Austria. 

4  "Nonlinear  Analysis  of  Curved  Composite  Panels  Subjected  to  Combined  Temperature 
'  Gradient  and  Mechanical  Loads,"  ASME  International  Mechanical  Engineering  Congress  and 

Exposition,  Dallas,  TX,  Nov.  16-21,  1997. 

5  "Analysis  of  Curved  Sandwich  Panels  with  Cutouts  Subjected  to  Combined  Temperature 
Gradient  and  Mechanical  Loads,”  ASME  International  Mechanical  Engineering  Congress  and 
Exposition,  Dallas,  TX,  Nov.  16-21,  1997. 

6.  "Evaluation  of  Transverse  Thermal  Stresses  in  Composite  Plates  Based  on  J* 

Deformation  Theory,"  ASME  International  Mechanical  Engineering  Congress  and  Exposition, 

Dallas,  TX,  Nov.  16-21,  1997. 

7.  Keynote  address  to  Second  Symposium  on  Multidisciplinary  Environments  and  Applications 
(MAPINT  ’98),  Wright  Patterson  Air  Force  Base,  Dayton,  Ohio,  Aug.  25-26,  1998. 

8.  "Uncertainty  Analysis  of  Composite  Structures,"  ^th  AIAA/ASJ^/ASCE/  ^S/ASC 
Structures,  Structural  Dynamics  and  Materials  Conference,  St.  Louis,  MO,  April  12-15,  1999. 
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Frictional  contact/impact  response  of  textile 

composite  structures 


Levent  Karaoglan,  Ahmed  K.  Noor 

Center  for  Advanced  Computational  Technology,  University  of  Virginia,  Mail  Stop  369,  NASA  Langley  Research  Center, 

Hampton,  VA  23681,  USA 

& 

Yong  H.  Kim 

Seoul  National  University,  Seoul,  Korea 


The  results  of  a  detailed  study  of  the  frictional  contact/impact  response  of 
arisymmetric  textile  composite  structures  are  presented.  The  structures  are 
assumed  to  consist  of  an  arbitrary  number  of  perfectly  bonded  layers  of 
woven  fabric  or  braided  preforms.  The  material  of  each  layer  is  assumed  to 
be  hyperelastic  and  the  effect  of  geometric  nonlinearity  is  included.  The 
equations  of  motion  of  the  structure  are  established  in  the  current 
configuration  and  a  displacement  finite  element  model  is  used  for  the 
spatial  discretization.  A  Coulomb  friction  model  is  used  and  the  temporal 
integration  is  performed  by  using  an  explicit  central  difference  scheme. 

Both  the  dynamic  response  and  the  sensitivity  coefficients  are  evaluated. 
The  sensitivity  coefficients  measure  the  sensitivity  of  the  response  to  varia¬ 
tions  in  the  textile  preform  architecture  and  constituent  properties,  as  well 
as  to  variations  in  the  effective  layer  properties.  Numerical  results  are 
presented  for  the  frictional  contact/impact  response  of  a  spherical  cap  made 
of  textile  (woven  and  braided)  composite  material,  impacting  a  rigid  sur¬ 
face.  Results  are  compared  with  those  of  a  spherical  cap  made  of  tape 
laminate.  ©  1997  Published  by  Elsevier  Science  Ltd. 
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Fig.  L  Typical  layer  of  plain  weave,  one-by-one  braid  and 
tape  laminate. 
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Fig.  2.  Geometric  and  material  characteristics  of  the  spherical  cap,  and  the  finite  element  model  used  in  the  present  study. 
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ubscripts 

current  time  step 
initial  conditions  at  t  =  0 

/2  half  time  step 

uperscripts 

f)  layer  quantities 

m)  micromechanical  quantities 

NTRODUCnON 

n  recent  years,  considerable  attention  has  been 
evoted  to  textile  composites.  The  main  motiva- 


able  I.  Micromechanical  material  properties  for  woven 
and  braided  textile  composites 
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able  2.  Micromechanical  material  properties  tor  tape 
laminate  composite 
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able  3.  Material  properties  for  woven,  braided  textile 
and  tape  laminate  composites 
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Fig.  3.  Time  histories  of  total  strain  energy  U  for  the  three 
material  systems  WT,  BT  and  TA. 

tion  has  primarily  been  the  reduced  cost  of 
manufacturing.  In  addition,  textile  composites 
offer  better  dimensional  stability  over  a  large 
range  of  temperatures;  better  impact  resistance 
and  tolerance;  subtle  conformability  and  deep 
draw  moldability/shapability.  A  variety  of  fabric 
structures  have  been  proposed  including 
wovens,  knits,  braids  and  nonwovens.  Orthogo¬ 
nal  woven  fabrics  are  made  by  interlacing  two 
or  more  yam  systems  at  a  90°  angle;  knits  are 
made  by  interlooping  one  or  more  yams;  braids 
are  formed  by  intertwining  yam  systems;  and 
nonwovens  are  formed  by  stitch  binding  or 
adhesive  binding  of  fibers  and/or  yams.  The 
braids  and  weaves  have  emerged  as  promising 
approaches  for  cost-effective  composite  struc¬ 
tures.  Micromechanical  models  have  been 
developed  to  predict  the  effects  of  textile  pre¬ 
form  architecture  and  constituent  properties  on 
the  layer  properties.  Also,  tests  were  proposed 
for  measuring  material  properties  and  for  iden¬ 
tifying  the  damage  mechanisms  for  braided  and 
woven  preform  composites.  Review  of  these 
activities  is  contained  in  two  monographs  [1,2], 
and  a  recent  conference  proceedings  [3].  Des¬ 
pite  the  advantages  of  textile  composites,  their 
application  has  mostly  been  limited  to  second¬ 
ary  structural  components.  The  main  impedi¬ 
ment  to  the  use  of  textile  composites  in  primaiy 
structures  is  the  lack  of  understanding  of  their 
structural  and  dynamic  responses. 

The  overall  goal  of  the  present  study  is  to 
provide  insight  into  the  dynamic  response  of 
textile  composite  structures  and  compare  these 
responses  with  those  of  tape  laminates.  Specific¬ 
ally,  the  objective  of  this  paper  is  to  study  the 
frictional  contact/impact  response  of  axisym- 
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Fig.  4.  Strain  energy  density  contours  at  t  =  10  fjs  for  the  three  material  systems  WT,  BT  and  TA. 


metric  textile  composite  structures,  and  its 
sensitivity  to  variations  in  both  the  various 
textile  preform  architecture  (braids  and  weaves) 
and  the  constituent  properties.  Also,  compari¬ 
sons  are  made  between  the  responses  of  the 
textile  and  tape  laminate  composites. 


FINITE  ELEMENT  FORMULATION 

The  analytical  formulation  is  based  on  the 
dynamic  nonlinear  theory  of  axisymmetric  solids 
of  revolution.  A  hyperelastic  material  model  is 
used  and  the  equations  of  motion  of  the  struc¬ 
ture  are  established  in  the  current  config¬ 
uration.  The  deformation  is  described  by  using 
the  Green-Lagrange  strain  tensor  and  the 
associated  second  Piola— Kirchhoff  stress  tensor. 
The  spatial  discretization  is  performed  by  finite 
elements,  with  the  fundamental  unknowns  con¬ 
sisting  of  the  three  displacement  components  u, 
v,  w  at  each  node.  An  explicit  central  difference 
scheme  is  used  for  temporal  integration  of  the 
semi-discrete  equations  of  motion.  The  Cou¬ 
lomb  friction  model  is  used,  and  the  contact 
conditions  are  enforced  by  using  the  Lagrange 


multipliers.  A  brief  summary  of  the  fundamen¬ 
tal  equations  is  given  subsequently.  The  details 
of  the  computational  procedure,  along  with 
other  temporal  integration  and  contact  algo¬ 
rithms,  are  discussed  in  Ref.  [4]. 

The  semi-discrete  equations  of  motion  at 
time  and  the  associated  central  difference 
equations  can  be  written  in  the  following  form 


MA„=Fr-fr-F;"  (i) 

A«  =  gn  (2) 

YrH-,/2  =  m+A^At  (3) 

1  “  |  y2  A/  (4) 

Initially, 

Vi/2  =  V„  (5) 

X,  =  Xq+V  i/2  A/  (6) 


where  M  is  the  lumped  mass  matrix;  X,  V,  A  are 
the  nodal  displacement,  velocity  and  accelera¬ 
tion  vectors,  respectively;  M,  A,  F'1',  F“*  and 
F""’  are  the  inertial,  internal,  external  and  con¬ 
tact  force  vectors,  respectively;  and  subscripts 
refer  to  the  time  steps.  The  sensitivity  analysis 
involves  differentiation  of  eqns  (I)-(6)  with 
respect  to  two  interrelated  sets  of  parameters. 
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iz.,  the  effective  layer  parameters  Af\  and  the 
licromechanical  parameters  A£m).  A  direct  diff¬ 
erentiation  approach  is  used  for  evaluating  the 
ensitivity  coefficients  with  respect  to  layer 
roperties.  The  resulting  equations  can  be  writ- 
en  in  the  following  form 


w  0A" 

8F„”' 

8F„"” 

(7) 

M  ■ 

8A;0 

8Af 

9A„ 

dX-° 

djn 

8Aj'> 

(8) 

5X^  =  _SXJL  8V^,/2 

a;"'  a;."1  +  e;.?1  ' 


(10) 


After  the  sensitivity  coefficients  with  respect  to 
the  layer  parameters  AP  are  evaluated,  the  sen¬ 
sitivity  coefficients  with  respect  to  micro¬ 
mechanical  parameters  (preform  architectural 
parameters  and  constituent  properties)  ^m)  are 
calculated  by  using  the  following  relations  (see 
Ref.  [5]) 


8z  _  8Aj,}  dz 
84m)  ”  8A£m)  8A}0 


(11) 


8V-./2  _  8V.-./2  8A , 

8Af  8A-°  +  8Af> 


(9)  where  z  refers  to  any  of  the  response  quantities 
and  the  quantities  8A}°/8A^”)  are  evaluated  by 


I0*u/h 


10*  v/h 


time  ,ps 

Fig.  5.  Time  histories  of  radial,  circumferential  and  axial  displacement  components. 


Fig.  6.  Through-the-thickness  distributions  of  the  axial,  circumferential  and  radial  displacement  components  at  time 
t  25  (is  for  the  three  material  systems  WT,  BT  and  TA.  (The  points  a ,  b,  c  are  on  the  bottom  surface.) 


a/h  s/h 

Fig.  7.  Distribution  of  the  normal  and  tangential  contact  pressures  at  /  =  10  (is  for  the  three  material  systems  WT  BTand 
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Ig.  8.  Sensitivity  coefficients  of  total  strain  energy,  with  respect  to  micromechanical  properties  of  textile  materials  WT 

and  BT,  at  t  =  10  ps. 


sing  a  micromechanical  model,  as  described 
ubsequently. 

MICROMECHANICAL  MODEL 

n  the  present  study  two-dimensional  woven 
nd  braided  composites  are  considered.  The 
oven  composites  consist  of  interlaced,  mutu- 
lly  orthogonal  warp  and  fill  yams  which  are 


then  impregnated  with  a  matrix  material  and 
then  cured  The  plain  weave,  5-  and  8-hamess 
satin  weaves  are  considered.  The  braided  com¬ 
posites  contain  axial  yams  and  braided  yams 
which  are  oriented  at  an  angle  6^  to  the  axial 
yams.  Both  one-by-one  and  two-by-two  braid 
patterns  are  considered 
The  micromechanical  model  uses  the  periodi¬ 
city  of  the  textile  architecture  to  isolate  a 
representative  unit  cell.  Overall  properties  are 


i  =  10  ft  s. 
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Fig.  10.  Sensitivity  coefficients  of  total  strain  en^g ^^“^^ayer  properties  at  r  =  10 p  for  the  three  material 


calculated  by  making  simplifying  assumptions 
about  the  unit  cell  geometry  and  the  deforma¬ 
tion  field,  together  with  a  stress  averaging 
technique.  The  TEXCAD  (Textile  Composite 
Analysis  for  Design)  program  [6-8]  was  used  for 
calculating  the  effective  layer  properties.  The 
typical  micromechanical  parameters  needed  to 
calculate  layer  properties  in  woven  and  braided 
composites  are  the  following 

~  (V  ^.v2’  Pyl2*  Vvl2>  Vv23,  Em,  Vm, 

<  Pd„,  df,  vf,  na,  nh,  6hr)  (12) 

where  Ey ,,  Ey2  are  the  elastic  moduli  of  the  yam 
in  the  longitudinal  and  transverse  directions;  Em 
is  the  elastic  modulus  of  the  matrix;  Gyi2  is  the 
shear  modulus  of  the  yam;  vy12,  v>23  are  Pois¬ 
son's  ratios  of  the  yam;  vm  is  Poisson's  ratio  of 
the  matrix;  d0  is  the  yam  spacing;  Pdu  is  the  yam 
packing  density;  df  is  the  filament  diameter;  vy  is 
the  overall  fiber  volume  fraction;  n„,  nb  are  the 
yam  filament  counts  for  the  axial  and  braided 
yams;  and  0*.  is  the  braid  angle. 

Aboudi’s  method  of  cells  was  used  for  evalu¬ 
ating  the  effective  layer  properties  for  the  tape 
laminate.  The  method  is  based  on  the  assump¬ 
tion  that  the  fibers  are  continuous  and  are 
arranged  in  a  doubly  periodic  array,  and  there¬ 
fore,  only  a  representative  cell  is  analyzed 


[9,10].  Typical  micromechanical  parameters  for 
the  tape  laminate  are  the  following 

>=  [Ef ,,  Ef 2,  Gfl2,  v/12,  Vy23,  v„„  Vy] 

(13) 

where  Ey,,  Ep  are  the  elastic  moduli  of  the  fiber 
in  the  longitudinal  and  transverse  directions; 
Gfi 2  is  the  shear  moduli  of  the  fiber;  Vy,2,  \'m 
are  Poisson's  ratios  of  the  fibers;  Em  is  the  elas¬ 
tic  modulus  of  the  matrix;  and  vm  is  Poisson’s 
ratio  of  the  tape  matrix. 


NUMERICAL  STUDIES 

Numerical  studies  were  performed  to  gain 
insight  into  the  frictional  contact/impact 
response  of  axisymmetric  textile  composites  and 
to  compare  it  with  structures  made  of  tape 
laminate.  Herein,  the  results  for  a  40-layer 
spherical  textile  composite  cap  impacting  a  rigid 
plate  with  an  initial  axial  velocity  of  10  m/s  are 
discussed.  The  problem  was  selected  to  assess 
the  potential  of  using  textile  composites  in 
dynamically  loaded  structures  and  to  identify 
the  differences  in  the  dynamic  response 
between  laminated,  woven  and  braided  compo¬ 
sites.  Results  are  compared  with  those  of  a 
24-layer  cap  made  from  tape  laminate,  with  the 
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ame  total  thickness.  The  geometric  character- 
stics  of  the  structure  are  given  in  Fig.  2.  Two 
lifferent  textile  composites  are  considered; 
lamely  woven  textile  (WT),  and  braided  textile 
BT)  composites.  The  yams  are  made  of 
Hercules  AS4  graphite  fibers  and  are  impreg- 
lated  with  Hercules  3501-6  epoxy  matrix.  The 
ireform  architectural  properties  and  constituent 
iroperties  for  the  textile  composites  are  given 
n  Table  1;  the  constituent  properties  for  the 
ape  laminate  are  given  in  Table  2.  The  effect- 
ve  layer  properties  for  both  the  textile 
:omposite  and  the  tape  laminate  are  given  in 
fable  3. 

The  structures  were  discretized  by  using  327 
wo-dimensional  elements  (a  total  of  4307  dis- 
ilacement  degrees  of  freedom).  Biquadratic 


interpolation  functions  are  used  for  approximat¬ 
ing  the  displacement  components.  The  number 
of  elements  in  the  thickness  direction  is 
gradually  reduced  from  eight  in  the  contact 
region  to  one  away  from  that  region.  The  finite 
element  model  used  is  shown  in  Fig.  2. 

Sensitivity  analyses  were  conducted  to 
identify  which  material  and  lamination  param¬ 
eters  most  affected  the  frictional  contact/impact 
response  of  the  structure.  Sensitivity  coefficients 
with  respect  to  both  the  material  parameters  of 
the  individual  layers  and  the  micromechanical 
parameters  are  evaluated. 

The  effect  of  the  weave  architectures  and 
braid  patterns  on  the  dynamic  response  was 
found  to  be  not  significant.  Therefore,  only  the 
results  for  the  plain  weave  and  for  the  one-by- 
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Fig.  12.  Time  histories  of  the  normalized  sensitivity  coefficients  of  the  contact  traction  components  with  respect  to  E  for 

the  three  material  systems  WT,  BT  and  TA.  * 


one  braided  textile  composites  are  presented 
herein.  The  plain  weave,  the  one-by-one  brai¬ 
ded  textile  and  the  tape  laminate  will 
henceforth  be  denoted  by  WT,  BT  and  TA, 
respectively. 

Response  studies 

The  time  histories  of  the  total  strain  energy  U 
for  the  three  different  material  models  WT,  BT 
and  TA  are  shown  in  Fig.  3.  At  any  time,  the 
total  strain  energy  U  is  largest  for  the  braided 
textile  (BT)  and  smallest  for  the  woven  textile 
(WT)  composites.  The  total  strain  energy  pro¬ 
vides  insight  into  the  overall  deformation  level 
in  the  structure.  Local  response  characteristics 
such  as  displacement  field,  strain  energy  density 
and  contact  traction  distribution  are  needed  in 
the  failure  analysis.  Hie  normalized  contour 
plots  for  the  strain  energy  density  0  in  the  con¬ 
tact  region  of  the  structure  are  shown  in  Fig.  4 
at  time  /  =  10  fis.  The  contour  plots  are  normal¬ 
ized  by  dividing  by  the  maximum  value  of  the 
strain  energy  density  in  each  case.  An  examina¬ 
tion  of  Fig.  4  reveals  a  localization  (high 
gradients)  of  the  strain  energy  density  at  the 
inner  and  outer  (contact)  surface  for  material 


WT;  and  at  the  interfaces  between  layers  of 
9  =  +45°  and  6  =  —45°  for  materials  BT  and 
TA.  Higher  gradients  occur  for  material  TA 
than  for  textile  materials. 

The  time  histories  of  the  radial,  circumfer¬ 
ential  and  axial  displacement  components  u,  v, 
w  at  three  points  (points  1,  2,  3)  are  shown  in 
Fig.  5.  Point  1  is  a  contact  node,  point  2  is  close 
to  the  contact  region,  and  point  3  is  outside  the 
contact  region.  Since  the  initial  velocity  is  in  the 
axial  direction,  the  axial  displacement  compo¬ 
nent  w  at  points  2  and  3  is  larger  than  the 
corresponding  radial  and  circumferential  com¬ 
ponents.  Since  point  1  remains  in  contact,  it  has 
a  very  small  w  component.  Initially,  the  contact 
region  is  in  a  sticking  contact  state  and  the  tan¬ 
gential  displacements  are  very  small.  Then  the 
tangential  motion  and  the  tangential  tractions 
become  large  and  sliding  starts  at  the  contact 
surface.  Note  that  the  displacement  time  histo¬ 
ries  for  the  three  material  systems  are 
qualitatively  similar.  However,  the  circumferen¬ 
tial  displacement  component  v  for  material  WT 
is  very  small  compared  to  the  others. 

The  distributions  of  the  displacement  compo¬ 
nents  in  thickness  direction  at  three  different 
sections  (sections  a-a\  b-b’,  c-c')  at  time 
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=  2.5  ps  are  shown  in  Fig.  6.  The  displacement 
:omponents  are  normalized  by  dividing  each  by 
he  thickness.  The  axial  displacement  compo- 
lent  w  is  the  largest  one  and  does  not  vary 
inearly  through  the  thickness.  The  radial  and 
:ircumferential  displacement  components  in  the 
contact  region  (sections  a-a'  and  b-b')  are 
airly  complicated.  Outside  the  contact  region 
section  c-c'),  the  axial  displacement  compo- 
tent  w  is  almost  constant  and  the  radial  and 
ircumferential  displacement  components  are 
ilmost  zero  through  the  thickness.  The  circum- 
erential  displacement  component  is  very  small 
or  material  WT.  The  use  of  eight  elements 
hrough  the  thickness  in  the  contact  region  was 
ntended  to  capture  the  correct  thickness  distri¬ 
bution  of  the  displacement  components.  The 
hickness  distributions  of  displacements  for  the 
hree  material  models  are  not  significantly  dif- 
erent. 

The  distributions  of  the  normal,  radial  and 
ircumferential  contact  pressures,  (to  and  t0  at 
he  bottom  surface  of  the  structure  are  shown 
n  Fig.  7  at  time  t  *  10  ps.  Each  of  the  contact 
tressures  is  normalized  by  dividing  by  ET.  As 
xpected,  the  magnitudes  of  the  normal  contact 
tressures  are  considerably  larger  than  those  of 
he  corresponding  radial  and  circumferential 
tressures.  Normal  contact  pressures  for 
aaterial  BT  are  larger  than  those  for  materials 
VT  and  TA.  On  the  other  hand,  the  circum- 
erential  contact  pressures  are  very  small  for 
aaterial  WT. 

lensitivity  studies 

"o  simplify  the  assessment  of  the  effects  of 
arious  material  parameters  on  the  frictional 
ontact/impact  response,  the  sensitivity  coeffi- 
ients  are  normalized  by  multiplying  each  by  the 
aaterial  parameter,  and  dividing  by  the  maxi- 
aum  value  of  the  response  quantity. 

The  maximum  value  of  normalized  sensitivity 
oefficients  of  the  total  strain  energy  U  with 
espect  to  micromechanical  properties  are  given 
a  Figs  8  and  9  for  textile  and  tape  laminate 
omposites,  respectively.  For  materials  WT  and 
IT  the  dynamic  response  is  more  sensitive  to 
ariations  in  EyU  Em  than  to  variations  in  other 
arameters.  For  material  TA  the  response  is 
ensitive  to  variations  in  Ef }  and  Em. 

The  maximum  values  of  normalized  sensi- 
ivity  coefficients  of  the  total  strain  energy  U 
nth  respect  to  layer  properties  are  shown  in 


Fig.  10.  The  total  strain  energy  is  more  sensitive 
to  variations  in  E„  Ey  and  for  material  WT; 
Ey,  and  y^  for  material  BT;  and  Ex  for 
material  TA  than  to  variations  in  other  param¬ 
eters. 

The  time  histories  of  the  normalized  sensi¬ 
tivity  coefficients  of  the  displacement 
components  u,  v,  w  with  respect  to  Ex  at  points 
1,  2  and  3  are  shown  in  Fig.  11.  The  axial  dis¬ 
placement  w  is  shown  to  be  considerably  less 
sensitive  to  variations  in  Ex  than  the  corre¬ 
sponding  radial  and  circumferential  displace¬ 
ments.  Since  v  is  very  small  for  material  WT, 
the  normalized  sensitivities  of  v  are  much  larger 
compared  to  those  of  the  other  two,  and  it  is 
not  shown  in  the  figure.  The  displacement  com¬ 
ponents  are  more  sensitive  to  variations  in  Ex 
for  the  TA  material  than  for  the  WT  and  BT 
materials.  The  sensitivity  coefficients  of  the  dis¬ 
placements  for  the  BT  material  have  different 
signs  from  the  corresponding  ones  for  the  TA 
and  WT  materials. 

The  distributions  of  the  normalized  sensitivity 
coefficient  of  the  normal  and  tangential  contact 
pressures  tN,  tr  and  t0  with  respect  to  Ex  at  time 
t  =10  ps  are  shown  in  Fig.  12. 

Since  t0  is  very  small  for  material  WT,  the 
normalized  sensitivity  coefficients  of  t0  are 
much  larger  than  those  of  the  other  two,  and  it 
is  not  shown  in  the  figure.  Traction  components 
are  more  sensitive  to  variations  in  Ez  for  the 
material  WT  than  for  the  materials  BT  and  TA. 


CONCLUDING  REMARKS 

The  results  of  a  detailed  study  of  the  frictional 
contact/impact  response  of  axisymmetric  textile 
composite  structures  are  presented.  The  struc¬ 
tures  are  assumed  to  consist  of  an  arbitrary 
number  of  perfectly  bonded  layers  of  woven 
fabric  or  braided  preforms.  The  material  of 
each  layer  is  assumed  to  be  hyperelastic  and  the 
effect  of  geometric  nonlinearity  is  included.  The 
deformation  is  described  by  using  the  Green- 
Lagrange  strain  tensor  and  the  associated 
second  Piola-Kirchhoff  stress  tensor.  The  equa¬ 
tions  of  motion  of  the  structure  are  established 
in  the  current  configuration  and  a  displacement 
finite  element  model  is  used.  The  Coulomb  fric¬ 
tion  model  is  used  and  the  contact  conditions 
are  enforced  by  using  the  Lagrange  multipliers. 
An  explicit  central  difference  scheme  is 
employed  for  the  temporal  integration  of  the 
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equations  of  motion.  The  sensitivity  coefficients 
are  evaluated  by  using  a  direct  differentiation 
approach.  The  sensitivity  coefficients  measure 
the  sensitivity  of  the  response  to  variations  in 
the  textile  preform  architecture  and  constituent 
properties,  as  well  as  to  variations  in  the  effect¬ 
ive  layer  properties. 

Numerical  results  are  presented  for  the  fric¬ 
tional  contact/impact  response  of  a  40-layer 
spherical  cap  made  of  textile  (woven  and  brai¬ 
ded)  composite  material,  impacting  a  rigid 
surface.  Results  are  compared  with  those  of  a 
spherical  cap  made  of  tape  laminate,  and  having 
approximately  the  same  thickness.  On  the  basis 
of  the  numerical  results,  the  following  conclu¬ 
sions  are  justified: 

(1)  The  global  response-time  histories  of  the 
textile  composite  cap  are  similar  to  those 
of  the  corresponding  cap  made  of  tape 
laminate.  However,  the  strain  energy 
density  exhibits  higher  gradients  in  the 
tape  laminate  than  in  the  textile  compo¬ 
sites. 

(2)  The  thickness  distributions  of  the  dis¬ 
placement  components  and  their 
sensitivity  coefficients  in  the  contact 
region  are  not  linear  for  both  textile  and 
tape  laminate  composites. 

(3)  The  dynamic  frictional  contact  response 
of  textile  composites  is  relatively  more 
sensitive  to  variations  in  the  elastic  mod¬ 
uli  of  the  layers  in  the  longitudinal  and 
transverse  directions,  elastic  modulus  of 
the  yam  in  the  longitudinal  direction, 
elastic  modulus  of  the  matrix,  volume 
fractions  in  yam  and  composite;  and 
somewhat  sensitive  to  variations  in  the 
other  material  parameters.  The  response 
of  tape  laminate  composites  is  more  sen¬ 
sitive  to  variations  in  elastic  modulus  of 
the  layers  in  the  longitudinal  direction, 


elastic  modulus  of  the  fiber  and  Poisson's 
ratio  of  the  tape  matrix  than  to  variations 
in  other  material  parameters. 
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Abstract 

The  results  of  a  detailed  study  of  the  buckling  and  postbuckling  responses  of  composite  panels  with  skewed  stiffeners  are 
presented.  The  panels  are  subjected  to  applied  edge  displacements  and  temperature  changes.  A  first-order  shear-deformation 
geometrically  nonlinear  shallow-shell  theory  that  includes  the  effects  of  laminated  anisotropic  materia!  behavior  is  used 
to  model  each  section  of  the  stiffeners  and  the  skin.  A  mixed  formulation  is  used  in  the  analysis  with  the  fundamental 
unknowns  consisting  of  the  generalized  displacements  and  the  stress  resultants  of  the  panel.  The  nonlinear  displacements, 
strain  energy,  transverse  shear  stresses,  transverse  shear  strain  energy  density,  and  their  hierarchical  sensitivity  coefficients 
are  evaluated.  The  hierarchical  sensitivity  coefficients  measure  the  sensitivity  of  the  buckling  and  postbuckling  responses 
to  variations  in  three  sets  of  interrelated  parameters;  namely,  the  panel  stiffnesses;  the  effective  material  properties  of 
the  individual  layers;  and  the  constituent  material  parameters  (fibers,  matrix,  interface  and  interphase).  Numerical  results 
are  presented  for  rectangular  panels  with  open  section  I-stiffeners,  subjected  to  edge  shortening  and  uniform  temperature 
change. 

The  results  show  the  effects  of  variations  in  the  material  properties  of  the  skin  and  the  stiffener  on  the  buckling  and 
postbuckling  responses  of  the  panel,  as  well  as  on  the  sensitivity  coefficients.  €>  Elsevier  Science  B.V. 

Keywords:  Buckling;  Composite  panels;  Finite  elements;  Hierarchical  sensitivity  coefficients;  Postbuckling;  Skewed 
stiffener;  Thermomechanical  loads 


1.  Introduction 

The  potential  of  using  the  directional  dependence  of  composite  properties  in  designing  tailored 
structures  to  improve  structural  performance  has  received  increasing  attention  in  recent  years  (see, 
for  example  [1,  2]).  Structural  tailoring  can  be  achieved  by  using  the  bending-torsional  stiffness 
coupling  of  composite  structures,  as  has  been  demonstrated  in  the  X-29  wing.  It  can  also  be  achieved 
in  metallic-stiffened  panels  by  skewing  the  stiffeners  with  respect  to  the  axes  of  the  panel,  thereby 
introducing  extensional-shear  stiffness  coupling.  A  recent  numerical  and  experimental  study  has  been 
reported  on  the  combined  effects  of  tailoring  both  skin  laminate  anisotropy  and  stiffener  orientation 
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on  the  buckling  and  postbuckling  of  composite  panels,  subjected  to  edge  displacements  131  Th 
present  paper  is  an  extension  of  the  study  reported  in  the  cited  reference.  The  extensions  incl  d”*- 
(a)  study  of  the  effect  of  uniform  temperature  change;  and  (b)  development  of  hierarchical 
coefficients  of  the  buckling  and  postbuckling  responses. 

The  panels  considered  are  rectangular  and  flat  with  a  single  centrally  located  I-shaped  stiffener 
Both  the  skin  and  the  stiffener  consist  of  a  number  of  perfectly  bonded  layers.  The  individual  layers 
are  assumed  to  be  homogeneous  and  anisotropic.  A  plane  of  thermoelastic  symmetry  exists,  at  each 
point  of  the  skin  and  the  stiffener  sections,  parallel  to  the  middle  plane  of  the  section.  The  loading 
consists  of  an  applied  edge  displacement  and  a  uniform  temperature  change.  The  skin  and  each 
section  of  the  stiffener  are  modeled  as  plate  elements. 

The  hierarchical  sensitivity  coefficients  (derivatives  of  the  response  quantities  with  respect  to  the 
laminate,  layer  and  micromechanical  parameters)  are  used  for  the  following: 

(a)  determine  a  search  direction  in  the  direct  application  of  nonlinear  mathematical  programming 
algorithms;  6 


(b)  generate  an  approximation  for  the  buckling  and  postbuckling  responses  of  a  modified  panel 
(along  with  a  rapid  reanalysis  technique); 

(c)  assess  the  effects  of  uncertainties  in  the  material  and  geometric  parameters  of  the  computational 

model  of  the  panel  on  the  responses;  and  t 

(d)  predict  the  changes  in  the  buckling  and  postbuckling  responses  due  to  changes  in  these  para¬ 
meters. 


2.  Mathematical  formulation' 

The  analytical  formulation  is  based  on  a  first-order  shear-deformation  shallow-shell  theory,  with 
the  effects  of  large  displacements  and  laminated  anisotropic  material  behavior  included.  A  linear 
Duhamel-Neumann-type  constitutive  model  is  used  and  the  material  properties  are  assumed  to  be 
independent  of  temperature.  The  thermoelastic  constitutive  relations  used  in  the  present  study  are 
given  in  the  appendix.  The  panel  is  discretized  by  using  two-field  mixed  finite  element  models.  The 
fundamental  unknowns  consist  of  the  nodal  displacements  and  the  stress  resultant  parameters.  The 
stress  resultants  are  allowed  to  be  discontinuous  at  interelement  boundaries  in  the  model  The  sign 
convention  for  the  generalized  displacements  is  shown  in  Fig.  1.  The  external  loading  consists  of  an 

applied  edge  displacement  qc  and  a  uniform  temperature  change  T  (independent  of  the  coordinates 
jrt,x2  and  *3). 

2.1.  Governing  finite  element  equations 

The  governing  finite  element  equations  describing  the  postbuckling  response  of  the  panel  can  be 
written  in  the  following  compact  form: 

{/(*)}  =  [K]{Z]  +  {G(Z)}  -  9,{g<»}  _  g2{^)}  =  0>  (1) 

where  [A-]  is  the  global  linear  structure  matrix  which  includes  the  flexibility  and  the  linear  strain- 
displacement  matrices,  {Z}  is  the  response  vector  which  includes  both  unknown  (free)  nodal  dis¬ 
placements  and  stress-resultant  parameters,  {G{Z)}  is  the  vector  of  nonlinear  terms,  9l  and  q2  are 
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Stiffener 


Laminate  properties 
El  =  19.625  Msi 
ET=  1.455  Msi 
Glt  =  0.82  Msi 
Gjj  =  0.49  Msi 
vLT=  0.295 

Thickness  of  individual  layers  =  .005  In. 
L,  =  24  in. 

L2  =  16.5  in. 


Boundary  conditions 
At  x1  =  ±  Lt/2 
u,  =±  qJ2 

u2  =  w  =  ♦,  =  «2  =  4,3  =  0 
At  x1  =  ±  .4375  L,  and  at  Xj  s  ±  .4848 

Ws  0 


Fig.  1.  Panels  considered  and  stiffener  geometry. 


edge  displacement  and  thermal  strain  parameters,  respectively,  {0(1)}  is  the  vector  of  normalized 
mechanical  strains,  and  {Q(2)}  is  the  vector  of  normalized  thermal  strains.  The  form  of  the  arrays 
[K],{G(Z)},{Q0)}  and  {&2)}  is  given  in  Ref.  [4]. 

The  procedures  for  determining  the  stability  boundary,  and  the  postbifurcation  equilibrium  con¬ 
figurations,  corresponding  to  specified  values  of  the  parameters  q\  and  qi  are  described  in  Ref.  [4]. 
If  an  incremental-iterative  technique  such  as  the  Newton— Raphson  method  is  used,  the  recursion 
formula  for  the  rth  iteration  can  be  written  in  the  following  form: 

{A  Z}(r>  =  -{/(Z)}(r)  (2) 


and 


{z}(r+,)  =  {zyr}  +  {Azyr), 


(3) 
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where  {A Z}(r)  is  the  change  in  the  response  vector  during  the  rth  iteration  cycle,  and  the  range  of 
I,J  is  the  total  number  of  components  of  the  response  vector  {Z}. 


2.2.  Sensitivity  of  the  postbuckling  response 


The  derivatives  of  the  postbuckling  response  with  respect  to  the  laminate,  layer  and  micro- 
mechanical  parameters  are  obtained  by  differentiating  Eqs.  ( 1 ).  The  resulting  linear  algebraic  equa¬ 
tions  have  the  following  form: 


8K 


8X 


{Z}  +  q> 


{¥}*«{¥' 


(4) 


Note  that  the  matrix  on  the  left-hand  side  of  Eqs.  (4)  is  identical  to  that  used  in  the  Newton— Raphson 
iterative  process  (see  Eq.  (2)).  Therefore,  if  the  Newton— Raphson  technique  is  used  in  generating 
the  postbuckling  response,  the  evaluation  of  each  sensitivity  coefficient  requires  the  generation  of 
the  right-hand  side  of  Eqs.  (4),  and  a  forward-reduction/back-substitution  operation  only  (no  decom¬ 
position  of  the  left-hand  side  matrix  is  required).  The  explicit  form  of  the  arrays  18Q0)/8X\  and 
{8&2)ldX}  is  given  in  Ref.  [4]. 

Multiple-parameter  reduction  methods  have  been  developed  for  substantially  reducing  the  number 
of  degrees  of  freedom  used  in  the  initial  discretization  in  order  to  reduce  the  cost  of  generating 
the  stability  boundary,  the  postbifurcation  equilibrium  configurations  and  the  sensitivity  coefficients 
[5,  6],  The  methods  are  based  on  successive  applications  of  the  finite  element  method  and  the  classical 
Rayleigh— Ritz  technique.  The  finite  element  method  is  used  to  generate  a  few  global  approximation 
vectors  (or  modes)  for  approximating  each  of  the  nonlinear  equations  (1),  and  the  equations  for  die 
sensitivity  coefficients  (4).  The  Rayleigh-Ritz  technique  is  then  used  to  generate  the  reduced  sets  of 
equations  in  terms  of  the  amplitudes  of  these  modes. 

An  effective  set  of  modes  for  approximating  the  nonlinear  equations  was  found  to  be  the  path 
derivatives  of  the  response  quantities  with  respect  to  the  parameters  <?,  and  q2.  The  modes  used 
in  approximating  the  equations  for  the  sensitivity  coefficients  include  both  the  path  derivatives  and 
their  derivatives  with  respect  to  X.  The  equations  used  in  evaluating  the  path  derivatives,  and  their 
derivatives  with  respect  to  X  are  obtained  by  successive  differentiation  of  the  original  nonlinear 
equations  (1),  with  respect  to  $1,42  and  X.  The  left-hand  side  matrix  in  these  equations  is  the  same 
as  that  of  Eqs.  (2).  The  details  of  applying  reduction  methods  to  the  generation  of  the  stability 
boundary,  and  the  postbifurcation  equilibrium  path  are  given  in  Refs.  [5,  6],  and  their  application  to 
the  evaluation  of  the  sensitivity  coefficients  is  described  in  Refs.  [7,  8]. 


3.  Numerical  studies 

Extensive  numerical  studies  were  performed  to  determine  the  effects  of  the  stiffener  skew  angle 
and  fiber  orientation  of  the  skin  and  the  stiffener  sections  on  the  buckling  and  postbuckling  responses 
and  their  sensitivity  coefficients.  The  loading  on  the  panels  consisted  of  an  applied  edge  shortening 
qe  and  a  uniform  temperature  change  T .  Hierarchical  sensitivity  coefficients  were  evaluated  for 
each  problem.  The  sensitivity  coefficients  are  the  derivatives  of  the  different  response  quantities 
with  respect  to  (a)  skin  and  stiffener  stiffnesses,  and  (b)  material  properties  and  fiber  angles  of  the 
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Table  1 

Number  of  layers  and  fiber  orientations  in  the  different  sections 


Section 

Number 
of  layers 

Fiber  orientation 

Top  flange 

1 

16 

[±45/0/90/  ±  45/0/90/90/0/  ±  45/90/0/  T  45] 

2 

16 

[3=45/0/90/  =F  45/0/90/90/  ±  45/90/0/  =F  45] 

Web 

3 

16 

[±45/0/90]js 

Bottom  flange 

4 

16 

[±45/0/90/  =f  45/0/90/90/0/  ±  45/90/0/  ±  45] 

5 

16 

[±45/0/90/  =F  45/0/90/90/0/  3=  45/90/0/  3=  45] 

Skin 

6 

16 

[±45/ 45/03/90]* 

‘Note:  The  laminate  reference  angle  0°  should  be  added  to  all  fiber  angles  of  the  skin 


individual  layers.  The  material  properties  and  geometric  characteristics  for  the  panels  considered  in 
the  present  study  are  given  in  Fig.  1 .  The  material  properties,  the  fiber  orientations  and  the  stacking 
sequence  selected  are  those  typical  of  composite  panels  considered  for  modem  aircraft.  The  number 
of  layers  and  fiber  orientation  in  the  different  sections  of  the  panel  are  given  in  Table  1.  The  skin 
and  each  section  of  the  stiffener  are  modeled  as  plate  elements.  The  middle  planes  of  each  of  the 
top  flange,  web  and  skin  are  taken  as  their  respective  reference  planes.  For  the  bottom  flange,  the 
middle  plane  of  the  skin  is  taken  as  its  reference  plane. 

Two  parameters  were  varied  in  the  present  study,  namely,  the  skew  angle  of  the  stiffener,  a, 
and  the  fiber  reference  angle  of  the  skin,  0.  The  stiffener  skew  angle  and  the  laminate  reference 
angle  for  the  five  panels  considered  in  the  present  study  are  given  in  Table  2.  Mixed  finite  element 
models  were  used  for  the  discretization  of  each  section  of  the  stiffener  and  the  skin.  A  typical 
finite  element  model  used  in  the  analysis  is  shown  in  Fig.  2.  Biquadratic  shape  functions  were  used 
for  approximating  each  of  the  generalized  displacements,  and  bilinear  shape  functions  were  used  for 
approximating  each  of  the  stress  resultants.  The  characteristics  of  the  finite  element  model  are  given 
in  Ref.  [9].  The  model  had  a  total  of  638  finite  elements  (12,229  nonzero  displacement  degrees 
of  freedom).  For  each  panel,  the  multiple  parameter  reduction  methods  outlined  in  Refs.  [5,  8] 
were  used  for  generating  the  buckling  and  postbuckling  responses,  and  evaluating  the  sensitivity 
coefficients.  Comparisons  were  made  with  available  experimental  results  [3,  10].  Typical  results  are 
presented  in  Table  3,  in  Figs.  3-9  for  the  buckling  response  and  in  Figs.  10-16  for  the  postbuckling 
response,  and  are  described  subsequently. 
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Table  2 

Panels  considered  in  the  present  study 


Stiffener 
skew  angle,  a° 

Laminate 

reference  angle  f$° 


Pane! 


0 


20 


20  20 


u 


20 


Table  3 

Critical  values  of  qc  and  T  for  the  different  panels 


Panel 


1 

2 

3 

4 

10  2x-3sl 

“skin 

T„(°F)  (Present) 

Experiment  [3] 

12.36 

12.28 

11.86 

10.58 

STAGS  [8] 

Present 

14.46 

14.19 

408.8 

13.6 

13.38 

333.0 

10.98 

10.95 

292.6 

11.25 

11.25 

240.6 

Fig.  2.  Typical  finite  element  model  used. 
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Panel  1 

(a=0°,  M#) 


{$*&?'**  **$£  f 


I 

-i..'  I 

I 

"Mm 


Panel  2 
(a=0°,  8=20°) 


K  SI 

ISSSP’ 

f  ll 

r~i 

‘1’u,t _ i 


Panel  3 

Panel  4 

Panel  5 

(a=20of  P=0°) 

(a=20°,  p=20°) 

(a=20°,  ^=-20°) 

a)  uniform  edge  displacement  qe 


Panel  1 

(osO*.  p=o°) 


P'*^l 


Panel  2 
(otsO°,  8=20°) 


Panel  3 

(a=20°,  Ml 


Panel  4 

(cuk20°,  p=20°) 


Panel  5 
(a=20°t  p=-20°) 


[  o 


b)  uniform  temperature  change  T 


Fig.  3.  Contour  plots  of  transverse  displacement  n»  depicting  the  buckling  mode  shapes  for  panels  subjected  to  uniform 
edge  displacement  ge  and  uniform  temperature  change  T.  Spacing  of  contour  lines  is  0.2.  Dashed  lines  refer  to  negative 
contours.  Location  of  maximum  values  identified  by  x. 
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Panel  1 

(a=o°,  p=o°) 


Panel  2 
(asO®,  p=20°) 


a)  uniform  edge  displacement  qe 


Panel  1 
<o»0*,p»cr) 


Panel  2 
(<xsO*,  Pa20*) 


Panel  3 
(as20°,  3=0°) 


Panel  4 
(a=20“,  3=20°) 


Panel  5 

(as20°,  3=-20°) 


b)  uniform  temperature  change  T 

Fig.  4.  Surface  plots  depicting  the  buckling  modes  for  panels  subjected  to  uniform  edge  displacement  qt  and  uniform 
temperature  change  T. 
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3,1 .  Bifurcation  buckling 

The  critical  values  of  qe  and  T  obtained  by  the  present  finite  element  model  are  given  in  Table  3. 
The  critical  values  of  qe  are  compared  with  both  the  experimental  values  reported  in  Ref.  [3],  and 
the  values  obtained  by  the  STAGS  finite  element  program  [10]. 

As  can  be  seen  from  Table  3,  rotating  the  stiffener  has  a  more  pronounced  effect  on  the  critical 
values  of  qc  and  T  than  changing  the  reference  angle  of  the  skin.  Panel  1  has  the  largest  values  of 
qCT  and  T„;  panel  3  has  the  smallest  value  for  q„  and  panel  4  has  the  smallest  value  of  T„. 

Contour  plots  of  the  transverse  displacement  w,  and  surface  plots  depicting  the  mode  shapes 
associated  with  the  critical  values  of  qt  and  T  for  the  five  panels,  are  shown  in  Figs.  3  and  4.  Note 
that  all  the  mode  shapes  satisfy  the  following  inversion  symmetry  (or  antisymmetry)  conditions: 

f(x\ ,x2 )  =  ±/( -x, ,  -x2 ), 

where  /  refers  to  any  of  the  generalized  displacement  components. 

For  all  the  panels  considered,  the  lowest  critical  values  of  qe  and  T  are  associated  with  two  half¬ 
waves  in  die  x2-direction.  For  the  ^e-case,  when  a  =  0°,  the  lowest  buckling  load  is  associated  with 
three  half-waves  in  the  axial  direction.  This  result  is  to  be  contrasted  with  two  half-waves  for  the 
case  a  =  20°.  For  panels  with  0  =  0°,  the  buckling  modes  associated  with  q„  and  Ta  are  different 
(exhibiting  a  different  number  of  half-waves  in  the  axial  direction). 

The  normal  and  tangential  edge  forces  associated  with  the  critical  values  of  qc  (with  T  =  0,100 
and  200°F),  and  T  (qt= 0)  are  shown  in  Fig.  5  for  the  five  panels.  For  the  qt  case,  an  increase  in 
the  temperature  from  0  to  200°F  reduces  the  total  normal  force  Nt  in  panels  1-4.  For  panel  4,  an 
increase  in  T  results  in  a  decrease  in  the  magnitude  of  the  tangential  force  Ns.  An  opposite  trend  is 
observed  in  panel  5  for  which  an  increase  in  T  increases  the  magnitudes  of  both  N,  and  Ns. 

For  the  T  case,  increasing  the  magnitude  of  either  a  or  /?  or  both  results  in  decreasing  the  total 
axial  force  Nt.  The  tangential  forces  for  positive  nonzero  a  and  /?  are  of  opposite  signs.  Therefore, 
the  values  of  Ns  for  panels  4  and  5  are  less  than,  and  greater  than,  respectively,  those  for  panels  2 
and  3. 

An  indication  of  the  sensitivity  of  the  critical  values  of  qt  and  T  to  variations  in  the  material 
properties  of  the  individual  layers  and  the  skin  reference  angle  /?  is  given  in  Figs.  6  and  7,  respec¬ 
tively.  The  sensitivity  coefficients  of  qt  and  T  are  evaluated  at  r  =  0°F  and  qe  =  0,  respectively.  For 
the  qt  case,  panels  2  and  5  are  more  sensitive  to  variations  in  E]_  than  the  other  panels;  panel  1  is 
more  sensitive  to  variations  in  Glt  than  the  other  panels;  panel  5  is  insensitive  to  variations  in  Glt, 
and  as  to  be  expected,  all  panels  are  sensitive  to  variations  in  /?.  For  the  T  case,  panels  1  and  4  are 
more  sensitive  to  variations  in  EL  than  the  other  panels,  and  panel  5  is  more  sensitive  to  variations 
in  ft  than  the  other  panels. 

An  indication  of  the  sensitivity  of  the  critical  values  of  qe  and  T  to  variations  in  the  skin,  web 
and  flange  stiffnesses  is  given  in  Figs.  8  and  9.  For  the  qe  case,  the  panels  are  more  sensitive 
to  variations  in  An  of  the  skin  and  D22  of  the  web  than  to  variations  in  the  other  extensional 
and  bending  stiffnesses  of  the  panel.  By  contrast,  for  the  T  case,  the  panels  are  more  sensitive  to 
variations  in  the  thermal  force  Nll}  of  the  skin  and  the  thermal  moment  Mr2 1  of  the  bottom  flange 
(see  Eqs.  (A.  10)  in  the  appendix). 
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Nt 


Fig.  5.  Normal  and  tangential  edge  forces  associated  with  the  critical  values  of  qt  and  T  for  the  different  panels. 


3.2.  Postbuckling  response 

The  postbuckling  response  of  the  different  panels  subjected  to  combined  edge  shortening  qc  and 
uniform  temperature  change  T=  100°F  is  shown  in  Fig.  10.  Plots  of  the  total  axial  force  N,  versus 
the  applied  edge  shortening  qe  and  the  total  strain  energy  U  are  shown.  Also  shown  are  the  ratios 
of  the  tangential  force  to  the  axial  force  NJN,  versus  qe  for  the  different  panels.  The  bottom  right 
section  of  Fig.  10  shows  the  corresponding  plot  of  Ns  versus  qt  normalized  by  dividing  Ns  and  q, 
by  the  critical  values  Nla  and  qCa  for  panel  1  (x  =  0°J  =  0°).  The  normalized  plots  of  NJNt  versus 
qjqe„  are  almost  linear. 

As  can  be  seen  from  Fig.  10,  the  Nt  versus  qe  and  Nx  versus  U  plots  for  the  different  panels  are 
close  to  each  other.  For  a  given  Nt,  both  qc  and  U  have  their  smallest  and  largest  values  for  panels 
1  and  5,  respectively.  The  panels  with  the  rotated  stiffener  (panels  3-5)  have  higher  shear  stiffness 
than  those  with  the  unrotated  stiffener  (panels  1  and  2).  The  tangential  force  Nt  for  panel  1  is  equal 
to  zero,  and  N%  for  panel  2  is  smaller  than  Ns  for  other  panels.  In  the  advanced  postbuckling  stage 
the  ratio  NJNt  for  panel  4  is  higher  than  that  for  all  other  panels. 
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Fig.  6.  Sensitivity  of  the  critical  values  of  qt  and  T  to  variations  in  the  material  properties  of  individual  layers. 

An  indication  of  the  effect  of  temperature  on  the  postbuckling  response  of  the  different  panels  is 
given  in  Fig.  1 1 .  An  increase  in  temperature  results  in  a  parallel  shift  of  the  N ,  versus  qe  plots.  The 
same  is  true  for  the  Nt  versus  U  plots  (results  not  shown). 

Normalized  contour  plots  for  the  transverse  displacement  w  of  the  skin  and  the  total  strain  energy 
density  0,  at  two  different  values  of  namely,  NJ(ETh2)  =  0.8  and  Nj(Eyh2)  =  1.6,  are  shown  in 
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a=0° 
P=0° 
Panel  1 


Panel  2  Panels 


a=20° 
P=-20° 
Panel  5 


Fig.  7.  Sensitivity  of  the  critical  values  of  qt  and  T  to  variations  in  the  skin  reference  angle  p. 

Figs.  12  and  13.  As  can  be  seen  from  Fig.  12,  a  mode  change  occurs  in  the  advanced  postbuckling 
stage  for  panel  1.  The  distributions  of  the  total  strain  energy  density  are  different  in  different  panels. 
For  each  panel  the  distributions  change  in  the  advanced  postbuckling  stage.  For  the  two  panels  with 
oc  =  0  (panels  1  and  2),  the  distributions  of  0  are  similar.  The  same  applies  to  the  three  panels  with 
a  =  2  (panels  3-5). 

The  sensitivity  coefficients  of  the  total  strain  energy  U  for  the  different  panels  with  respect  to  the 
layer  properties  El,E7,Glj,Gtt,cil  and  aT;  and  the  skin  reference  angle  /?  are  shown  in  Figs.  14  and 
15  for  different  temperatures.  As  can  be  seen  from  Figs.  14  and  15,  the  sensitivity  of  the  total  strain 
energy  to  variations  in  EL  increases  rapidly  with  the  increase  in  qe.  Other  sensitivity  coefficients 
exhibit  smaller  variation  with  changes  in  qt.  For  T  sj  1 00°F,  the  normalized  sensitivity  coefficient 
EL{dU/dEi)  becomes  the  dominant  sensitivity  coefficient  in  the  advanced  postbuckling  stage.  For 
T*  100°F,  the  total  strain  energy  is  very  sensitive  to  variations  in  ctT  and  £T  and  somewhat  sensitive 
to  variations  in  EL  in  the  initial  postbuckling  stage. 

Fig.  15  shows  that  for  f  =  0°F,  the  panels  with  p  ^  0°  (panels  2,  4  and  5)  are  considerably 
more  sensitive  to  variations  in  0  than  the  two  panels  with  p  =  0°  (panels  1  and  3).  In  the  advanced 
postbuckling  stage,  an  increase  in  temperature  results  in  decreasing  dU/dp  (for  a  given  value  of  qc). 

Normalized  contour  plots  for  the  sensitivity  coefficient  of  the  total  strain  energy  density  with 
respect  to  EL  and  p,  for  two  different  values  of  Nt,  namely,  NJ(ETh2 )  =  0.8  and  Nt/(Erh2)  =  1.6, 
are  shown  in  Fig.  16.  Each  contour  plot  is  normalized  by  dividing  by  the  maximum  value  of  the 
sensitivity  coefficient.  The  contour  plots  for  the  different  sensitivity  coefficients  are  different.  The 
contour  plots  for  each  of  the  sensitivity  coefficients  change  with  changing  Nt. 


4.  Concluding  remarks 


A  study  is  made  of  the  buckling  and  postbuckling  responses  of  composite  panels  with  skewed 
stiffeners.  The  panels  are  subjected  to  applied  edge  displacements  and  temperature  changes.  Each 
section  of  the  stiffeners  and  skin  is  modeled  by  using  a  first-order  shear-deformation  shallow-shell 
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Fig.  9.  Sensitivity  of  the  critical  values  of  qc  and  T  to  variations  in  the  web  and  flange  stiffnesses  of  the  panels.  Superscripts 
refer  to  the  stiffener  section  (see  Table  I ). 


displacements  and  stress-resultant  parameters.  The  stress  resultants  are  allowed  to  be  discontinuous 
at  interelement  boundaries. 
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Fig.  10.  Postbuckling  responses  for  the  different  panels  when  subjected  to  edge  displacement  qe ,  and  uniform  temperature 
change  r=100°F. 

The  buckling,  postbuckling  responses  and  hierarchical  sensitivity  coefficients  are  generated.  The 
hierarchical  sensitivity  coefficients  measure  the  sensitivity  of  the  different  response  quantities  to  vari¬ 
ations  in  three  sets  of  interrelated  parameters;  namely,  laminate,  layer  and  constituent  (fiber,  matrix 
and  interface  or  interphase)  parameters.  An  efficient  multiple-parameter  reduction  method  is  used  for 
generating  the  buckling  and  postbuckling  responses,  and  evaluating  the  sensitivity  coefficients. 

Numerical  studies  are  presented  which  show  the  effects  of  variations  in  the  stiffener  skew  angle 
and  the  fiber  orientation  of  the  skin  on  the  buckling  and  postbuckling  responses,  and  the  sensitivity 
coefficients. 

The  results  show  that  rotating  the  stiffener  has  a  more  pronounced  effect  on  the  critical  values  of 
the  edge  shortening  and  temperature  than  changing  the  material  reference  angle  of  the  skin.  Also, 
rotating  the  stiffener  increases  the  shear  stiffness  of  the  panels  in  the  postbuckling  range. 
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Fig.  11.  Effect  of  temperature  change  on  the  postbuckling  response  of  different  panels  subjected  to  edge  displacement  qe. 
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a)  total  edge  force  Nt/(ETh2)  =  .8 


Panel  1  Panel  2 


b)  total  edge  force  Nt/(ETh2)  =  1.6 


Fig.  12.  Normalized  contour  plots  depicting  the  effects  of  the  stiffener  skew  angle  a  and  skin  reference  angle  /J  on  the 
transverse  displacement  w  of  the  skin.  Combined  edge  displacement  qr  and  uniform  temperature  change  T=  1 00° F.  Spacing 
of  contour  lines  is  0.2.  Dashed  lines  refer  to  negative  contours.  Location  of  maximum  values  identified  by  x. 


Appendix.  Thermoelastic  constitutive  relations  for  the  laminate 

The  thermoelastic  model  used  in  the  present  study  is  based  on  the  following  assumptions: 

( 1 )  The  laminates  are  composed  of  a  number  of  perfectly  bonded  layers. 

(2)  Every  point  of  the  laminate  is  assumed  to  possess  a  single  plane  of  thermoelastic  symmetry 
parallel  to  the  middle  plane. 
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a)  total  edge  force  Nt/(ETh2)  =  .8 
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b)  total  edge  force  Nt/(ETh2)  =  1.6 


Fig.  13.  Normalized  contour  plots  depicting  the  effects  of  the  stiffener  skew  angle  i  and  skin  reference  angle  /i  on  the  total 
strain  energy  density  in  the  skin.  Combined  edge  displacement  qe  and  uniform  temperature  change  T=  100°F.  Spacing 
of  contour  lines  is  0.2.  Dashed  lines  refer  to  negative  contours.  Location  of  maximum  values  identified  by  x. 


(3)  The  material  properties  are  independent  of  temperature. 

(4)  The  constitutive  relations  are  described  by  lamination  theory,  and  can  be  written  in  the  following 
compact  form: 
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Fig.  14.  Sensitivity  of  the  postbuckling  responses  of  the  different  panels  to  variations  in  the  material  properties  of  the 
individual  layers.  Combined  edge  displacement  qt  and  uniform  temperature  change  7  =  0°  and  100°F. 

where  {N},{M},{Q}  and  {e},  {*},{)’}  are  the  vectors  of  extensional,  bending  and  transverse  shear 
stress  resultants  and  strain  components  of  the  laminate  given  by 


{N}'  =  [V, 

N2  Nnl 

(A 2) 

{MY  =  [A/, 

m2  m12]. 

(A.3) 

JO 

II 
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Fig.  15.  Sensitivity  of  the  postbuckling  responses  of  the  different  panels  to  variations  in 
Combined  edge  displacement  qc  and  uniform  temperature  change  T  =  0°,  100°  and  200° F. 

the  skin  reference  angle  fi. 

{e}’  =  [£i  «2  2£,2], 

(A.5) 

{*}'  =  [fc  i  x2  2  k, 2], 

(A.6) 

and 

{r}'  =  [2£3i  2c32]. 

(A.  7) 

The  matrices  [A],  [5],  [D]  and  [/ls]  contain  the  extensional,  coupling,  bending  and  transverse  shear 
stiffnesses  of  the  laminate  which  can  be  expressed  in  terms  of  the  layer  stiffnesses  as  follows: 
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NL 

(A.9) 

where  [Q](k)  and  [gs]U)  are  the  extensional  and  transverse  shear  stiffnesses  of  the  A-th  layer,  [/]  is 
the  identity  matrix,  hk  and  hk_{  are  the  distances  from  the  top  and  bottom  surfaces  of  the  Ath  layer 
to  the  middle  surface,  and  NL  is  the  total  number  of  layers  in  the  laminate.  The  expressions  for 
the  different  coefficients  of  the  matrices  [£]<*>  and  [&]<*>  in  terms  of  the  material  and  geometric 
properties  of  the  constituents  (fiber  and  matrix)  are  given  in  Refs.  [11,  12]. 

The  vectors  of  thermal  effects,  {JVT}  and  {MT},  are  given  by 

nl  rhk 

[W  {Mr}]=Ej( *3]r<Lc3,  (A.  10) 

where  {a}  is  the  vector  of  coefficients  of  thermal  expansion  (referred  to  the  coordinates  xux2  and  x3 
-  see,  for  example,  Refs.  [13,  14]).  Note  that  the  skin  and  the  bottom  flange  stiffnesses  and  thermal 
effects  are  referred  to  the  middle  plane  of  the  skin.  The  top  flange  and  web  section  stiffnesses  and 
thermal  effects  are  referred  to  their  respective  middle  plane. 
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Abstract 

Detailed  finite  element  models  are  used  for  predicting  the  free-vibration  response  of  infinitely  long  and  rectangular  sandwich 
panels.  The  panels  considered  have  square-cell  honeycomb  core  and  simply  supported  edges.  The  sandwich  core  and  face  sheets 
are  modeled  by  using  three-dimensional  solid  elements  and  two-dimensional  plate  elements.  The  predictions  of  the  finite  element 
models  are  compared  with  those  obtained  by  using  higher-order  sandwich  theory  for  panels  with  the  core  replaced  by  an  effective 
(equivalent)  continuum.  Three  different  approaches  are  used  for  estimating  the  effective  material  properties  of  the  equivalent 
continuum  layer. 


1.  Introduction 

A  considerable  body  of  literature  exists  on  the  modeling,  analysis  and  design  of  sandwich  panels. 
Much  of  the  early  work  focused  primarily  on  sandwich  structures  with  thin  isotropic  face  sheets.  Recent 
applications  of  sandwich  structures,  which  demand  both  light  weight  and  high  performance  (e.g.  higher 
strength,  damage  tolerance  and  thermal  resistance)  have  motivated  the  development  of  sandwich 
structures  with  composite  face  sheets  and  the  use  of  advanced  manufacturing  techniques.  Sandwich 
panels  with  composite  face  sheets  are  candidates  for  use  in  future  high-speed  aircraft,  hypersonic 
aerospacecraft,  and  spacecraft  with  stringent  precision  requirements  (e.g.  communication  satellite 
antennas  and  reflectors  of  terrestrial  systems).  Review  of  recent  applications  of  sandwich  structures  is 
included  in  a  recent  monograph,  [1],  and  review  articles  [2,3]. 

Structural  efficiency  of  sandwich  structures  relies  heavily  on  the  lightweight  core  to  separate  the  face 
sheets  and  provide  the  necessary  stiffness.  A  variety  of  core  configurations  have  been  proposed.  The 
most  commonly-used  core  configurations  can  be  classified  in  three  groups:  cellular,  corrugated  and 
honeycomb  (see  Fig.  1).  Cellular  core  materials  include  natural  products  such  as  balsa  wood  and  foams 
manufactured  from  modem  plastics.  Cellular  cores  are  often  the  least  expensive  among  core  materials 
and  offer  some  advantages  in  machineability  and  sandwich  manufacture.  Corrugated  core  materials 
include  a  large  variety  of  geometries,  often  providing  a  highly  directional  core  stiffness  for  certain 
applications.  Ordinary  cardboard  is  a  common  example  of  corrugated  core  sandwich.  Stiffened  panels, 
as  well  as  web  core  and  truss,  can  be  considered  as  corrugated  core  structures.  Honeycomb  core 
sandwich  structures  are  widely  used  in  the  aerospace  industry  and  are  the  focus  of  the  present  study. 
Honeycomb  cores  can  possess  a  very  high  stiffness  to  weight  ratio,  can  be  manufactured  from  a  wide 
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c)  honeycomb  core 

Fig.  1.  Sandwich  core  materials  and  global  geometry  of  sandwich  panel. 

range  of  materials  such  as  aluminum,  titanium,  fiber  reinforced  plastics  or  even  resin  impregnated 
paper,  and  can  be  manufactured  with  a  variety  of  geometric  shapes.  Some  common  geometries  include: 
hexagonal  cell,  square  cell  and  flex-core.  Honeycomb  cell  size  can  be  chosen  to  provide  cores  with 
different  stiffness  and  density  properties.  Different  cell  shapes,  such  as  that  of  flex-core,  can  allow  the 
core  to  bend  appropriately  when  constructing  sandwiches  with  complex  curvature. 

The  accuracy  of  response  quantities  predicted  by  different  computational  models  of  sandwich 
structures  depends  on  a  large  number  of  material,  lamination  and  geometric  parameters  of  the  face 
sheets  and  the  core.  The  computational  effort  associated  with  detailed  finite  element  models  of 
honeycomb  sandwich  panels  increases  very  rapidly  with  the  increase  in  the  number  of  cells  in  the  panel 
core.  For  this  reason,  the  analysis  of  sandwich  panels  is  usually  carried  out  by  replacing  the  core 
structure  with  an  equivalent  continuum  layer.  The  static  and  free  vibration  responses  of  a  range  of 
honeycomb  sandwich  panels  were  shown  to  be  highly  sensitive  to  variations  in  the  equivalent  continuum 
transverse  shear  stiffnesses  of  the  core  (see  [3,4]).  Therefore,  the  accurate  prediction  of  the  sandwich 
response  requires  accurate  characterization  of  the  transverse  shear  moduli.  An  assessment  of  the 
accuracy  of  static,  mechanical  and  thermomechanical  responses  predicted  by  using  continuum  core 
models  has  been  reported  in  [5-7],  respectively.  To  the  authors’  knowledge,  no  assessment  has  been 
made  on  the  accuracy  of  free-vibration  responses  predicted  by  continuum  core  models  using  detailed 
finite  element  models  as  the  standard  of  comparison.  The  present  study  focuses  on  the  accuracy  of  the 
vibrational  response  obtained  by  different  continuum  core  models. 

Specifically,  comparisons  are  made  between  free-vibration  responses  predicted  by  equivalent 
continuum  models  and  detailed  finite  element  models.  The  finite  element  models  are  constructed  using 
three-dimensional  solid  and  two-dimensional  plate  elements.  The  equivalent  properties  for  the 
continuum  core  model  are  obtained  by  using  three  different  approaches  which  are  described  in  the 
succeeding  sections.  In  addition  to  the  free-vibration  frequencies,  the  associated  strain  energy 
components,  local  core  stresses,  strains  and  strain  energy  densities  are  used  to  assess  the  core  property 
estimation  techniques,  and  to  gain  insight  into  the  limitations  of  these  models. 

Each  of  the  sandwich  panels  considered  in  this  study  is  composed  of  eight  layer  cross-ply  composite 
face  sheets  perfectly  bonded  to  a  lightweight  titanium  square  cell  honeycomb  core.  Each  sandwich 
panels’  edges  are  simply  supported,  the  outer  faces  are  traction  free,  and  the  body  is  free  from  initial 
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Sandwich  Panel 


Fig.  2.  Honeycomb  panel  segment  geometry,  face  sheet  lamination  and  cell  wall  local  coordinates. 

stresses.  The  geometric  characteristics  of  the  panels  are  shown  in  Figs.  1  and  2,  and  are  described  in 
rectangular  Cartesian  coordinates  (*,,  x2,  x3),  where  x}  and  x2  lie  on  the  sandwich  middle  surface  and 
*3  »s  normal  to  that  surface;  L,  and  L2  are  the  side  lengths  of  the  panels;  and  h  =  2hs  +  hc  is  the  total 
thickness  of  the  sandwich  panel,  where  hf  and  hc  refer  to  the  face  sheet  and  core  thicknesses, 
respectively.  The  fiber  directions  of  the  layers  in  the  face  sheets  are  in  either  the*,  or  x2  directions.  The 
square  cell  honeycomb  core  structure  is  oriented  with  its  ribbon  direction  parallel  to  the  *,  direction 
and  its  cell  walls  parallel  to  the  x3  coordinate  axis  and  is  characterized  by  the  following  dimensions:  cell 
height,  hQ  ;  cell  wall  thickness,  tc.  cell  wall  width,  cell  joined  width,  2 l2;  and  cell  corrugation  angle,  6. 
For  convenience,  the  additional  parameters,  d  =  /,  +  /2/cos  6,  and  77  =  2/2//,  are  also  used  to  describe 
the  honeycomb  cell. 

The  core  property  estimation  techniques  considered,  as  well  as  the  finite  element  and  continuum 
models  used  in  this  analysis,  are  discussed  in  the  succeeding  sections. 


2.  Equivalent  continuum  honeycomb  core  properties 

A  number  of  experimental  and  analytical  techniques  have  been  proposed  for  predicting  the  effective 
properties  of  honeycomb  sandwich  cores  in  terms  of  their  geometric  and  material  characteristics.  The 
procedures  vary  in  their  level  of  sophistication  and  can  be  divided  into  test  methods  and  analytical 
techniques.  Test  methods  include  those  described  in  ASTM  C273-61  [8],  MIL-STD-401B  [9],  and  other 
NDE  techniques  described  in  [10-13].  Analytical  techniques  which  include  energy  methods  (see,  for 
example,  [14-22]);  homogenization  techniques  (see,  for  example,  [23]);  and  mechanics  of  materials  and 
other  simplified  models  (see,  for  example,  [24—25]).  Some  of  the  analytical  methods  require  simplifying 
assumptions  in  order  to  obtain  an  elasticity  solution  on  a  repeating  cell  segment.  Discrete  element 
approaches,  such  as  the  finite  element  models  used  in  [5,6,26—28],  help  overcome  this  limitation  by 
providing  more  realistic  distributions  of  stresses  and  strains  in  the  detailed  core  structure.  A  large  list  of 
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references  on  the  determination  of  effective  in-plane,  transverse  shear,  and  transverse  normal 
characteristics  of  sandwich  core  structures,  are  given  in  [3]. 

In  the  present  study,  the  detailed  finite  element  models  are  not  used  to  generate  improved  estimates 
of  equivalent  core  layer  properties.  Instead,  the  finite  element  free-vibration  responses  are  used  as  the 
standard  for  assessing  the  accuracy  of  the  predictions  of  an  equivalent  core  model,  with  the  shear 
stiffnesses  estimated  by  three  approaches:  a  lower  bound  energy  approach;  an  upper  bound  energy 
approach;  and  design  data  obtained  by  direct  test  methods.  The  upper  and  lower  bound  energy 
approaches  referred  to  in  the  literature  as  unit  displacement  and  unit  force  methods,  are  essentially 
potential  and  complementary  potential  energy  methods,  respectively.  The  application  of  these 
approaches  to  honeycomb  core  structures  are  reported  in  many  publications,  including  an  early  study 
[14]  for  hexagonal  honeycomb  cells.  The  equivalent  transverse  shear  stiffnesses,  and  G^f ,  can  be 
calculated  by  applying  the  following  inequalities  to  the  repeating  cell  and  the  associated  continuum  core 
segments  (see  Fig.  3). 


2G^2?(g^)’  (or -1,2), 


for  lower  bound  estimates,  and 


7G.u3Br^4S(c«yf2K).  (a  =  1, 2) 


(1) 

(2) 


for  upper  bound  estimates,  where  and  y  are  the  assumed,  uniform  equilibrium  stress  and  compatible 
strain  states  in  the  ith  cell  walls  of  the  representative  cell  segment;  Vi  is  the  volume  of  the  ith  cell  wall; 
and  Gc  is  the  isotropic  shear  modulus  of  the  core  cell  material.  The  shear  stress,  shear  strain  and 
transverse  shear  moduli,  to3,  yo3  and  Ga3,  respectively,  are  associated  with  the  equivalent  core  material 
of  volume,  V.  Details  of  the  application  of  this  approach  to  honeycomb  cores  similar  to  those  used  in 
this  study  can  be  found  in  [20].  The  only  difference  is  the  thickness  of  the  cell  wall  (along  the  length, 
/2),  where  adjacent  formed  foil  ribbons  are  joined  together  to  form  the  honeycomb  core.  This  thickness 
is  twice  the  core  foil  thickness  of  the  wall  with  length,  /,.  Expressions  for  the  equivalent  transverse 
shear  stiffnesses  used  in  this  study  are  given  in  Appendix  A. 

The  equivalent  transverse  shear  stiffnesses  obtained  from  design  data  were  calculated  in  accordance 


b)  Lower  bound  estimate,  ujj  >  u£ 

Fig.  3.  Honeycomb  core  segment  used  in  calculating  lower-bound  and  upper-bound  equivalent  continuum  material  properties. 
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with  MIL- STD-401  B  [9].  Different  estimation  methods  for  calculating  the  remaining  equivalent 
continuum  elastic  properties  are  not  assessed  herein.  Rather,  the  equivalent  in-plane  properties  are 
calculated  using  strength  of  materials  methods  similar  to  those  presented  in  [20].  The  equivalent 
transverse  normal  stiffness  and  equivalent  core  density  are  each  proportional  to  their  respective  core 
material  values  in  the  same  ratio  as  the  volumes,  Ef.,  V-IV.  Expressions  for  these  additional 
components  are  also  given  in  Appendix  A. 


3.  Sandwich  models  used  in  the  present  study 

3.1  Two-  and  three-dimensional  finite  element  models 

The  finite  element  models  used  in  the  present  study  were  constructed  using  the  commercial  code 
ANSYS  [29].  Both  eight-node,  two-dimensional  plate  elements,  with  quadratic  interpolation  functions, 
and  eight-node,  three-dimensional  elements  with  trilinear  interpolation  functions  are  used.  Each  of  the 
finite  element  models  in  this  study  was  constructed  by  reflecting  or  translating  the  cell  segment  shown  in 
Fig.  4. 

The  finite  element  grids  for  the  two-  and  three-dimensional  elements  are  identical  in  the  surface 
directions  of  the  cell  walls  and  are  characterized  by  the  number  of  divisions  in  the  core  half  height,  nAc, 
and  the  number  of  divisions  in  the  cell  wall  widths,  n,.  For  the  three-dimensional  element  models,  the 
number  of  uniform  thickness  elements  in  the  directions  of  the  cell  wall  and  the  face  sheet  thickness  are 
ntc  and  nh{  respectively.  The  number  of  element  divisions  on  opposite  edges  of  the  cell  segment  are 


Note:  n  refers  to  number  of  subdivisions, 

tl  refers  to  ratio  of  largest  to  smallest  element 
edge  length  along  subdivision. 


Fig.  4.  Typical  finite  element  grids  and  table  of  grid  parameters  for  the  sandwich  panel  segment. 
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equal,  producing  quadrilateral  and  hexahedral  grids  for  the  two-  and  three-dimensional  elements 
respectively.  The  number  of  divisions  on  the  edges  of  the  face  sheet  are  determined  by  adjacent  cell 
wall  divisions.  An  additional  characteristic  of  the  finite  element  model  is  the  ratio  of  the  smallest  to 
largest  element  side  length  along  a  geometrical  segment.  The  grid  parameters  along  with  typical  two- 
and  three-dimensional  finite  element  grids  for  the  repeating  sandwich  cell  segment  are  shown  in  Fig.  4. 

3.2  Discrete  higher-order  continuum-core  model 

Discrete,  higher-order  two-dimensional  sandwich  theory  was  used  to  assess  the  equivalent  core 
properties  chosen  to  simulate  the  elastic  response  of  the  honeycomb  sandwich  core.  For  a  wide  range  of 
geometric  parameters,  the  free-vibration  responses  obtained  by  these  models  was  found  [3,4]  to  be  in 
close  agreement  with  those  predicted  by  the  associated  three-dimensional  elasticity  solutions.  The 
details  of  the  derivation  and  computational  procedure  used  in  obtaining  the  higher-order  theory  and 
three-dimensional  elasticity  solutions  are  given  in  the  aforementioned  references  and  are  highlighted 
subsequently: 

(1)  Each  of  the  displacement  components  is  expressed  as  a  series  of  products  of  functions  of  the 
thickness  coordinate  x3  and  trigonometric  functions  of  the  surface  coordinates,  xt  and  x2  .  The 
surface  displacements  are  represented  by  quadratic  functions  in  each  of  the  faces  and  the  core 
with  the  continuity  enforced  at  their  interfaces.  The  transverse  displacement  is  assumed  to  be 
constant  through  the  entire  sandwich  thickness. 

(2)  For  each  pair  of  harmonics,  substitution  of  the  displacement  expansions  into  the  governing 
differential  equations,  and  integrating  in  the  thickness  coordinate,  x3,  produces  a  system  of 
homogeneous  algebraic  equations  with  coefficients  representing  the  amplitudes  of  the  assumed 
thickness  distribution  of  the  displacement. 

(3)  These  algebraic  equations  are  solved  to  obtain  the  free-vibration  frequencies  and  the  associated 
eigenfunctions. 

The  effective  properties  for  the  equivalent  continuum  core  layer  were  determined  by  the  three 
approaches  described  in  the  preceding  section,  namely,  a  lower  bound  energy  approach,  an  upper 
bound  energy  approach,  and  a  design-data,  test-based  approach.  Henceforth,  the  continuum  models 
based  on  these  approaches  will  be  referred  to  as  UB,  LB  and  T  models,  respectively. 


4.  Numerical  studies 


4.1  Sandwich  panels  considered 

The  sandwich  panels  considered  in  this  study  are  shown  in  Fig.  5.  Both  infinitely  long  panels,  with 
either  L,  or  L2  infinite,  and  rectangular  panels  are  studied.  The  in-plane  displacements  and  in-plane 
stress  components  are  assumed  to  be  antisymmetric  with  respect  to  the  middle  plane  (x3  =  0).  Infinitely 
long  panels  in  both  the  xx  and  x2  directions  are  considered  because  the  geometric  characteristics  and  the 
estimated  shear  properties,  G'3  and  G33,  are  different  in  the  two  directions.  For  infinitely-long  panels 
the  response  quantities  are  periodic  in  the  finite-length  direction,  but  are  assumed  to  be  independent  of 
the  coordinate  in  the  direction  of  infinite  length.  These  conditions  correspond  to  simple  supports  at  the 
edges  normal  to  the  finite  length  direction,  and  a  state  of  plane  strain  in  the  direction  of  infinite  length. 
For  rectangular  panels,  each  of  the  stress  and  displacement  components  are  assumed  to  be  periodic  in 
both  x,  and  x2  with  periods  2LX  and  2 L2.  The  complete  boundary  conditions  are  listed  in  Appendix  B. 
Because  of  the  symmetries  of  the  panel  geometries,  only  a  quadrant  of  the  infinitely  long  panels,  and  an 
octant  of  the  rectangular  panels  are  modeled  (see  Fig.  5). 

Three  sets  of  square-cell  titanium  alloy  honeycomb  cell  configurations  are  considered  in  the  present 
study.  In  the  first  set,  the  cell  wall  thickness,  tc  =  0.002  in.,  is  fixed  as  the  cell  characteristic  dimension, 

.  ’ ls  var'ec*’  w't*1  ^  =  3/16  in.,  1/4  in.  and  3/8  in.  In  the  second  set,  the  average  density  is  kept  constant 
y  varying  the  wall  thicknesses,  tc,  and  cell  dimension  d,  together.  Three  wall-thickness,  cell-size  pairs 


a)  Infinitely  Long  Panels  b)  Rectangular  Panel 

Fig.  5.  Simply-supported  panels  and  example  finite  element  grids  used  in  the  present  study,  (a)  16  cell  panels  in  x3  and  xt 
coordinate  directions  with  infinite  Ll  and  L2>  respectively;  (b)  16  x  16  cell,  rectangular  sandwich  panel. 


are  considered,  namely:  ( tc  =  0.002  in.,  d  *  3/16  in.);  (fc  =  0.0026667  in.,  d  =  1/4  in.);  and  (tc  =  0.004 
in.,  d  =  3/8  in.).  In  the  third  set,  the  cell  characteristic  dimension  is  fixed,  d  =  3/16  in.,  as  the  cell  wall 
thickness,  fc,  is  varied,  with  tc  =  0.0015  in.,  0.002  in.,  and  0.003  in.  For  each  cell  configuration,  the  cell 
wall  side  length  ratio  and  cell  opening  angle  were  fixed,  with  tj  =  0.1621  and  6  =  45°.  Note  that  a  base 
configuration  with  tc  =  0.002  in.  and  d  =  3/16  in.  is  common  to  each  set.  The  procedure  described  in 
Section  2  was  used  for  calculating  the  equivalent  continuum  properties  associated  with  these  core 
configurations.  The  equivalent  transverse  shear  stiffness  properties,  calculated  using  the  three  ap¬ 
proaches  discussed  previously,  are  listed  in  Table  1(a).  The  remaining  equivalent  continuum  properties 
are  listed  in  Table  1(b).  The  principal  material  directions  of  the  equivalent  continuum  coincide  with  the 
global  Cartesian  coordinate  system.  The  equivalent  continuum  core  is  oriented  with  the  direction 
associated  with  the  corrugated  cell  ribbon  at  0°  to  the  jc,  axis.  The  material  properties  of  the  titanium 
alloy,  Ti-5A1-2.5V,  used  for  the  honeycomb  core  are  Et==15.5xl06  psi,  y1  =  0.31,  and  p'  =  0.162 
lbf/in3.  Note  that  the  material  stiffness  matrices  of  the  equivalent  continuum  are  positive-definite. 

The  elastic  properties  of  the  face-sheet  layers  are  selected  to  be  typical  of  a  high-modulus  transversely 
isotropic  composite  material,  namely: 

E[  =  22.9  x  106  psi,  E\=  1.39  x  106psi,  G^r  =  0.86x  106psi, 

G'tt  =  0.468  x  106  psi,  vLr  =  032,  vTT  =  0A9,  and  pf  =  0.058  lbf/in3 

where  subscripts  L  and  T  refer  to  the  fiber  and  transverse  directions,  respectively,  and  superscript  f 
refers  to  the  face  sheets.  The  fiber  orientations  of  the  layers  of  the  top  face  sheet  are  [90'70°]4  with  the 
fibers  of  the  top  layer  making  90°  with  the  coordinate  axis.  Two  face  sheet  thicknesses  are 
considered,  h ,  =  0.04  in.  and  h(  =  0.12  in.  Since  the  total  sandwich  thickness  is  fixed  at  h-  1.0  in.,  the 
corresponding  core  thicknesses  are  hc  =  0.92  in.  and  hc  =  0.76  in. 

Four  parameters  are  varied  in  this  study,  namely:  the  two  core  parameters,  tc  and  d,  the  face  sheet 
thickness,  ht,  and  the  number  of  honeycomb  core  cells  in  the  panels.  For  infinitely  long  panels,  the 
number  of  cells  in  the  direction  of  finite  length,  Ll  or  L2,  was  varied  from  6  to  192.  For  rectangular 
panels,  the  number  of  cells  in  the  x,  and  x2  directions  was  varied  from  8  to  48. 
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Table  1 

Equivalent  continuum  core  properties,  square  cell  Ti-5A1-2.5V  titanium  sandwich  core 


(a)  Transverse  shear  moduli 


Cell 
size 
d  (in.) 

Cell  wall 
thickness 
tc  (in.) 

G‘j  (psi) 

Gj3(psi) 

Upper 

bound 

Lower 

bound 

Test 

Upper 

bound 

Lower 

bound 

Test 

Constant  Cell 

3/16 

51997 

93000 

56723 

56723 

Wall 

1/4 

0.002 

38998 

56331 

60000 

42523 

42523 

47000 

Thickness 

3/8 

25999 

39000 

28362 

28362 

31000 

Constant  Cell 

0.0015 

38998 

56331 

63000 

42542 

42542 

Size 

3/16 

0.002 

51997 

75108 

93000 

56723 

56723 

0.003 

77996 

112662 

175000 

85085 

85085 

130000 

Constant 

3/16 

0.002 

Equivalent 

1/4 

0.0026667 

51997 

75108 

93000 

56723 

56723 

73000 

Core  density 

3/8 

0.004 

(b)  Elastic  moduli,  in-plane  shear  modulus,  Poisson’s  ratio*  and  density 

Cell 

Cell  wall 

size 

thickness  E\ 

El 

E\ 

Pe 

d  (in.) 

I,  (in.) 

(psi) 

(psi) 

(P») 

(psi) 

(xlO' 

5)  (xl0'J) 

(lb/ft3) 

Constant  Cell 

3/16 

62.365 

41.279 

345400 

1141.1 

3.7048 

5.5973 

1.2288 

6.2381 

Wall 

1/4 

0.002 

26.312 

17.416 

259050 

481.53 

2.0841 

3.1487 

1.2290 

4.6785 

Thickness 

3/8 

7.7967 

5.1605 

172700 

142.68 

0.9263 

1.3995 

1.2232 

3.1190 

Constant  Cell 

jT5| 

26.312 

174.16 

259050 

481.53 

2.0841 

3.1487 

4.6785 

Size 

3/16 

62.365 

412.79 

345400 

1141.1 

3.7048 

5.5973 

1.2288 

6.2381 

222 

139.29 

518100 

3852.3 

8.3345 

12.591 

1.2283 

9.3571 

Constant 

3/16 

0.002 

Equivalent 

1/4 

0.0026667  62.365 

412.79 

345400 

1141.1 

3.7048 

5.5973 

1.2288 

6.2381 

Core  density 

3/8 

0.004 

4.2  Strain  energy  components 


As  a  step  towards  establishing  the  range  of  validity  of  the  different  approaches  for  obtaining  the 
equivalent  core  properties,  the  total  strain  energy  of  the  continuum  core  sandwich  panels,  associated 
with  each  of  the  vibration  modes,  was  decomposed  into  six  components  as  follows: 


v'.-H  v.,AV- 

J  Mace 

U[  -If  <ra3ya3  dV, 

^  3~~2  L  °33e33  ^  , 

In  Eq.  (3)  a  repeated  index  a  or  /3  denotes  summation  over  the  range  1,2;  superscripts  f  and  c  denote 
face  sheet  and  continuum  core  quantities,  respectively;  and  V,„t  and  Vcore  refer  to  the  face  sheet  and 
continuum  core  volumes,  respectively.  The  total  strain  energy  of  the  sandwich,  U  =  U{  +  Uc,  where  U1 
and  Ue  are  the  strain  energies  in  the  face  sheets  and  core,  respectively,  i.e.,  t/f  =  U\  +  U'2  +  U[  and 
Uc  -  U\  +  U\  +  U'3. 

The  total  strain  energy  of  the  sandwich  panels  with  the  core  modeled  using  plate  finite  elements  is 
decomposed  into  six  components.  The  three  components  associated  with  the  face  sheets  are  the  same  as 


v;-H 

''core 

Ui~’2  L  a«3y<>3  dV  .  (3) 

' 'core 

UlmjL  ^33  dV. 

'  'core 
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those  defined  in  Eq.  (3).  The  three  components  associated  with  the  core  are  expressed  in  terms  of  the 
generalized  strains  and  stress  resultants  in  the  cell  wall  local  coordinates  as  follows  (see  Fig.  2): 

Ui  =  j  J  (N,e“  +  MtK°2  +  M2k\  +  e.y?)  dV  , 

^core 

Ui-j  f  {Nl2y0]2  +  Ml2K0l2  +  Q2y°2)  dV  ,  (4) 

''core 

=  (N2e°2)dV. 

^  ^core 

The  total  strain  energy  in  the  core  is  Ud  =  Udx  +  U2  +  Ud.  In  Eq.  (4),  Vcore  is  the  volume  of  the  titanium 
core  material.  The  energy  component  Ud  is  associated  with  bending,  stretching  and  transverse  shear  of 
the  cell  walls  in  cell  wall  coordinates  (see  Fig.  2);  the  energy  component  U2  is  associated  with  the 
in-plane  shear  of  the  cell  walls  in  cell  wall  coordinates,  which  corresponds  to  the  transverse  shear  strain 
energy  in  the  global  Cartesian  system;  and  the  energy  component  U d  represents  the  transverse  normal 
deformation  of  the  sandwich  core  in  the  global  Cartesian  system. 


4.3  Infinitely  long  panels 

Solid  finite  element  models.  Free  vibration  responses  were  calculated  using  three-dimensional  solid 
elements  and  two-dimensional  plate  elements  for  panels  with  face  thickness,  hf  —  0.04  in.;  8  to  48  cells 
in  jCj ;  and  infinite  L2.  Two  finite  element  grids  were  considered  for  the  plate  element  model,  and  three 
grids  were  considered  for  the  solid  element  model.  The  grid  parameters  for  the  repeating  cell  segments 
are  shown  in  Fig.  4.  Note  that  each  successive  grid  is  obtained  by  doubling  the  number  of  elements  in 
each  direction  of  the  previous  grid.  As  an  example,  a  finite  element  grid  with  plate  elements  is  shown  in 
Fig.  5  for  an  infinitely  long  panel,  with  16  cells  in  the  x,  direction.  Typical  results  are  shown  in  Table  2. 
As  can  be  seen  from  this  table,  the  frequencies  obtained  by  the  different  plate  and  solid  finite  element 
models  are  within  one  percent  of  each  other.  Consequently,  in  subsequent  sections,  only  the 
frequencies  obtained  by  the  plate  finite  element  models  with  grid  A  are  presented. 

Comparison  between  continuum  core  model  and  plate  finite  element  model  results.  Comparisons 
between  the  vibration  frequencies  obtained  by  using  continuum  core  models  with  three  different 
estimates  for  transverse  shear  properties,  o)CM,  and  the  detailed  finite  element  frequencies,  <*>pE,  are 
shown  in  Figs.  6  and  7.  The  differences  between  the  frequencies  predicted  by  each  of  the  continuum 
models  and  the  finite  element  model  are  normalized  by  dividing  by  the  corresponding  frequencies  of  the 
finite  element  model.  The  results  shown  in  Figs.  6  and  7  are  for  infinitely  long  sandwich  panels  in  either 
the  x,  and  x2  direction.  Two  face  thicknesses  and  three  cell  wall  thicknesses  are  considered,  namely; 
h{  =  0.04  in.  and  hf  =  0.12  in.;  and  rc  =  0.0015  in.,  0.002  in.  and  0.003  in.  The  number  of  cells  was 


Table  2 

Minimum  vibration  frequencies,  o>,  predicted  by  models  with  three-dimensional  solid  and  two-dimensional  plate  finite  elements. 
Symmetric  sandwich  panels  with  cross-ply,  composite  face  sheets,  h  =  1,0  in.,  ht  =  0.04  in.,  infinite  L2,  and  the  edges  in  the  xx 
direction  simply  supported.  Cell  dimensions:  d  =  3/16  in.,  $  —  45<l,  rj  =  0.1621  and  0.002  in. 

FE  Model  with  Plate  Elements  FE  Model  with  Solid  Elements 


Number  of  Cells  in  Mesh  A  Mesh  B  Mesh  D  Mesh  E  Mesh  F 

jCj  Direction  _ _ _ _ 


4 

3325.7 

3325.7 

3355.6 

3343.5 

3333.2 

6 

2033.1 

2032.9 

2048.7 

2042.9 

2037.8 

8 

1378.4 

1378.3 

1387.3 

1384.2 

1381.4 

12 

745.59 

745.55 

749.15 

748.05 

16 

460.32 

460.30 

462.03 

461.56 

24 

221.58 

221.57 

221.16 

222.03 
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■  uj  nut, 

■  uj  cuj 


100% 


Cells  in 


100% 


•  12  IS  24  32  40 


Cells  in  L, 


100% 


S  12  16  24  33  40 


100% 


i  12  16  24  32  46 


Cells  in  Lj  Cells  in  L* 

Fig.  6.  Percent  differences  between  the  lowest  vibration  frequencies  predicted  by  the  two-dimensional  finite  element  models  (grid 
A)  and  those  predicted  by  equivalent  continuum  core  models.  Symmetric  sandwich  panels,  h  =  1  in.,  with  cross-ply,  composite 
face  sheets,  infinite  L2  and  edges  in  xt  direction  simply  supported.  Cell  dimensions,  d  =  3/16  in.,  0  =  45°  and  rj  =0.1621. 


varied  from  10  to  192  in  the  x2  direction,  and  from  6  to  192  in  the  Jtj  direction.  An  examination  of  Figs, 
6  and  7  reveals: 

(1)  The  frequencies  predicted  by  the  UB  model  are  in  close  agreement  with  those  predicted  by  the 
finite  element  model,  for  panels  with  infinite  L2.  The  largest  difference  over  the  range  of  panels 
considered  is  less  than  two  percent.  On  the  other  hand,  the  frequencies  predicted  by  the  LB 
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(3)  The  error  in  the  frequencies  predicted  by  the  T  model  increases  with  both  face  sheet  thickness 
and  cell  wall  thickness. 

(4)  For  panels  with  infinite  length  in  the  xx  direction,  the  upper  and  lower  bound  estimates  for  the 
shear  modulus  Gc23,  are  identical.  Since  there  is  no  shearing  in  the  x,  -x3  plane  and  hence  no 
dependence  on  G^3,  the  associated  frequency  predictions  are  within  one  percent  of  those 
predicted  by  the  finite  element  models  (see  Fig.  7). 

(5)  For  all  the  panels  considered,  the  face  sheet  thickness  does  not  appear  to  have  a  significant  effect 
on  the  accuracy  of  the  predictions  based  on  any  of  the  continuum  core  models  considered  herein. 

In  addition  to  the  free  vibration  frequencies,  the  strain  energy  components  (Eqs.  (3)  and  (4))  from 
the  detailed  finite  element  models  are  calculated  and  are  shown  in  Fig.  8.  Comparison  between  the 
strain  energy  components  predicted  by  the  detailed  finite  element  models  (Eq.  (4))  and  the  continuum 
core  models  (Eq.  (3))  is  given  in  Fig.  9.  An  examination  of  Fig.  8  reveals: 

(1)  The  total  strain  energy  U,  predicted  by  the  finite  element  models  is  dominated  by  U\  and  U2. 
Contributions  from  the  transverse  shear  strain  energy  in  the  face  sheets,  U[,  and  the  bending  and 
stretching  energies  of  the  cell  walls,  t/f,  are  small.  The  transverse  normal  component  U3  is  not 
included  in  the  plate  element  formulation  and  is  assumed  to  be  negligible.  The  component,  U3,  is 


Fig.  8.  Variation  of  the  strain  energy  density  components  associated  with  the  lowest  free-vibration  mode  predicted  by  the 
two-dimensional  finite  element  models  (grid  A).  Symmetric  sandwich  panels,  h  =  1  in.,  with  cross-ply,  composite  face  sheets, 
infinite  L,  and  edges  in  or,  direction  simply  supported.  Cell  dimensions,  d  =  3/ 16  in.,  0  =  45'  and  tj  =  0.1621. 
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Fig.  9.  Percent  differences  between  the  energy  components  associated  with  the  lowest  free-vibration  mode  predicted  by  the 
two-dimensional  finite  element  models  (grid  A)  and  those  associated  with  equivalent  continuum  core  exact  elasticity  models  (see 
Eqs.  (3)  and  (4)).  Symmetric  sandwich  panels,  h  =  1  in.,  with  cross-ply,  composite  face  sheets,  infinite  Lx  and  edges  in  x2 
direction  simply  supported.  Cell  dimensions,  d  -  3/16  in.,  B  -  45°,  tj  =  0.1621  and  tc  —  0.002  in. 


also  negligible.  Consequently,  an  increase  in  the  number  of  cells  in  the  length  L,  results  in  an 
increase  in  U\  and  a  nearly  proportionate  decrease  in  U2. 

(2)  The  sandwich  panels  with  thick  face  sheets  have  a  slightly  higher  ratio  of  Ud2IU  than  that  for  the 
corresponding  panels  with  thin  face  sheets  (and  the  same  number  of  cells). 

(3)  For  a  given  average  core  density,  the  strain  energy  components  are  insensitive  to  variations  in  the 
core  size  and  the  wall  thickness. 

(4)  For  sandwich  panels  with  a  given  number  of  cells,  the  strain  energy  associated  with  the  global 
transverse  shear  in  the  core  increases  significantly  with  the  increase  in  the  thickness  of  the  face 
sheets.  In  contrast,  the  proportion  of  transverse  shear  strain  energy  decreases  almost  in¬ 
significantly  with  increases  in  cell  wall  thickness. 

The  dominant  strain  energy  components  for  the  continuum  core  models  were  found  to  be  U\  and  U\. 
The  differences  between  these  components  and  the  corresponding  dominant  components  for  the  finite 
element  model  ( U\  and  U2),  are  shown  in  Fig.  9.  An  examination  of  Fig.  9  reveals: 

(1)  The  strain  energy  components  predicted  by  the  UB  continuum  core  model  are  closer  to  the  finite 
element  model  strain  energy  components  than  those  predicted  by  the  other  continuum  core 
models.  The  largest  difference  over  the  range  of  problems  considered  is  slightly  above  2%. 
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(2)  The  maximum  differences  between  the  strain  energy  components  predicted  by  the  LB  and  T 
continuum  core  models  and  those  predicted  by  the  finite  element  model  are  about  6%  and  8%, 
respectively. 

(3)  The  strain  energy  components  for  infinitely  long  panels  in  the  jc,  direction  (not  shown)  predicted 
by  the  UB  and  T  models  are  similar  to  those  for  the  infinitely  long  panels  in  the  x2  direction.  The 
predictions  of  the  UB  and  LB  models  are  identical  since  the  upper  and  lower  bound  estimates  of 
the  equivalent  core  properties  are  identical. 

The  following  comments  can  be  made  regarding  the  predictions  of  the  finite  element  models  and 
associated  continuum  core  models  for  panels  with  honeycomb  core  cells  of  constant  thickness  and 
varying  cell  size;  and  for  panels  with  constant  average  density,  but  varying  wall  thickness  and  cell  size 
(results  not  shown). 

(1)  The  trends  in  the  frequency  and  energy  component  predictions  for  sandwich  panels  with  constant 
cell  wall  thickness  and  decreasing  cell  size  are  quantitatively  similar  to  the  predictions  for  panels 
with  constant  cell  size  and  increasing  cell  wall  thickness.  This  can  be  expected  since  the 
equivalent  transverse  shear  stiffnesses  shown  in  Appendix  A  are  directly  proportional  to  rc//,. 

(2)  The  frequencies  predicted  by  the  finite  element  models  using  characteristic  cell  size  and  cell  wall 
thickness  combinations  of  equal  average  density  are  nearly  indistinguishable.  Since  each  of  the 
equal  core  density  combinations  produces  the  same  estimates  for  the  equivalent  continuum  core 
properties,  the  accuracy  of  the  frequency  predictions  by  the  continuum  models  was  observed  to 
be  the  same  for  cell  geometries  with  equivalent  core  density. 

4.4  Rectangular  panels 

The  free-vibration  frequencies  and  associated  strain  energy  components  were  calculated  using  plate 
finite  element  models  for  rectangular  sandwich  panels  with  the  base  cell  configuration,  =  3/16  in.  and 
tc  =  0.002  in.,  and  face  sheet  thickness,  h ,  =  0.12.  The  number  of  cell  segments  in  each  of  the  x,  and  x2 
directions  was  varied  between  8  to  48.  The  finite  element  grid  for  a  typical  rectangular  panel  is  shown  in 
Fig.  5.  Since  the  computational  effort  increases  rapidly  with  increasing  the  number  of  cells  in  both 
directions,  panels  with  24  or  more  cells  in  each  direction  were  not  analyzed  in  this  study.  Fig.  10  shows 
the  percent  differences  between  the  frequencies  predicted  by  each  of  the  continuum  models  and  the 
finite  element  model.  Fig.  11  shows  the  dominant  strain  energy  components,  U\,  U2,  U[  and,  [/?,  for 
some  of  the  rectangular  panels  considered.  An  examination  of  the  differences  between  the  frequencies 
predicted  by  the  finite  element  and  continuum  models  (see  Fig.  10)  shows: 

(1)  The  frequencies  predicted  by  the  UB  model  are  in  close  agreement  with  those  predicted  by  the 
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Fig.  10.  Percent  differences  between  the  lowest  vibration  frequencies  predicted  by  the  two-dimensional  finite  element  models 
(grid  A)  and  those  predicted  by  equivalent  continuum  core  models.  Symmetric,  rectangular  sandwich  panels,  h  =  1  in.,  with 
cross-ply,  composite  face  sheets,  and  edges  in  x,  and  x2  directions  simply  supported.  Cell  dimensions,  d-  3/16  in.,  fl=s450, 
17  =  0.1621  and  ts  -  0.002  in. 
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predicted  by  the  UB  continuum  model  are  in  close  agreement  with  those  of  the  finite  element 
model.  These  results  are  consistent  with  those  of  infinitely  long  panels  in  either  the  x]  or  x, 
directions. 

(2)  The  frequencies  obtained  by  the  T  continuum  model  are  higher  than  those  of  the  finite  element 
model  by  up  to  11%  for  the  rectangular  panels  considered.  The  differences  in  the  frequencies  are 
fairly  uniform  for  the  panels  considered.  For  large  L2!LX  and  L,/L2  the  frequencies  predicted  by 
the  T  model  are  consistent  with  those  of  infinitely  long  plates. 

The  total  strain  energy  associated  with  the  minimum  frequency  predicted  by  the  finite  element 
model  is  dominated  by  the  transverse  shear  energy  in  the  core  structure,  U2.  As  can  be  seen 
from  Fig.  11,  the  ratio,  Ud2fU  is  fairly  uniform  for  the  panels  considered.  Differences  in  the 
predictions  of  the  energy  components,  U\  and  U2,  by  the  continuum  models,  are  quantitatively 
similar  to,  although  generally  smaller  than,  the  maximum  differences  observed  for  the  infinitely 
long  panels  with  small  numbers  of  cells.  Consequently,  these  results  are  not  shown.  Un¬ 
fortunately,  rectangular  panels  with  more  cells  in  each  direction  than  considered  herein  may  be 
required  in  order  to  provide  additional  information  regarding  the  accuracy  of  the  continuum 
models. 

Supplementing  the  quantitative  measures  discussed  thus  far,  some  qualitative  results,  such  as 
cell  wall  shear  stress,  shear  strain  and  shear  strain  energy  distributions,  are  available  to  provide 
insight  into  the  energy  estimation  methods  considered  herein.  These  are  presented  in  the 
following  section. 

4.5  Shear  strain  energy  distribution  in  honeycomb  cell  walls 

For  panels  with  Lx  or  L2  infinite  and  ten  cells  in  the  finite-length  direction,  contour  plots  of  the  shear 
strain  energy,  t/,2,  are  shown  in  Fig.  12.  The  strain  energy  U{2  is  referred  to  the  local  cell  wall 
coordinates  (see  Fig.  2).  Grid  C  (see  Fig.  4)  was  used  to  discretize  each  sandwich  panel.  An 
examination  of  Fig.  12  reveals  that,  for  the  panels  with  infinite  L,  or  L2,  the  distribution  of  the  cell  wall 
shear  strain  energy  density,  f/l2,  exhibits  a  small  variation  in  the  sandwich  thickness,  direction  and  a 
slow  change  along  the  length  (local  f,)  direction.  The  distributions  of  Ul2  are  qualitatively  similar  to 
those  of  the  resultant,  JV12,  and  the  generalized  strain,  £°2.  The  estimates  of  the  shear  stiffness 
coefficients  using  the  lower  and  upper  bound  energy  methods  are  based  on  assumed  constant  states  of 


Infinite  L,  Infinite  L2 

Fig.  12.  Typical  distribution  of  cell  wall  strain  energy  density  component  Un  =  (Nl2f/Gje  (see  Fig.  2)f  associated  with  the  lowest 
free-vibration  mode.  Symmetric  sandwich  panels,  h  =  1  in.,  hf  =  0.12  in.,  with  cross-ply,  composite  face  sheets.  Ten  cells  in  each 
of  the  finite  length  directions  and  edges  simply  supported.  Cell  dimensions,  </=3/16  in.,  $  =45°,  tj  =  6.12rand  /c  =  0.002  in. 
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stress  and  strain  in  the  sandwich  core  structure,  respectively.  An  examination  of  Fig.  12  does  not  show  a 
difference  in  these  stress  and  strain  distributions  that  would  explain  the  difference  in  the  predictions  of 
the  UB  and  LB  models. 


5.  Concluding  remarks 

Detailed  finite  element  models  are  used  for  predicting  the  free-vibration  response  of  infinitely  long 
and  rectangular  sandwich  panels.  The  panels  considered  have  square-cell  honeycomb  core  and  simply 
supported  edges.  The  sandwich  core  and  face  sheets  are  modeled  by  using  three-dimensional  solid 
elements,  and  two-dimensional  plate  finite  elements.  The  predictions  of  the  finite  element  models  are 
compared  with  those  obtained  by  using  higher-order  sandwich  theory  for  panels,  with  the  core  replaced 
by  an  effective  (equivalent)  continuum.  Three  different  approaches  are  used  for  estimating  the  effective 
material  properties  of  the  equivalent  continuum  layer:  a  lower  bound  energy  approach;  an  upper  bound 
energy  approach;  and  a  design-data  test  based  approach.  For  all  the  sandwich  panels  considered  in  this 
study,  the  vibration  frequencies  and  associated  strain  energy  components  predicted  by  the  continuum 
models  using  the  upper  bound  core  property  estimations  were  close  to  those  calculated  by  using 
detailed  two-dimensional  plate  finite  element  models.  The  frequencies  predicted  by  the  continuum 
models  using  the  lower  bound  estimates  of  the  shear  stiffnesses  were  higher  than  those  of  the  detailed 
finite  element  model.  By  contrast,  the  predictions  of  the  continuum  models  with  test-based  equivalent 
properties  were  lower  than  those  of  the  finite  element  model.  The  distributions  of  the  in-plane  shear 
stresses,  strains  and  strain  energy  densities  in  the  cell  walls  obtained  by  the  detailed  finite  element 
models  do  not  confirm  either  of  the  underlying  constant  strain  or  constant  stress  hypotheses  used  in  the 
upper  bound  or  lower  bound  energy  estimation  approaches,  respectively. 
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Appendix  A.  Equivalent  (effective)  properties  of  the  continuum  core  model 

The  equivalent  (effective)  continuum  properties  of  the  continuum  layer,  replacing  the  actual 
honeycomb  core,  are  calculated  by  using  models  similar  to  those  in  [20].  Fig.  2  shows  the  geometric 
characteristics  of  the  honeycomb  cell  as  follows:  /,  is  the  cell  wall  width;  2 12  is  the  joined  (to  the 
adjacent  formed  ribbon)  width;  6  is  the  opening  angle  of  the  cell;  tc  is  the  cell  wall  foil  thickness.  For 
convenience,  the  ratio  of  the  cell  wall  widths  is  represented  by  the  parameter  77  =  2 /2//,.  The 
expressions  for  the  equivalent  continuum  core  properties  are  given  subsequently  in  terms  of  the  three 
material  parameters:  Young’s  and  shear  moduli  Es  and  Gs,  and  material  density  pf;  and  the  four 
geometric  parameters  /, ,  0 ,  fc  and  17. 

Continuum  core  density: 

Pc  _  (1+T?)  /*c\ 

ps  (7j  +  cos0)sin0  \/,/ 
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In-plane  continuum  core  properties : 

£;-£-fc 


1 


1  A '  (sin  0)(  A  sin20/(i7  +  cos  B)(tcll ,  )3  +  (t)  +  cos20)/(i7  +  sin  6)(t 

sin  6 


-  £,( 


',«,))} 


(17  +  cos  0)(A  cos20/(fc//,)3  +  sin20/(/c 

(  A /(fc / / , )3  +  !/(/,.//,)) 


(77  +  cos0)  +  cos20/(/c//,  )(tj  +  sin  0 )) 


}} 


tc\3  (77  + COS  0) 


-2(1  +rj/4)sin0 
Transverse  Young's  modulus  and  transverse  Poisson's  ratios: 


nc=n  (1  +T?) 

3  1  (i)  +  cos  0 )  sin 


Sift) 


Fc 

c  ^2 


Upper  and  lower  bounds  of  the  transverse  shear  moduli: 

sin  0 


^23LB“^23UB  ^23  GS 


(tj  +  cos  6  ) 


(» 


(77  +  cosg)  /t£\ 

13  lb  1  (1  +  477)  sin  0  \/,/ 

_  r  (t;  +  cos20)  MA 
U'3 ub"^  (77  4-  cos 0 )  sin  0  Vi/ 

The  effects  of  double-thickness  cell  walls  resulting  from  cell  assembly  were  incorporated  in  the 
preceding  expressions.  In  the  present  study  A  was  selected  to  be  1.  Note  that  the  upper  and  lower 
bound  shear  stiffnesses  are  different  in  the  jc ,  direction  but  are  equal  in  the  x2  direction.  Also  note  that 
the  equivalent  continuum  properties  are  independent  of  the  honeycomb  core  thickness,  hc. 


Appendix  B.  Boundary  conditions  used  in  the  present  study 

BA  -  Infinitely  long  panels 

For  the  infinitely  long  sandwich  panels  with  either  infinite  Lx  or  L2,  the  displacement  and  stress 
responses  are  assumed  to  be  antisymmetric  with  respect  to  the  midplane  (x3  =  0),  and  periodic  in  the  x2 
or  xx  directions,  with  periods  2 L2  or  2Llf  respectively.  For  panels  with  infinite  L2,  the  periodic  response 
can  be  represented  by  modeling  a  quadrant  of  a  plane  section  of  the  infinitely  long  panel  and  applying 
the  following  symmetry  and  antisymmetry  conditions: 

w2  =  w  =  0,  0*1,  =0  atXj  =  Lj/2,  -L2<x2<  L2,  0  <  x3  <h/2 , 

«,=0,  cr12  =  crl3  =  0  at  x,  =0,  —L2  <x2<  L2y  0<x3<A/2,  (B.l) 
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and 

u,  =  w2  =  0,  0*33  =  0  atjt3  =  0,  0<x,<Li/2,  -L2<x2<L2.  (B.2) 

In  addition,  the  required  plane  strain  conditions  for  the  direction  extending  to  infinity  are 

u2  =  0,  O’  12  =  cr22  =  0  for 0< jc,  =  L,,  -L2  <x2<  L2,  0 < jc3 < /i / 2 .  (B.3) 

The  corresponding  symmetry  and  antisymmetry  conditions  for  panels  with  infinite  Lx  are  obtained  by 
interchanging  subscripts  1  and  2  in  Eqs.  (B.1)-(B.3). 

B.2 .  Rectangular  panels 


For  the  rectangular  sandwich  panels,  the  displacement  and  stress  responses  are  assumed  to  be 
antisymmetric  with  respect  to  the  midplane  (x3  =  0)  and  periodic  in  both  the  jc,  and  x2  directions  with 
periods  2 L,  and  2 L2.  The  periodic  response  can  be  represented  by  modeling  only  one  octant  of  the 
rectangular  panel  and  applying  the  following  symmetry  and  antisymmetry  conditions: 

u}-u2-0y  cr33  =  0  atjt3  =  0,  0<xl<Ll/2,  0<x2<L2/2,  (B.4) 

and 


u,  =  0, 

O'.  2 

=  0-,3 

=  0 

at  jc,  =0, 

u2  =  w  =  0, 

O'.. 

=  0 

at  jc,  =  L,/2. 

u2  =  0. 

0*12 

=  0r23 

=  0 

at  jc2  =  0, 

M,  =H>  =  0, 

0*22 

=  0 

at  jc2  =  L2/2 

0<x2<  L2/2y  0<x3  </t/2 , 

0<x2<  L2I2,  0<x2<hl2 , 

0 < JCj  <Lj/2,  0<x3  <h/2  , 

0<x,<L,/2,  0<x2<hl2.  (B.5) 
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Abstract 

Space-time  finite  element  methods  are  applied  to  the  sensitivity  analysis  of  frictional  contact/impact  response  of  axisymmetric 
composite  structures.  The  structures  are  assumed  to  consist  of  an  arbitrary  number  of  perfectly  bonded  homogeneous  anisotropic 
layers.  Only  small  displacements  are  considered  and  the  material  of  each  layer  is  assumed  to  be  hyperelastic  The  sensitivity 
coefficients  measure  the  sensitivity  of  the  response  to  variations  in  material  parameters  of  the  structure. 

A  displacement  finite  element  model  is  used  for  the  spatial  discretization.  The  temporal  integration  is  performed  by  using  the 
time-discontinuous  Galerkin  method.  Least-squares  stabilizing  operators  are  added  to  the  governing  equations  to  enhance  the 
stability  by  smoothing  out  the  high  frequency  modes,  without  degrading  the  accuracy.  A  quasi-explicit  iterative  technique  is  used 
for  generating  the  response  and  evaluating  the  sensitivity  coefficients.  The  normal  contact  conditions  are  incorporated  within  the 
iterative  process.  Numerical  results  are  presented  for  the  sensitivity  analysis  of  contact/impact  response  of  a  composite  spherical 
cap  impacting  a  rigid  plate. 


Nomenclature 


El,Et 

pconp 

fc/GL 

80 

GlTi  Gtt 

h 

K 

Kg/gl 

Kg/gl 

M 

M  g/gl 

9 

Q 

r,z,6 


elastic  moduli  of  the  individual  layers  in  the  fiber  and  transverse  directions,  respectively 

vectors  of  contact  and  external  forces,  respectively 

combined  force  vector  for  Galerkin  or  Galerkin/least-square  formulation 

initial  axial  gap  associated  with  a  contact  node 

shear  moduli  of  the  individual  layers  in  the  plane  of  fibers  and  normal  to  it,  respectively 
total  thickness  of  the  structure 
tangent  stiffness  matrix 

combined  stiffness  matrix  for  Galerkin  or  Galerkin/least-square  formulation 
combined  stiffness  matrix  for  Galerkin  or  Galerkin/least-square  formulation  which 
includes  terms  related  to  K 
lumped  mass  matrix 

combined  mass  matrix  for  Galerkin  or  Galerkin/least-square  formulation  which 

includes  terms  related  to  M 

displacement  vector  at  specified  time  levels 

displacement  vector  at  specified  levels  in  the  absence  of  contact 

orthogonal  coordinate  system,  see  Fig.  1 
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S 

t 

M,  V ,  W 

U 

w 

At 

T 

T 

®k 

A 

vlt ? J'rr 

C 


meridional  distance 
time 

normal  component  of  contact  tractions  (pressures) 

displacement  components  in  the  radial,  circumferential  and  axial  directions,  respectively 
displacement  vector 
virtual  displacement  vector 
time  step  size 

intrinsic  time-scale  parameter 

normalized  intrinsic  time-scale  parameter 

fiber  orientation  angle  of  the  Ath  layer 

typical  lamination  or  material  parameter  of  the  structure 

Poisson’s  ratios  of  the  individual  layers 

normalized  time  step  size 


Subscripts 

n  current  time  step 

0  initial  conditions  at  t  =  0 


Superscripts 

i  iteration  cycle 

+  response  and  sensitivity  quantities  just  after  the  time  period  starts 

—  response  and  sensitivity  quantities  just  before  the  time  period  starts 

Other  mathematical  symbols 
( )  time  derivative 

r)(  ^ 

partial  derivative 


1.  Introduction 

Two  general  approaches  have  been  applied  to  the  solution  of  the  time-dependent  contact /impact 
problems.  The  first  approach  is  widely  used,  and  is  based  on  employing  the  finite  element  techniques  for 
the  spatial  discretization  and  a  temporal  integration  scheme  for  integrating  the  semi-discrete  equations 
(see  review  paper  [1]).  In  the  second  approach  a  finite  element  technique  is  used  for  both  the  spa¬ 
tial  discretization  and  the  temporal  integration.  However,  the  numerical  problems  associated  with  the 
localized  oscillations  and  the  discontinuities  associated  with  contact/impact  conditions  have  only  been 
addressed  in  a  few  studies.  Also,  few  studies  have  attempted  to  identify  the  proper  temporal  integra¬ 
tion  schemes  for  use  in  conjunction  with  different  formulations.  A  systematic  and  detailed  study  of  the 
interplay  between  the  integration  scheme  and  the  contact/impact  formulation  is  discussed  in  [2].  The 
difficulties  associated  with  the  use  of  temporal  integration  schemes  and  suggested  modifications  are  also 
discussed  in  [3-5].  Numerous  research  efforts  have  concentrated  on  the  use  of  time  discretization  schemes 
[6,7].  In  the  present  paper  the  time-discontinuous  Galerkin/least-squares  method  ([7-11])  is  applied  to 
contact/impact  problems.  The  time-discontinuous  Galerkin  method  permits  the  unknown  fields  to  be 
discontinuous  with  respect  to  time  and  leads  to  stable,  higher-order  accurate  finite  element  methods.  The 
least-squares  methods  were  shown  to  enhance  the  stability  of  the  Galerkin  method  without  degrading 
accuracy  and  it  is  included  to  better  capture  the  discontinuities  which  occur  in  contact /impact  problems. 

The  present  study  focuses  on  the  application  of  the  space-time  finite  element  method  to  the  sensitivity 
analysis  of  the  dynamic  response  of  axisymmetric  composite  structures  (see  review  paper  [12]).  The 
governing  semi-discrete  equations  for  the  sensitivity  coefficients  are  obtained  by  direct  differentiation  of 
the  corresponding  equations  for  the  response  with  respect  to  material  properties.  The  time-discontinuous 
Galerkin  method  is  used  for  the  response  and  evaluating  the  sensitivity  coefficients.  To  fix  ideas  only  small 
displacements  and  linear  elastic  response  are  considered.  Numerical  results  are  presented  to  verify  the 
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proposed  model  and  to  demonstrate  the  effectiveness  of  the  time-discontinuous  Galerkin/least-squares 
method  in  contact/impact  problems. 

2.  Mathematical  formulation 

The  structures  considered  are  assumed  to  consist  of  an  arbitrary  number  of  perfectly-bonded  homo¬ 
geneous  anisotropic  layers.  Only  small  displacements  are  considered  and  the  material  of  each  layer  is 
assumed  to  be  hyperelastic.  The  analytical  formulation  is  based  on  the  linear  dynamic  theory  of  axi- 
symmetric  solids  of  revolution  [13].  A  displacement  formulation  is  used  and  the  fundamental  unknowns 
consist  of  the  three  displacement  components,  u,  v,  w  at  each  point.  The  sign  convention  for  the  dis¬ 
placements  is  shown  in  Fig.  1. 

2.1.  Governing  equations  for  response 

In  the  absence  of  damping  the  semi-discrete  equations  and  the  initial  conditions  governing  the  linear 
elastodynamic  response  of  the  structure  can  be  written  in  the  following  compact  form: 


Mu  +  Ku  =  F 

(1) 

«0  =  v0 

(2) 

UQ  =  do 

(3) 

where  u  is  the  displacement  vector,  v0,  d0  are  the  initial  velocity  and  initial  displacement  vectors, 
respectively;  F  is  the  external  force  vector;  and  K  and  M  are  the  stiffness  and  the  diagonal  lumped  mass 
matrices,  respectively.  The  global  arrays  K,  M  and  F  are  obtained  by  assembling  the  spatial  element 
arrays.  Each  spatial  finite  element  can  accommodate  more  than  one  anisotropic  layer  by  employing 
numerical  integration  points  at  each  layer.  Mass  lumping  is  performed  by  using  the  technique  proposed 
in  [14]. 

The  temporal  integration  is  performed  by  using  typical  finite  element  interpolation  functions  defined 
in  terms  of  Lagrange  polynomials.  A  fcth  order  polynomial  in  time  can  be  expressed  in  terms  of  nodal 
values  at  k  + 1  time  levels  (see  Appendix  A  for  quadratic-in-time  interpolation  functions). 


Fig.  1.  Characteristics  of  frictional  contact  of  an  axisymmetric  composite  structure  impacting  a  rigid  plate  and  sign  convention  for 
displacements. 
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2.1.1.  Time-discontinuous  Galerkin  method 

The  displacement  field  is  allowed  to  be  discontinuous  in  time,  and  the  displacement  continuity  is 
weakly  enforced  via  the  strain  energy  inner  product  (see  [10]).  The  following  definitions  are  made: 


«n  =  u(‘n)  =  litn«(r„  +  c)  (4) 

6— >0 

u~  =  “('»)  =  lint  h  (fa  —  e)  (5) 

e-»0 

The  time-discontinuous  Galerkin  method  attempts  to  find  u  such  that  for  all  w  the  following  is  satisfied: 
B{w,u)n  =  L(w)n  n  —  1,2,...  ,N  (6) 

where 

=  J  w  ■  {MU  +  Ku)dt  +  •  Mu*_x  +  •  Ku +„_x  (7) 

L{w)n  =  f  w  ■  F  dt  +  <_!  •  Mu~_:  +  <_!  •  Ku~_x  (8) 

Jt. 

L{w) i  =  f  w  ■  F  dr  +  •  Mv0  +  <_i  •  Kd0  (9) 

Jh 


The  last  two  terms  in  Eqs.  (7)  and  (8)  weakly  enforce  the  initial  conditions  for  each  time  interval 
Substitution  of  the  interpolation  functions  in  Eqs.  (6)  lead  to  a  system  of  linear  algebraic  equations  of 
the  form: 

K0q=fo  (10) 

where  Kg  and  fa  are  the  combined  stiffness  matrix  and  the  force  vector,  respectively,  and  are  given  in 
Appendix  A  for  quadratic-in-time  interpolation  functions. 

2.1.2.  Time-discontinuous  GalerkinAeast-squares  method 

This  method  was  developed  to  reduce  the  oscillations  in  the  computer  response  and  to  ensure  conver¬ 
gence  for  arbitrary  space-time  discretization  and  higher  order  element  interpolations.  To  achieve  these 
goals,  stabilizing  operators  in  least-squares  form  are  added  to  Eq.  (6)  (see  [10]).  The  resulting  equation 
can  be  written  in  the  following  form: 

B{w,u)n  +  f  [  {Mw  +  Kw)-t  M1  {MU  +  Ku))dt  (11) 

=  L{w)n  +  [  [{Mw  +  Kw)  ■  r  M~l  F  ]  dr  n  =  1,2,...  ,N 

Jt. 

where  t  is  a  parameter  which  has  the  dimension  of  time  and  is  referred  to  as  the  intrinsic  time  scale. 
The  least-squares  terms  in  Eq.  (12)  add  stability  without  degrading  the  accuracy  of  the  underlying  time- 
discontinuous  Galerkin  method. 

The  resulting  system  of  algebraic  equations  (corresponding  to  Eq.  (6))  can  be  written  in  the  following 
form: 

q  —  /gl  (12) 

where  Kql,  q  and  /gl  are  given  in  Appendix  A  for  quadratic-in-time  interpolation  functions. 

2.2.  Governing  equations  for  the  sensitivity  coefficients 

The  sensitivity  coefficients  of  the  response  quantities  with  respect  to  the  material  parameters  of  the 
structure  are  obtained  by  differentiating  the  semi-discrete  equations  governing  the  contact/impact  re- 
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sponse,  Eqs.  (3),  with  respect  to  each  of  the  parameters.  The  resulting  equations  can  be  written  in  the 
following  form: 

du  du  dK 

M  dx  +  K  dx  dxu  (13) 

where  A  is  a  typical  material  parameter  of  the  structure.  In  Eq.  (13)  the  external  load  vector  and  mass 
matrix  are  assumed  to  be  independent  of  A.  The  product  (dK/d A)  u  on  the  right-hand  side  is  evaluated 
on  the  element  level.  The  resulting  vectors  are  assembled  to  obtain  the  global  vector. 

If  quadratic-in-time  interpolation  functions  are  used,  the  governing  algebraic  equations  for  the  sen¬ 
sitivity  coefficients  for  either  the  Galerkin  or  the  Galerkin  least-squares  method  can  be  written  in  the 
following  form: 

^  dq  0/g/gl  dKG/GL  r  . 

*°'0L  8*  -  Si - sr~  9  (14) 

Note  that  the  matrix  on  the  left-hand  side  of  Eq.  (14)  is  the  same  as  the  one  used  in  the  response  analysis. 
Therefore,  the  generation  of  the  sensitivity  coefficients  involves  only  the  evaluation  of  the  right-hand 
sides  and  forward-reduction  back  substitution,  and  no  matrix  decomposition. 


3.  Computational  procedure 

3.1.  Solution  of  the  equations 

The  stiffness  matrices  of  Galerkin  and  Galerkin  least-squares  methods  are  full  and  nonsymmetric. 
Since  the  direct  solution  of  the  full  system  of  nonsymmetric  equations  is  not  desirable,  a  quasi-explicit 
technique  is  used  in  conjunction  with  an  iterative  method  for  the  solution  of  Eqs.  (10)  and  (12).  The 
stiffness  matrix  for  either  Galerkin  or  Galerkin  least-squares  is  decomposed  into  two  parts  as  follows: 


where  the  M  and  K  include  the  terms  associated  with  the  M  and  K,  respectively.  The  explicit  forms  of 
the  M  and  K  are  given  in  Appendix  A.  The  iterative  process  used  in  generating  the  response  vector  q 
is  described  by  the  following  equation: 

q‘  =  Mq/gl  (/g/gl  -  *g/gl  q'~l)  (16) 

where  i  refers  to  the  ith  iteration  cycle.  For  the  case  of  quadratic-in-time  interpolation  functions,  the 
computational  procedures  for  the  Galerkin  and  the  Galerkin  least/squares  methods  are  given  in  Ap¬ 
pendix  B. 

The  iterative  process  used  in  evaluating  the  sensitivity  coefficients  is  described  by  the  following  equa¬ 
tion: 


dq‘  _  fy-i 

dk  ~  Mg/gl 


Of  G/GL 

dx 


:C/GL  k  dq' 

dx~q~  Kg/ol  dX 


The  computational  procedure  used  for  evaluating  the  sensitivity  coefficients  are  similar  to  those  used 
in  generating  the  response. 

3.2.  Contact  analysis 

The  normal  contact  conditions  are  incorporated  within  the  iterative  process.  The  flat-rigid  surface 
contact  equations  in  the  axial  direction  are 

Qz  ^  -go 
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where  g0  is  the  initial  gap  distance.  First,  Eq.  (16)  is  solved  with  contact  constraints  (q)  and  then  without 
imposing  any  constraints  ( Q ).  The  contact  forces  are  calculated  at  each  step  as  follows: 

F00"  =  Kg  (q  -Q)  (19) 


4.  Numerical  studies 

Numerical  studies  are  performed  to  validate  the  proposed  time-discontinuous  Galerkin  method;  and 
to  show  the  effect  of  least-squares  smoothing  on  both  the  contact/impact  response,  and  the  sensitivity 
coefficients  for  axisymmetric  composite  structures. 

Herein,  typical  results  are  presented  for  a  spherical  cap  impacting  a  rigid  plate  with  an  initial  axial 
velocity  of  10  m/s  (see  Fig.  1).  The  cap  is  made  of  twenty-four  layers  of  graphite-epoxy  composite.  The 
properties  for  the  composite  material  are  given  in  Table  1. 

Nine-noded  elements  with  biquadratic  interpolation  functions  are  used  for  spatial  discretization  (a  total 
of  4307  displacement  degrees  of  freedom).  Quadratic  interpolation  functions  are  used  for  the  temporal 
integration.  Tire  sensitivity  coefficients  are  evaluated  by  using  Eqs.  (14). 

Since  the  dynamic  frictional  contact  response  was  found  to  be  more  sensitive  to  variations  in  Young's 
modulus  in  the  fiber  direction  El  than  to  variations  in  other  material  parameters  (see  [5]),  numerical 
results  are  presented  herein  for  the  sensitivity  coefficients  with  respect  to  El- 

4.1.  Time-discontinuous  Galerkin  method 

The  predictions  of  the  time-discontinuous  Galerkin  finite  element  method  (TDG)  are  validated  by 
comparing  them  with  the  predictions  of  the  explicit  central  difference  temporal  integration  scheme  (CD). 

The  time  histories  of  the  radial,  circumferential  and  axial  displacement  components  u,  v,  w  and  their 
normalized  sensitivity  coefficients  at  two  points  (points  1, 2)  are  shown  in  Figs.  2  and  3,  respectively.  The 
sensitivity  coefficients  are  normalized  by  multiplying  each  by  the  material  parameter,  and  dividing  by 
the  maximum  value  of  the  response  quantity.  The  displacements  and  sensitivities  have  strong  oscillations 
at  point  1. 

The  distributions  of  the  normal  contact  pressure,  /n  and  its  sensitivity  coefficient  at  the  bottom  surface 
of  the  structure  are  shown  in  Fig.  4  at  time  t  =  5  ns.  The  contact  pressures  are  normalized  by  dividing 
by  Et-  Both  response  and  sensitivity  distributions  exhibit  rapid  changes  in  the  contact  region. 

Figs.  2-4  show  the  close  agreement  between  the  TDG  and  CD  predictions  for  both  the  response  and 
sensitivity  quantities. 


4.2.  Time-discontinuous  Galerkin/least-squares  method 

The  least  square  correction  to  the  discontinuous  Galerkin  method  is  characterized  by  the  parameter 
r.  The  value  r  =  0  corresponds  to  the  original  time-discontinuous  Galerkin  method. 


Table  1 

Material  properties  for  composite  structure  used  in  the  present  analysis. 

P  (kg/™*) 

1600 

El  (GPa) 

151.68 

£r  (GPa) 

9.65 

CLT  (GPa) 

5.93 

Gtt  (GPa) 

3.65 

VLT 

0.32 

»TT 

0.32 

I 
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Fig.  4.  Distribution  of  the  normal  contact  pressure  and  its  sensitivity  coefficient  at  t  —  5  juus  for  the  time-discontinuous  Galerkin 
(TDG)  and  central  difference  (CD)  methods. 


To  study  the  effect  of  the  normalized  intrinsic  time-scale  parameter  f  =  r/Af  on  the  accuracy  of  the 
response  and  the  sensitivity  coefficients  predicted  by  time-discontinuous  Galerkin/least-squares  method, 
solutions  are  obtained  using  different  values  of  f .  The  results  are  presented  herein  for  two  different  time 
step  increments,  namely  A t  =  0.01  and  0.025  |xs,  and  are  discussed  subsequently. 

A  t  =  0.01  |xs 


The  time  histories  of  the  radial,  circumferential  and  axial  displacement  components  u,v,w  and  their 
normalized  sensitivity  coefficients  are  shown  in  Figs.  5  and  6,  respectively,  for  four  different  values  of  f, 
namely,  f  =  0,  0.4, 0.5  and  1.5.  Examination  of  Figs.  5  and  6  reveals  that  for  certain  t  values  the  least- 
squares  method  can  annihilate  the  high  frequency  modes  while  minimizing  the  dissipation  in  the  low 
frequency  modes.  While  the  accuracy  of  the  displacement  components  and  their  sensitivity  coefficients 
at  point  1  show  significant  improvement,  the  corresponding  quantities  at  point  2  are  not  affected  much 
by  choice  of  f.  The  optimal  choice  of  r  appears  to  be  between  0.4  and  0.5.  Larger  values  of  t  result  in 
degrading  the  accuracy. 

The  distributions  of  the  normal  contact  pressure,  t,\  and  its  sensitivity  coefficient  are  given  in  Fig.  7 
at  time  t  =  5  p.s.  The  response,  and  especially  sensitivity  results,  are  smoothed  out  and  exhibit  much 
less  oscillations  for  t  values  between  0.4  and  0.5. 

Af  =  0.025  p.s 

The  time  histories  of  the  radial,  circumferential  and  axial  displacement  components  u,  v,  w  and  their 
normalized  sensitivity  coefficients  are  shown  in  Figs.  8  and  9,  respectively.  The  distributions  of  the 
normal  contact  pressure,  rN  and  its  sensitivity  coefficient  are  shown  in  Fig.  10  at  time  t  =  5  jts.  Figs. 
8-10  show  that  the  optimal  value  of  f  is  between  0.1  and  0.15.  For  larger  time  step  increments,  the 
optimal  value  of  the  r  parameter  is  expected  to  be  smaller  than  0.1. 
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where  px  and  p2  show  the  change  in  the  overall  response  resulting  from  incrementing  current  r  for  the 
displacements  and  their  sensitivity  coefficients,  respectively.  Fig.  11  gives  the  relation  between  t  and 
the  px,  p2  coefficients  for  time  increments  of  0.01  and  0.025  p,s.  The  most  accurate  global  response  and 
sensitivity  quantities  are  associated  with  r  in  the  range  0.4  x  10~8  <  r  <  0.6  x  10-8. 

4.3.  Comments  on  the  numerical  studies 

In  previous  studies  it  was  found  that  for  the  rigid  surface  contact/impact  problems,  the  use  of  explicit 
temporal  integration  schemes,  in  conjunction  with  the  Lagrange  multiplier  contact  formulation,  is  more 
efficient  than  the  use  of  implicit  schemes  (see  [2]).  For  the  problem  considered  herein  the  total  analysis 
times  (for  generating  the  response  and  evaluating  the  sensitivity  coefficients)  for  the  time-discontinuous 
Galerkin  and  central  difference  methods  are  approximately  the  same.  The  response  and  sensitivity 
coefficients  predicted  by  both  methods  are  in  close  agreement. 

Even  though  the  time-discontinuous  Galerkin  method  is  not  more  efficient  than  the  central  difference 
method,  addition  of  the  least-squares  terms  to  time-discontinuous  Galerkin  methods  enhances  the  stabil¬ 
ity  by  smoothing  out  the  high  frequency  modes  while  not  degrading  the  accuracy.  The  time-discontinuous 
Galerkin/least-squares  method  better  captures  contact/impact  discontinuities  compared  to  the  central 
difference  technique. 


Fig.  7.  Effect  of  the  normalized  intrinsic  time-scale  parameter  values  on  the  distribution  of  the  normal  contact  pressure  and  its 
sensitivity  coefficient  at  /  =  5  jts  for  A/  =  0.01  *ls. 


Fig.  11.  Effect  of  the  normalized  intrinsic  time-scale  parameter  values  on  the  global  response  and  sensitivity  Quantities  at  /  =  5  us 
for  A/  =  0.01  and  0.025  ps. 
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5.  Concluding  remarks 

Space-time  finite  element  methods  are  applied  to  the  sensitivity  analysis  of  frictional  contact/impact 
response  of  axisymmetric  composite  structures.  The  structures  are  assumed  to  consist  of  an  arbitrary 
number  of  perfectly  bonded  homogeneous  anisotropic  layers.  Only  small  displacements  are  considered 
and  the  material  of  each  layer  is  assumed  to  be  hyperelastic.  The  sensitivity  coefficients  measure  the 
sensitivity  of  the  response  to  variations  in  material  parameters  of  the  structure. 

A  displacement  finite  element  model  is  used  for  the  spatial  discretization.  The  temporal  integration  is 
performed  by  using  time-discontinuous  Galerkin  method.  Least-squares  stabilizing  operators  are  added 
to  enhance  the  stability  by  smoothing  out  the  high  frequency  modes,  without  degrading  the  accuracy. 
A  quasi-explicit  iterative  technique  is  used  for  generating  the  response  and  evaluating  the  sensitivity 
coefficients.  The  normal  contact  conditions  are  incorporated  within  the  iterative  process. 

Numerical  results  are  presented  for  the  sensitivity  analysis  of  contact/impact  response  of  a  compos¬ 
ite  spherical  cap  impacting  a  rigid  plate.  On  the  basis  of  the  numerical  results,  it  is  concluded  that 
the  time-discontinuous  Galerkin/least-squares  method  is  more  suitable  than  the  central  difference  tech¬ 
nique  for  contact/impact  problems.  While  total  analysis  times  for  both  methods  are  comparable,  the 
Galerkin/least-squares  method  improves  the  results  in  the  contact  region. 
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Appendix  A.  Formulas  for  the  time-discontinuous  Galerkin/least-squares  method 

If  the  quadratic-in-time  interpolation  functions  are  employed  for  the  unknowns  at  r,  t„_V2  and  t* 
the  displacements  can  be  written  as  "  ’  '  " 

■  =  +  1)  u~  +  (1  -  C2)  un_y2  +  -  1) 

where 

i  =  t  -  r„_i/2  /  (Ar/2) 

The  velocities  and  accelerations  are 


"  ~  h  [  ({ +  i) "" +  (~2°  Un-v2  +  ({ - 1)  <-i] 


4 

A?2 


«  =  —K-  2 un_V2  + 


The  displacement  vector  at  t~,  tn_i/2  and  t*_ 5  are 

q  =  [«'  “n-l/2  «;_,]T 

The  expressions  for  the  terms  in  Eqs.  (7)  and  (8)  are  given  by 

'  4/ At2  M  +  1/2K  -8/At2  M  +  2/3 K  4/ A t2  M  -  1  /6K 

-2/3K  0  2/3K 

-4/ A t2  M  +  1/6 K  8/ A t2  M  -  2/3 K  -4/A t2  M  -  1  /2 K 


l  w  •  ( Mil  +  Ku)  dr  =  qT 
Ji. 


<-1  •  =  qT 


1/A  t2M  -4/A?2  Af  3/A?2  M 

-4/ A?2  M  16/ A t2M  -12/A?2  M 

L  3/ A?2  A/  -12/A?2Af  9/A?2Af 


(A.l) 

(A.2) 

(A3) 

(A.4) 

(A.5) 

9 

(A.6) 

(A.7) 
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0  0  O' 

<-i  •  K<-\  =  0  0  0  q 

0  0  K 

-1/Af  Mun-\ 

K-i  ■  MK-i  =  ?T  4/Af  Af 

-3/AtMii„_i 


<-i  •  ^«„_i  =  91 


(A.10) 


The  expressions  of  Ag  and  /g  are  obtained  by  combining  and  rearranging  constituent  terms.  The 
resulting  expressions  can  be  written  in  the  following  form: 


'  5/A t2M  + 1/2 K  -12/At2 M  +  2/3K  1  / At2 M  -  l/6Jf  ' 

Kg  =  —4/ At2  M  —  2/3K  16/A t2M  -12/At2  M +  2/3K 

0  0  K 


'  fn  ' 
/G  =  f  n- 1/2 
./:-i . 


'-1/At  Mii  +F' 

4/ At  M  ii„_j 

jst«:  , 


(A.11) 


(A.12) 


For  the  Galerkin/least-squares  method  the  expressions  for  A'gl  and  /gl  are  given  by 

Agl  =  Fg  +  A'gl  a 
/gl  —  Ig  +  /gla 
where 


(A.13) 

(A.14) 


Kgla  = 

16M  4A  2KM~‘iKAt  32  M  4 K  KM~lKAt  16  M  4 K  KM^KAl 


32M  4 K  KMKAt 


’  3  At  15 

4K  KM'KA: 


3  At 

15 

At 3 

3  At 

30 

32 K 

&KM~lKAt 

32M 

4 K 

KM~xKAt 

At*  3  At  15 

8  K  2KM~XK  At 


At3  3  At  l: 
4 K  KM~lK  At 


8 F  KM~  FAt 


16 F  2KM~  FAt 


KM~  FAt 
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The  M  and  K  matrices  in  Eq.  (15)  are  given  by 


3/gl  = 


-12- 


f. ,  64t\ 

16+  —  M 
t.  At  ) 


(’♦£)- 


Af  A/2 


(A.17) 


'  1/2A  2/3/i:  -1/6/f 

*gl  =  -2/3K  0  2/3  K 


'4 K  7KM~xKAt 
3  At  +  15 

4K  KM~xKAt 
3Ar+  15 
4JC  KM'KAt 
■  At  +  6 


4 K  KM~xKAt 
3At+  15 
32K  8KM~xKAt 
3  At  +  15 

8 K  .  2KM~XK  At 
At  +  3 


4 K  KM~xKAl' 
3  At  30 

4K  KMxKAt 
3  At  +  15 

4JKT  KM~XK  At 
At  +  6 


(A.18) 


Note  that  because  of  the  structure  of  the  matrix  M,  its  inverse  involves  the  inversion  of  the  diagonal 
matrix  M  and  adjustment  of  the  coefficients  of  M  in  Eqs.  (A.17). 

Appendix  B.  Computational  procedure  for  the  time-discontinuous  Galerkin/least-squares  method 


«0  =  «o 

Do  n  =  1, ...  ,N 

K-HO)  =  Un- 1 
“«( o)  =  «;-i 
"n- 1/2(0)  =  «n- 3/2 

While  Res(Jk)  <  tol 


=  47?  Un~x  -  f  (4  +  I )  “"<*-»>  ~f(~8  +  2j)  Un~ 
While  Res(/)  £  tol 


_.K  + 


un  ‘  ~  Un-\(k)  +  W/1-I/2) 

f'1)  +  /i24,_1))  -  ** (/n*f_,)  +  /ntri}) 

1/2(,)  =  Un-\(k)+M~'(!nfn+lnfn-\/7) 

-K(l2/l~x)  +  <,_1))  -  KK(l2\t^~x)  +  /22^-,)) 


Continue  i 

««(*>  = ««(,) 
Un-V2(*)  =  1/2 

Continue  & 


Continue  n 
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where 
r  =  r  A/ 

K  =  MlKAt2 

1 1  =  (1/2  +  4f/3)«  “  +  (2/3  +  4f/3)B„_1/2  +  (-1/6  +  4r/3  )b*_, 
*2  =  (-2/3  +  4?/3 )u  ~  -  32/3f/3u„_]/2  +  (2/3  +  4r/3)«+_1 
'3  =  (2/15« “  +  1/15t/3b„_i/2  -  1/30tb*_,)t 
r4  =  (1/15b-  +  8/15t/3b„_1/2  +  1/15tb;_,)t 
/n  =  (l+4r)/(2  +  4r) 

/12  =  (3/4  +  2r)/(2  +  4r) 

/2i  =  (1/4  +  2r)/(2  +  4?) 

/22  =  (5/16  +  f)/(2  +  4r) 
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Curved  Sandwich  Panels  Subjected  to  Temperature  Gradient 

and  Mechanical  Loads 

By  Ahmed  K.  Noor,1  Fellow,  ASCE,  James  H.  Starnes  Jr.,2  Member,  ASCE, 

and  Jeanne  M.  Peters3 


Abstract:  The  results  of  a  detailed  study  of  the  nonlinear  response  of  curved  sandwich  panels  with  composite 
face  sheets,  subjected  to  a  temperature  gradient  through  the  thickness  combined  with  mechanical  loadings,  are 
presented  The  analysis  is  based  on  a  first-order  shear-deformation  Sanders-Budiansky-type  theory,  including  the 
effects  of  large  displacements,  moderate  rotations,  transverse  shear  deformation,  and  laminated  anisotropic  ma¬ 
terial  behavior.  A  mixed  formulation  is  used  with  the  fundamental  unknowns  consisting  of  the  generalized 
displacements  and  the  stress  resultants  of  the  panel  The  nonlinear  displacements,  strain  energy,  principal  strains, 
transverse  shear  stresses,  transverse  shear  strain  energy  density,  and  their  hierarchical  sensitivity  coefficients  are 
evaluated  The  hierarchical  sensitivity  coefficients  measure  the  sensitivity  of  the  nonlinear  response  to  variations 
in  the  panel  parameters,  the  effective  properties  of  die  face  sheet  layers  and  the  core,  and  the  micromechanical 
parameters.  Numerical  results  are  presented  for  cylindrical  panels  subjected  to  combined  pressure  loading,  edge 
shortening  or  extension,  edge  shear;  and  a  temperature  gradient  through  the  thickness.  The  results  show  the 
effects  of  variations  in  the  loading  and  die  panel  aspect  ratio,  on  the  nonlinear  response,  and  its  sensitivity  to 
changes  in  the  various  panel  effective  layer,  and  micromechanical  parameters. 


INTRODUCTION 

In  recent  years,  considerable  work  has  been  devoted  to  the 
study  of  thermomechanical  nonlinear  and  postbuckling  re¬ 
sponses  of  composite  and  sandwich  plates  and  shells.  Attempts 
have  been  made  to  identify  the  differences  between  the  iso¬ 
thermal  and  thermal  responses.  Reviews  of  recent  contribu¬ 
tions  are  contained  in  four  survey  papers  (Noor  and  Burton 
1992;  Noor  and  Peters  1994;  Bert  1995;  Noor  et  al.  1996), 
and  four  monographs  (Hoff  1986;  Noor  1994;  Zenkert  1995; 
Turvey  and  Marshall  1995).  Only  a  few  of  the  reported  studies 
considered  the  nonlinear  response  of  curved  panels  subjected 
to  temperature  gradient  through-the-thickness  (see,  for  exam¬ 
ple,  Librescu  and  Souza  1993;  Librescu  et  al.  1995),  and  to 
the  authors*  knowledge,  none  considered  sandwich  panels  with 
composite  face  sheets,  or  boundary  conditions  other  than  sim¬ 
ple  supports.  Because  curved  sandwich  panels  have  many  ap¬ 
plications  in  aircraft  structures,  including  fuselage,  wing,  and 
empennage  components  of  high-speed  aircraft,  an  understand¬ 
ing  of  their  nonlinear  response  when  subjected  to  a  tempera¬ 
ture  gradient  through-the-thickness  combined  with  a  mechan¬ 
ical  loading  is  desirable.  Moreover,  a  study  of  the  sensitivity 
of  the  nonlinear  response  to  variations  in  the  material,  lami¬ 
nation,  and  geometric  parameters  of  these  panels  is  needed  to 
provide  an  indication  of  the  effects  of  changes  in  these  pa¬ 
rameters  on  the  structural  response. 

The  present  study  focuses  on  understanding  the  detailed 
nonlinear  response  characteristics  of  cylindrical  sandwich  pan¬ 
els  with  composite  face  sheets  subjected  to  a  temperature  gra¬ 
dient  through-the-thickness  combined  with  mechanical  load¬ 
ings.  Sensitivity  coefficients  are  evaluated  that  measure  the 
sensitivity  of  the  various  response  quantities  to  variations  in 
the  panel  stiffnesses,  the  effective  material  properties  of  the 
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individual  face  sheet  layers  and  core,  and  the  micromechanical 
parameters. 

The  sandwich  panels  considered  in  the  study  consist  of  a 
number  of  perfectly  bonded  composite  face  sheet  layers  and  a 
honeycomb  core.  The  layers  of  the  top  and  bottom  face  sheets 
are  symmetrically  distributed  with  respect  to  the  middle  sur¬ 
face.  The  individual  layers  of  the  face  sheets  and  the  core  axe 
assumed  to  be  homogeneous  and  anisotropic.  A  plane  of  ther¬ 
moelastic  symmetry  exists  at  each  point  of  the  panel  parallel 
to  the  middle  surface.  The  loading  is  selected  to  simulate  that 
of  a  typical  fuselage  panel  of  a  high-speed  aircraft 

MATHEMATICAL  FORMULATION 

Finite  Element  Equations  Governing  Panel  Response 

The  analytical  formulation  is  based  on  a  first-order  shear- 
deformation  Sanders-Budiansky-type  shell  theory  with  the  ef¬ 
fects  of  large  displacements,  moderate  rotations,  average  trans¬ 
verse  shear  deformation  through-the-thickness,  and  laminated 
anisotropic  material  behavior.  For  simplicity,  a  linear  Duha- 
mel -Neumann- type  constitutive  model  is  used  and  die  material 
properties  are  assumed  to  be  independent  of  temperature.  The 
constitutive  relations  for  the  panel  are  given  in  Appendix  L  A 
total  Lagrangian  formulation  is  used,  and  the  panel  defama¬ 
tions,  at  different  values  of  the  applied  loading,  are  referred  to 
the  original  undeformed  configuration.  The  panel  is  discretized 
by  using  two-field  mixed  finite-element  models.  The  funda¬ 
mental  unknowns  consist  of  the  nodal  displacements  and  the 
stress  resultant  parameters.  The  stress  resultants  are  allowed  to 
be  discontinuous  at  interelement  boundaries  in  the  modeL  The 
sign  convention  for  the  generalized  displacements  and  the 
stress  resultants  for  the  model  are  shown  in  Fig.  1.  The  exter¬ 
nal  loading  consists  of  a  uniform  pressure  loading  p;  mono- 
tonically  increasing  edge  displacement  q<  (either  normal  or 
tangential  to  the  edge);  and  a  temperature  gradient  through- 
the-thickness  qT  [linear  through-the-thickness  temperature  var¬ 
iation,  qr  =  (T,  —  Thyh ,  where  Tt  and  7i  are  the  changes  in 
the  top  and  bottom  surface  temperatures,  see  Fig.  2]. 

The  governing  finite-element  equations  describing  the  non¬ 
linear  and  postbuckling  responses  of  the  sandwich  panel  can 
be  written  in  the  following  compact  form: 

l/(Z)}  =  [K)[Z)  +  {C(Z)J  -p(Q")  -  -9r{C®)»0 

(D 
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Micromechanical  Properties 


Fiber 

E1f  =  226.5  GPa 
E**  21.35  GPa 
G12f  *  20.37  GPa 
Vi2t  =  -303 
V23f  =  .523 
Off  a  -6.94  x  10*7/°C 
a2f=17^x1D^/°C 
Vf  =  .6 


Matrix 

Em  =  3.3  GPa 
Vm  =  -35 

an,=3Jxio-5rc 


«2e 


Uver  Properties 
Face  Sheet* 

E|_  =  137*2  GPa 
Er=  8.62  GPa 
Glt«  3.76  GPa 
Gjt*  2.89  GPa 
VLT»^2 

Ot*-3.42x10’7/»C 
Or«27*9x10«rC 
NL  ■  8 

Fiber  Orientation  {±45/0/90], 
Thickness  of  Individual  layers 
«1*387x10-*m 

Panel  Geofn^ric  Paramfigra 
Lf  ■  .506  m 
R  *  2*54  m 
LtyLa.1,3,1/3 


'■s fey'- 


* 


Core 

tg  s  5.08  x  Iff*  m 
f1c  =  4.31  xIO*  m 
/2c  =  6.99x10-‘m 
8e  =  «* 

E.  « 107.6  GPa 
Ge  =  41.1  GPa 
ve  =  .31 

a**  9.09x1 0*/°C 


Cora 

E,e>.433MPa 
E^.*  .286  MPa 
G^g.  7.92  MPa 
GJ3e  «  .521  GPa 
G^.  .394  GPa 
Vtte»1J3 
etc  *  9.09  X 1 0"*/*C 
hW  *  .0254  m 


RQ.  1.  Panels  Conaldved  In  PraMnt  Study  and  Sign  Convention  for  GenaraBzad  Displacements  and  Stress  RMullanta 


•djt  shortening: 

At  Xtv0.Lt 

Ut  *±q^2  (shortening) 
»  *  qJ2  (sxtsnskm) 

Uj-W.fc.fc.O 

At  X)  v  0.  L, 

U2«W*1*fc-0 


•dg*  thMT 

At  Xt-0.Lt 

At  *j  *0,  L* 
a,>Sq^2 
Wm^mO 


FIG.  2.  Loadings  and  Boundary  Conditions  Considered  In  Nu¬ 
merical  Studies 


where  [A]  *  the  global  linear  structural  matrix  that  includes 
the  flexibility  and  linear  strain-displacement  matrices;  (Z)  « 
the  response  vector  that  includes  both  unknown  (free)  nodal 
displacements  and  stress-resultant  parameters;  {G(Z)J  =  the 
vector  of  nonlinear  terms;  p,  q9,  and  qT  “  the  magnitudes  of 
the  internal  pressure,  applied  edge  displacement,  and  temper¬ 
ature  gradient  through-the-thickness,  respectively;  (C0’}, 
[Qf* },  and  {G**}  are  normalized  vectors  corresponding  to  unit 
values  of  p,  q„  and  qT,  respectively.  The  form  of  the  arrays 
[A'],  (G(Z)},  [Qf2'),  and  {Q0))  is  given  in  Appendix  II. 

The  standard  approach  for  the  solution  of  (1)  is  to  fix  the 
value  of  two  of  the  three  parameters,  p,  q€%  and  qT  and  to  vary 
the  third,  or  to  choose  a  functional  relationship  between  the 
three  parameters  that  is  dependent  on  a  single  parameter  q.  In 
either  case,  the  solution  corresponding  to  the  chosen  combi¬ 
nation  of  p,  q9%  and  qr  (which  is  effectively  dependent  on  a 
single  parameter),  constitutes  a  curve  on  the  equilibrium  sur¬ 
face  of  the  panel. 
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Governing  Equations  for  Sensitivity  Coefficients 

The  sensitivity  coefficients  are  the  derivatives  of  the  various 
response  quantities  with  respect  to  the  different  material,  lam¬ 
ination,  and  geometric  parameters  of  the  panel.  They  can  be 
used  to  study  the  sensitivity  of  the  nonlinear  and  postbuckling 
responses  to  variations  in  the  different  parameters*  The  gov¬ 
erning  equations  for  the  sensitivity  coefficients  are  obtained  by 
differentiating  (1)  with  respect  to  a  typical  parameter  X.  The 
resulting  linear  algebraic  equations  have  the  following  form: 

where  the  range  of  the  indices  7  and  J  is  1  to  the  total  number 
of  degrees  of  freedom  in  the  model;  and  {fi0*}  and  {Q®}  are 
assumed  to  be  independent  of  X.  Note  that  the  matrix  on  the 
left-hand-side  of  (2)  is  identical  to  that  used  in  the  Newton- 
Raphson  iterative  process.  Therefore,  if  the  Newton-Raphson 
technique  is  used  in  generating  the  nonlinear  response,  the 
evaluation  of  the  sensitivity  coefficients  requires  the  genera¬ 
tion  of  the  right-hand  side  of  (2),  and  a  forward-reduction/ 
back-substitution  operation  only  (no  decomposition  of  the  left- 
hand-side  matrix  is  required). 

Evaluation  of  Transverse  Shear  Stresses 

The  transverse  shear  stresses  are  evaluated  by  using  piecewise 
integration,  in  the  thickness  direction,  of  the  three-dimensional 
equilibrium  equations.  For  optimum  accuracy,  the  transverse 
shear  stresses  are  computed  as  the  numerical  quadrature  points 
and  then  interpolated  to  the  center  of  die  element  The  same 
procedure  is  used  for  evaluating  the  thickness  distributions  of  die 
sensitivity  coefficients  of  the  transverse  shear  stresses. 

Hierarchical  Sensitivity  Coefficients 

The  nonlinear  and  postbuckling  response  characteristics  of 
sandwich  panels  arc  dependent  on  a  hierarchy  of  interrelated 
parameters  including  panel,  effective  layer,  and  micromechan¬ 
ical  parameters.  A  study  of  the  sensitivity  of  the  response  to 
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Abstract:  The  results  of  a  detailed  study  of  the  nonlinear  response  of  curved  sandwich  panels  with  composite 
face  sheets,  subjected  to  a  temperature  gradient  through  the  thickness  combined  with  mechanical  loadings,  are 
presented.  The  analysis  is  based  on  a  first-order  shear-deformation  Sanders-Budiansky-type  theory,  including  the 
effects  of  large  displacements,  moderate  rotations,  transverse  shear  deformation,  and  laminated  anisotropic  ma¬ 
terial  behavior.  A  mixed  formulation  is  used  with  the  fundamental  unknowns  consisting  of  the  generalized 
displacements  and  the  stress  resultants  of  the  panel  The  nonlinear  displacements,  strain  energy,  principal  strains, 
transverse  shear  stresses,  transverse  shear  strain  energy  density,  and  their  hierarchical  sensitivity  coefficients  are 
evaluated.  The  hierarchical  sensitivity  coefficients  measure  the  sensitivity  of  the  nonlinear  response  to  variations 
in  the  panel  parameters,  the  effective  properties  of  die  face  sheet  layers  and  the  core,  and  the  micromechanical 
parameters.  Numerical  results  are  presented  for  cylindrical  panels  subjected  to  combined  pressure  loading,  edge 
shortening  or  extension,  edge  shear,  and  a  temperature  gradient  through  the  thickness.  The  results  show  the 
effects  of  variations  in  the  loading  and  the  panel  aspect  ratio,  on  the  nonlinear  response,  and  its  sensitivity  to 
changes  in  the  various  panel  effective  layer,  and  micromechanical  parameters. 


INTRODUCTION 

In  recent  years,  considerable  work  has  been  devoted  to  the 
study  of  thermomechanical  nonlinear  and  postbuckling  re¬ 
sponses  of  composite  and  sandwich  plates  and  shells.  Attempts 
have  been  made  to  identify  the  differences  between  the  iso¬ 
thermal  and  thermal  responses.  Reviews  of  recent  contribu¬ 
tions  are  contained  in  four  survey  papers  (Noor  and  Burton 
1992;  Noor  and  Peters  1994;  Bert  1995;  Noor  et  al.  1996), 
and  four  monographs  (Hoff  1986;  Noor  1994;  Zenkert  1995; 
Turvey  and  Marshall  1995).  Only  a  few  of  the  reported  studies 
considered  the  nonlinear  response  of  curved  panels  subjected 
to  temperature  gradient  through-the-thickness  (see,  for  exam¬ 
ple,  Librescu  and  Souza  1993;  Librescu  et  al.  1995),  and  to 
the  authors*  knowledge,  none  considered  sandwich  panels  with 
composite  face  sheets,  or  boundary  conditions  other  than  sim¬ 
ple  supports.  Because  curved  sandwich  panels  have  many  ap¬ 
plications  in  aircraft  structures,  including  fuselage,  wing,  and 
empennage  components  of  high-speed  aircraft,  an  understand¬ 
ing  of  their  nonlinear  response  when  subjected  to  a  tempera¬ 
ture  gradient  through-the-thickness  combined  with  a  mechan¬ 
ical  loading  is  desirable.  Moreover,  a  study  of  the  sensitivity 
of  the  nonlinear  response  to  variations  in  the  material,  lami¬ 
nation,  and  geometric  parameters  of  these  panels  is  needed  to 
provide  an  indication  of  the  effects  of  changes  in  these  pa¬ 
rameters  on  the  structural  response. 

The  present  study  focuses  on  understanding  the  detailed 
nonlinear  response  characteristics  of  cylindrical  sandwich  pan¬ 
els  with  composite  face  sheets  subjected  to  a  temperature  gra¬ 
dient  through-the-thickness  combined  with  mechanical  load¬ 
ings.  Sensitivity  coefficients  are  evaluated  that  measure  the 
sensitivity  of  the  various  response  quantities  to  variations  in 
the  panel  stiffnesses,  the  effective  material  properties  of  the 
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individual  face  sheet  layers  and  core,  and  the  micromechanical 
parameters. 

The  sandwich  panels  considered  in  the  study  consist  of  a 
number  of  perfectly  bonded  composite  face  sheet  layers  and  a 
honeycomb  core.  The  layers  of  the  top  and  bottom  face  sheets 
are  symmetrically  distributed  with  respect  to  the  middle  sur¬ 
face.  The  individual  layers  of  the  face  sheets  and  the  core  are 
assumed  to  be  homogeneous  and  anisotropic.  A  plane  of  ther¬ 
moelastic  symmetry  exists  at  each  point  of  the  panel  parallel 
to  the  middle  surface.  The  loading  is  selected  to  simulate  that 
of  a  typical  fuselage  panel  of  a  high-speed  aircraft 

MATHEMATICAL  FORMULATION 

Finite  Element  Equations  Governing  Panel  Response 

The  analytical  formulation  is  based  on  a  first-order  shear- 
deformation  Sanders-Budiansky-type  shell  theory  with  the  ef¬ 
fects  of  large  displacements,  moderate  rotations,  average  trans¬ 
verse  shear  deformation  through-the-thickness,  and  laminated 
anisotropic  material  behavior.  For  simplicity,  a  linear  Duha- 
mel-Neumann-type  constitutive  model  is  used  and  the  material 
properties  are  assumed  to  be  independent  of  temperature.  The 
constitutive  relations  for  the  panel  are  given  in  Appendix  L  A 
total  Lagrangian  formulation  is  used,  and  the  panel  deforma¬ 
tions,  at  different  values  of  the  applied  loading,  are  referred  to 
the  original  undeformed  configuration.  The  panel  is  discretized 
by  using  two-field  mixed  finite-element  models.  The  funda¬ 
mental  unknowns  consist  of  the  nodal  displacements  and  the 
stress  resultant  parameters.  The  stress  resultants  are  allowed  to 
be  discontinuous  at  interelement  boundaries  in  the  model  The 
sign  convention  for  the  generalized  displacements  and  the 
stress  resultants  for  the  model  are  shown  in  Fig.  1.  The  exter¬ 
nal  loading  consists  of  a  uniform  pressure  loading  p;  mono- 
tonically  increasing  edge  displacement  qt  (either  normal  or 
tangential  to  the  edge);  and  a  temperature  gradient  through- 
the-thickness  qT  [linear  through-the-thickness  temperature  var¬ 
iation,  qT  =  (7,  —  Th)/ht  where  T,  and  Tk  are  the  changes  in 
the  top  and  bottom  surface  temperatures,  see  Fig.  2]. 

The  governing  finite-element  equations  describing  the  non¬ 
linear  and  postbuckling  responses  of  the  sandwich  panel  can 
be  written  in  the  following  compact  form: 

{/(Z))  =  [*]{Z)  +  (G(Z))  -  p[&"}  -  f.lC*}  -qA<2P')~0 

(1) 
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variations  in  each  of  these  parameters  provides  insight  into  the 
importance  of  the  parameters  and  helps  in  the  development  of 
materials  to  meet  certain  performance  requirements. 

Three  sets  of  sandwich  parameters  are  considered  herein:  (1) 
panel;  (2)  effective  layer;  and  (3)  micromechanical  parameters. 
The  panel  parameters  include  the  extensional,  bending-exten- 
sional,  bending  and  transverse  shear  stiffnesses  [components  of 
the  matrices  [A],  [B],  [D]  and  [AJ,  see  (17)  and  (18)  in  Appen¬ 
dix  I],  and  the  vectors  of  thermal  effects  [NT]  and  {Afr},  [see 
(19)  Appendix  I].  The  layer  parameters  include  the  individual 
face  sheet  layer  properties:  elastic  moduli  EL%  Erl  shear  moduli 
G& ,  Gjt;  major  Poisson’s  ratio  coefficients  of  thermal  ex¬ 
pansion  aLt  ar;  fiber-orientation  angle  6*°;  layer  thickness 
where  subscripts  L  and  T  refer  to  the  longitudinal  (fiber)  and 
transverse  directions,  respectively.  The  parameters  also  include 
die  effective  core  properties:  elastic  moduli  Eu;  shear  mod¬ 
uli  Gife,  GI3c,  Grsc\  Poisson's  ratios  v]2cv  vl3c,  v23c;  coefficient 
of  thermal  expansion  a*,  and  core  thickness  hie\  The  micro- 
mechanical  parameters  refer  to  the  fiber,  matrix,  and  core  ma¬ 
terial  moduli  Ei/f  Elf,  Emf  Ect  Gl2ft  Gmf  Ge;  Poisson’s  ratios 
v12/,  vw,  vm,  vc;  coefficients  of  thermal  expansion  av,  a2/»  a* 

,  a*;  the  fiber  volume  fraction  ty  of  the  face  sheet  layers;  and 
the  geometric  parameters  of  the  core  liCf  4*,  te,  6.  The  subscripts 
/,  m,  and  c  denote  the  fiber,  matrix,  and  core  property,  respec¬ 
tively.  The  three  sets  of  parameters  will  henceforth  be  referred 
to  as  Xj*  Xj°,  X*°,  where  superscripts  />,  A  and  m  refer  to  the 
panel,  effective  layer  and  micromechanical  parameters,  respec¬ 
tively;  and  die  indices  r,  jt  and  k  range  from  1  to  the  number 
of  parameters  in  each  category. 

The  computational  procedure  consists  of  evaluating  the  sen¬ 
sitivity  coefficients  with  respect  to  each  of  the  panel  parameters 
{dZ/dX^},  using  (2).  The  sensitivity  coefficients  with  respect 
to  the  effective  layer  and  micromechanical  parameters  are  then 
obtained  by  forming  the  following  linear  combinations: 

{#}-?-{;!} 

and 


The  au  coefficients  relate  the  panel  stiffnesses  to  the  effective 
properties  of  the  individual  layers  and  are  obtained  from  the 
lamination  theory.  The  bJk  coefficients  relate  the  effective  layer 
properties  to  the  constituent  properties  and  are  obtained  from 
the  micromechanical  and  core  models;  and  the  clk  coefficients 
relate  the  panel  stiffnesses  to  die  micromechanical  properties 
(see  Fig.  2).  If  the  panel  stiffnesses  are  uniform,  and  the  con¬ 
stitutive  relations  of  the  panel,  layer,  and  the  constituents  are 
linear,  then  the  av,  bJkf  cik  coefficients  are  constants  and  need 
to  be  generated  only  once  for  each  panel,  even  when  the  re¬ 
sponse  is  nonlinear. 

NUMERICAL  STUDIES 

Numerical  studies  were  performed  to  determine  die  effects 
of  variations  in  the  loading,  the  panel  aspect  ratio,  and  die 
stacking  sequence  of  the  face  sheet  layers  on  die  nonlinear 
response  and  the  sensitivity  coefficients  of  cylindrical  sand¬ 
wich  panels.  The  panels  considered  have  composite,  eight- 
layer  quasi-isotropic  face  sheets  and  a  titanium  honeycomb 
core  with  hexagonal  cells.  The  material  properties  and  geo¬ 
metric  characteristics  for  the  panels  considered  in  the  present 
study  are  given  in  Fig.  1.  The  material  properties,  fiber  ori¬ 
entation,  and  stacking  sequences  selected  are  those  typical  of 
sandwich  panels  considered  for  high-speed  aircraft  applica¬ 
tions.  The  loading  on  the  panels  consisted  of  a  sequence  of 
mechanical  and  thermal  loadings:  uniform  pressure  loading  p 
=  6.894  X  104  Pa,  followed  by  monotonically  increasing  edge 
displacement  qtt  and  then  a  temperature  gradient  through-the- 
thickness  qT  [linear  through-the- thickness  temperature  varia- 


F1G.  3.  Hierarchical  Sanattlvlty  Coefficients  for  Sandwich  Panala  with  Composite  Pace  Sheets 
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FIG.  4.  Effect  of  Loading  and  Aapact  Ratio  on  Nonllnaar  Response  of  Cylindrical  Sandwich  Panels  with  Honeycomb  Cora  and  Com¬ 
posite  Eight-Layer  Face  Sheets  Subjected  to  Combined  Pressure  Loading,  Edge  Shortening,  or  Extension  and  Temperature  Gradient 
through  Thickness  [L,/Ls  *  (a)  1;  (b)  3;  (c)  1/3] 


tion,  qT  =  (T,  -  7i)M,  where  Tt  and  Tk  are  the  changes  in  the 
top  and  bottom  surface  temperatures].  The  value  of  Tb  was 
zero,  and  T,  was  increased  to  137.8°C.  Three  different  types 
of  edge  displacements  were  applied,  namely,  edge  shortening, 
edge  extension,  and  edge  shear.  The  boundary  conditions  se¬ 
lected  for  the  cases  of  edge  shortening  or  extension  and  edge 
shear  are  shown  in  Fig.  2.  In  each  loading  case,  the  maximum 
value  of  qt  was  selected  in  such  a  way  that  the  maximum 
principal  strains  on  the  surfaces  do  not  exceed  0.005.  Three 
different  values  of  the  panel  aspect  ratio  are  considered; 
namely,  Lx/L2  *1,3,  and  1/3.  For  each  problem,  hierarchical 
sensitivity  coefficients  are  evaluated  (Fig.  3).  The  hierarchical 


sensitivity  coefficients  are  the  derivatives  of  the  different  re¬ 
sponse  quantities  with  respect  to  panel  stiffnesses,  material 
parameters,  and  fiber  angles  of  the  individual  face  sheet  layers; 
effective  and  actual  properties  of  the  core;  and  micromechan¬ 
ical  parameters  of  the  face  sheet  layers. 

Mixed  finite-element  models  were  used  for  die  discretiza¬ 
tion  of  each  panel.  Biquadratic  shape  functions  were  used  for 
approximating  each  of  the  generalized  displacements,  and  bi¬ 
linear  shape  functions  were  used  for  approximating  each  of 
the  stress  resultants.  The  characteristics  of  the  finite-element 
model  are  given  by  Noor  and  Andersen  (1982).  For  each 
panel,  the  multiple  parameter  reduction  methods  described  by 
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FIG.  5.  Effect  of  Loading  and  Aspect  Ratio  on  Nonlinear  Response  of  Cylindrical  Sandwich  Panels  with  Honeycomb  Core  and  Com- 
[JU/L*  Subjected  to  Combined  Pressure  Loading,  Edge  Shew;  and  Temperature  Gradient  through  Thickness 


Noor  and  Peters  (1983a,b,  1992)  were  used  in  generating  the 
nonlinear  and  postbuckling  responses,  and  evaluating  the  sen¬ 
sitivity  coefficients.  Typical  results  are  presented  in  Figs.  4-8 
for  the  response  studies,  and  in  Figs.  9-17  for  the  sensitivity 
studies,  and  are  described  subsequently. 

Response  Studies 

The  responses  of  the  sandwich  panels  considered  are  shown 
in  Figs.  4—8.  Plots  of  the  total  axial  force  ft,  versus  the  applied 
end  shortening  or  extension  qt9  the  transverse  displacement 
wc,  and  the  total  strain  energy  U%  arc  shown  in  Fig.  4  for  panels 
with  Lj/L2  m  1,  3,  and  1/3.  Similar  plots  of  the  total  edge  shear 


force  ftt  (at  »  0,  Lx)  versus  the  applied  edge  shear  q„ 
and  U  are  shown  in  Fig.  5.  Normalized  contour  plots  for  the 
transverse  displacement  w,  the  total  strain  energy  density  09 
and  the  transverse  shear  strain  energy  density  t7*  at  the  end 
of  the  loading  stage  p  +  qt  +  qTt  are  shown  in  Figs.  6  and  7 
for  the  panels  with  Lx/L2  =1,3,  and  1/3.  The  effect  of  loading 
and  aspect  ratio  on  the  distribution  of  the  transverse  shear 
strain  energy  density  0 *  at  the  location  of  maximum  0*,  is 
shown  in  Fig.  8.  The  nonlinear  response  studies  can  be  sum¬ 
marized  as  follows: 

1.  The  stacking  sequence  of  the  face  sheet  layers  (i.e.,  the 
relative  locations  of  the  +45°  and  —45°  layers)  has  no 
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RQ.  6.  Normalized  Contour  Plots  Depleting  Effect  of  Aspect  Ratio  on  Ttansverse  Displacement  w.  Total  Strain  Energy  Density  ft  and 
Transverse  Shear  Strain  Energy  Density  0*  for  Cylindrical  Panels,  with  Honeycomb  Core  and  Composite  Eight-Layer  face  Sheets, 
Subjected  to  Combined  Pressure  Loading,  Edge  Shortening,  and  Temperature  Gradient  through  Thickness  (•  *  Location  of  Maximum 
Values) 


noticeable  effect  on  the  global  response  characteristics  of 
the  panel. 

2.  For  all  of  the  panels  considered,  the  pressure  loading  p 
had  the  least  effect  on  the  global  response  characteristics, 
and  the  edge  displacement  qt  had  the  most  effect  on  the 
global  response.  By  contrast,  the  edge  shear  q,  had  the 
least  effect  on  the  transverse  shear  strain  energy  density 
£/*,  at  the  location  of  maximum  0*. 


3.  For  all  of  the  panels  considered,  no  mode  change  occurs 
from  the  first  to  the  second  and  third  loading  stages  (p. 
p  +  q„  p  +  qe  +  qr )*  However,  the  distribution  of  the 
strain  energy  density  0  in  the  panel  changes  significantly 
from  being  nonuniform  after  the  application  of  p  to  being 
nearly  uniform  after  the  application  of  p  +  q,t  and  re¬ 
mains  nearly  uniform  after  the  application  of  qr . 

4.  For  the  case  of  edge  shear,  relaxing  the  constraint  * 
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RG.  7.  Normalized  Contour  Plots  Depicting  Effect  of  Aspect  Ratio  on  IVansmi  Displacement  w.  Total  Strain  Energy  Density  0,  and 
Haneveree  Shear  Strain  Energy  Density  0*  for  Cylindrical  Panels,  with  Honeycomb  Core  and  Composite  Eight-Layer  Face  Sheets,  Sub¬ 
jected  to  Combined  Pressure  Loading,  Edge  Shear,  and  lempersture  Gradient  through  Thickness  (•  =  Location  of  Maximum  Values) 


0  at  x,  =  0,  L,  has  no  noticeable  effect  on  the  in-plane 
shear  stiffness  or  on  the  total  strain  energy  of  the  panels. 
However,  it  results  in  increasing  the  center  displacement 
wc,  particularly  for  panels  with  Lx/L2  1. 

5.  For  the  case  of  edge  shear  q,t  the  location  of  the  maxi¬ 
mum  strain  energy  density  U  was  different  in  each  load¬ 
ing  stage.  By  contrast,  for  the  case  of  edge  extension, 
the  location  of  maximum  0  was  the  same  after  the  ap¬ 
plication  p  as  after  p  4*  q9%  but  was  different  after  p  + 


q€  +  qT\  and  for  the  case  of  edge  compression,  only  the 
panels  with  Lx/l *  =  1  had  the  location  of  maximum  0 
after  p  the  same  as  that  after  p  +  q,  +  qT%  but  different 
from  the  location  of  maximum  0  after  p  +  qt. 

Sensitivity  Studies 

Sensitivity  studies  were  conducted  to  identify  which  of  the 
panel  parameters,  effective  face  sheet  and  core  properties,  and 
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FIG.  8.  Effect  of  Loading  and  Aapact  Ratio  on  Distribution  of  Transverse  Shear  Strain  Energy  Density  U*  through  Thickness,  at  Point 
of  Maximum  Transverse  Shear  Strain  Energy  Density  0*  (see  Fig.  6);  Cylindrical  Sandwich  Panels,  with  Honeycomb  Core  and  Com¬ 
posite  Eight-Layer  Face  Sheets,  Subjected  to  Combined  Pressure  Loading,  Prescribed  Edge  Displacement,  and  Temperature  Gradient 
through  Thickness;  (a)  Edge  Shortening;  (b)  Edge  Shear 


micromechanical  parameters  most  affect  the  nonlinear  re¬ 
sponse.  For  the  case  of  edge  shortening  or  extension,  typical 
results  showing  the  sensitivity  of  the  total  strain  energy  U  with 
respect  to  the  extensional,  bending,  transverse  shear  stiff¬ 
nesses,  and  the  thermal  forces  and  moments  in  the  panel  are 
presented  in  Fig.  9.  Sensitivity  coefficients  of  U  with  respect 
to  effective  material  properties  of  individual  face  sheet  layers 
are  shown  in  Fig.  10;  with  respect  to  effective  and  actual  core 
parameters,  they  are  presented  in  Fig.  11;  and  with  respect  to 
micromechanical  parameters  of  the  face  sheet  layers,  they  are 
shown  in  Fig.  12.  Corresponding  results  for  the  case  of  edge 
shear  are  shown  in  Figs.  13-16.  For  all  of  the  loading  cases 
and  the  panels  considered,  the  stacking  sequence  of  the  face 
sheet  layers  has  no  noticeable  effect  on  the  sensitivity  coeffi¬ 
cients.  Normalized  contour  plots  for  the  largest  sensitivity  co¬ 
efficients  of  the  total  strain  energy  density  0  with  respect  to 
panel,  core,  and  face  sheet  parameters  at  the  end  of  each  load¬ 


ing  stage  (p  only,  p  +  q,  and  p  +  q,  +  qT)  are  shown  in  Fig. 
17.  An  examination  of  Figs.  9- 17  reveals  the  following  facts. 

Case  of  Edge  Shortening  or  Extension 

The  total  strain  energy  U  is  considerably  more  sensitive  to 
variations  in  An  than  to  variations  in  the  other  extensional 
stiffnesses.  For  the  panels  with  L\/L2  ®  1,  U  is  more  sensitive 
to  variations  in  Dn  and  than  to  variations  in  the  other 
bending  stiffnesses.  For  the  panels  with  LJL *  *  3,  U  is  more 
sensitive  to  variations  in  Dn  than  to  variations  in  the  other 
bending  stiffnesses,  and  for  panels  with  LJL2  «  1/3,  U  is  more 
sensitive  to  variations  in  Dtl. 

The  sensitivity  of  U  to  variations  in  Au  increases  with  an 
increase  in  q9.  For  the  case  of  edge  shortening,  the  addition 
of  the  temperature  gradient  does  not  change  the  sensitivity 
with  respect  to  An,  but  increases  the  sensitivity  with  respect 
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FIG.  9.  Effect  of  Loading  and  Aspact  Ratio  on  Normallzad  Sensitivity  Coefficients  of  Total  Strain  Enargy  U  with  Raspact  to  Panal 
Stiffnesses;  Cylindrical  Sandwich  Panels,  with  Honeycomb  Cora  and  Composite  Eight-Layer  Face  Sheets,  Subjected  to  Combined 
Pressure  Loading,  Edge  Shortening,  and  Temperature  Gradient  through  Thickness;  (a)  Edge  Shortening;  (b)  Edge  Extension 


to  Dn  (and  with  respect  to  Dn  for  the  panels  with  Lx/L2  1). 
For  the  case  of  edge  extension,  the  addition  of  temperature 
gradient  does  not  change  the  sensitivity  with  respect  to  An, 
but  decreases  the  sensitivity  with  respect  to  Dn  (and  with  re¬ 
spect  to  £»  for  the  panels  with  L1/L2  ^  1)* 

The  total  strain  energy  is  considerably  more  sensitive  to 
variations  in  the  following  parameters  than  to  each  of  the  other 


parameters  in  the  same  category:  (1)  The  effective  elastic  mod¬ 
ulus  of  the  face  sheets  Et:  (2)  the  fiber  angles  +45°  and  -45°; 
(3)  effective  core  properties  v^,  Eu%  £*;  (4)  the  four  core 
parameters  60  Z|Cf  Eef  and  te ;  and  (3)  micromechanical  par 
rameters  of  the  face  sheets  EXfy  £„,  vm9  and  a*.  The  sen¬ 
sitivity  of  U  to  variations  in  each  of  the  parameters  listed 
increases  with  the  increase  in  For  the  edge  shortening. 
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FIG.  10.  Effect  of  Loading  and  Aapact  Ratio  on  Normalizad  Sensitivity  Coefficients  of  Total  Strain  Energy  (/with  Respect  to  Effective 
Face  Sheet  Layer  Properties;  Cylindrical  Sandwich  Panels,  with  Honeycomb  Core  and  Composite  Eight-Layer  Face  Sheets,  Subjected 
to  Combined  Pressure  Loading,  Edge  Shortening,  and  Temperature  Gradient  through  Thickness;  (a)  Edge  Shortening;  (b)  Edge  Exten¬ 
sion 


the  addition  of  qT  increases  the  sensitivity  of  U  to  variations 
in  vl2c,  £lc,  E*.  /)*,  Eff  te ,  Emt  vm%  and  am\  slightly  decreases 

the  sensitivity  to  variations  in  £t,  fiber  angles  +45°,  -45°, 
Ei/%  and  ty.  For  the  edge  extension  case,  the  addition  of  qT  has 
an  opposite  effect  to  that  described  for  edge  shortening. 

The  distribution  of  the  sensitivity  coefficients  of  the  strain  en¬ 
ergy  density  0  with  respect  to  all  the  parameters  considered  be¬ 


comes  nearly  uniform  throughout  die  panel  after  the  application 
of  p  +  q9.  Exceptions  to  that  are  the  sensitivity  coefficients  of 
0  with  respect  to  Dn  and  the  fiber  angles  +45°  and  —45°. 

Case  of  Edge  Shear 

The  total  strain  energy  U  is  considerably  more  sensitive  to 
variations  in  the  following  parameters  than  to  each  of  the  other 
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FIG.  11.  Effect  of  Loading  and  Aspect  Ratio  on  Normalized  Sensitivity  Coefficients  of  Total  Strain  Energy  l/wlth  Respect  to  Core 
Properties;  Cylindrical  Sandwich  Panels,  with  Honeycomb  Core  and  Composite  Eight-Layer  Face  Sheets,  Subjected  to  Combined 
Pressure  Loading,  Edge  Shortening,  and  Temperature  Gradient  through  Thickness;  (a)  Edge  Shortening;  (b)  Edge  Extension 


parameters  in  die  same  category:  (1)  Extensions!  stiffness  Aw, 
and  bending  stiffness  Du  (for  the  panels  with  LX!LX  ^  1);  (2) 
the  effective  modulus  of  the  face  sheets  EL ;  (3)  fiber  angles  0° 
and  90°  (after  the  application  of  qT );  (4)  effective  core  pa¬ 
rameters  v12o  Exo  Eu  (after  the  application  of  qT)\  (3)  core 
parameters  fc,  ac>  Ect  llet  and  6C;  and  (6)  micromechanical  pa¬ 
rameters  of  the  face  sheets  v/%  Et/f  Emt  and  am. 

The  sensitivity  of  U  to  variations  in  AMt  ELt  te%  0C,  Eet  /u. 


v/#  Exj,  and  Em  increases  with  the  increase  of  The  sensitivity 
of  U  to  variations  in  the  other  parameters  listed  in  the  first 
paragraph  of  this  subsection  does  not  change  with  changes  in 
q The  addition  of  qr  significantly  changes  the  sensitivity  of 
U  to  variations  in  Z>M,  fiber  angles  0°,  90°.  and  the  parameters 
Vjjfi  Elcf  Ejc%  l\c*  (ft  Ec%  otf,  Emt  and  otN. 

The  distribution  of  the  sensitivity  coefficients  of  the  strain 
energy  density  0  with  respect  to  A EL,  and  ty  becomes 
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FIG.  12.  Effect  of  Loading  and  Aapact  Ratio  on  Normalized  Sanaltlvtty  Coafflclanta  of  Total  Strain  Energy  Uwith  Respect  to  Mlcro- 
mechanlcal  Properties  of  Face  Sheet  Layers;  Cylindrical  Sandwich  Panels,  with  Honeycomb  Core  and  Composite  Eigh^Layor  Face 
Sheets,  Subjected  to  Combined  Pressure  Loading,  Edge  Shortening,  and  Temperature  Gradient  through  Thickness;  (a)  Edge  Short¬ 
ening;  (b)  Edge  Extension 


nearly  uniform  after  the  application  of  p  +  qt%  and  remains 
uniform  after  the  addition  of  qT • 

CONCLUDING  REMARKS 

A  study  is  made  of  the  nonlinear  response  of  curved  sand¬ 
wich  panels  with  composite  face  sheets  subjected  to  a  tem¬ 
perature  gradient  through  the  thickness  combined  with  me¬ 


chanical  loadings.  The  panels  are  composed  of  perfectly 
bonded  layers  (face  sheet  layers  and  core),  and  the  core  is 
replaced  by  an  equivalent  homogeneous  anisotropic  layer.  The 
analysis  is  based  on  a  first-order  shear-deformation  Sanders* 
Budiansky-type  theory,  including  the  effects  of  large  displace¬ 
ments,  moderate  rotations,  average  transverse  shear  deforma¬ 
tion  through  the  thickness,  and  laminated  anisotropic  material 
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FIG.  13.  Effect  of  Loading  and  Aapact  Ratio  on  Normalized  Sensitivity  Coefficients  of  Total  Strain  Energy  U  with  Reaped  to  Panel 
Stiffnesses;  Cylindrical  Sandwich  Panels,  with  Honeycomb  Core  and  Compoelte  Eight-Layer  Face  Sheets,  Subjected  to  Combined 
Pressure  Loading,  Edge  Shear,  and  Ibmperature  Gradient  through  Thlcknese  [L,/La  « (a)  1;  (b)3;  (c)  1/3] 


behavior.  A  linear,  Duhamel-Neumann-type  constitutive  model 
is  used  and  the  material  properties  are  assumed  to  be  inde¬ 
pendent  of  temperature.  The  panels  are  discretized  by  using 
two-field  mixed  finite-element  models  with  the  fundamental 
unknowns  consisting  of  the  nodal  displacements  and  stress  re¬ 
sultant  parameters.  The  stress  resultants  are  allowed  to  be  dis¬ 
continuous  at  interelement  boundaries. 

Both  the  nonlinear  response  of  the  panel  as  well  as  the  hi¬ 
erarchical  sensitivity  coefficients  are  generated.  The  hierarchi¬ 
cal  sensitivity  coefficients  measure  the  sensitivity  of  the  dif¬ 


ferent  response  quantities  to  variations  in  three  sets  of 
interrelated  parameters:  (1)  Panel  stiffnesses;  (2)  effective 
properties  of  the  face  sheet  layers  and  the  core;  and  (3)  mi¬ 
cromechanical  parameters  of  the  face  sheet  layers  and  the  core. 
An  efficient  multiple-parameter  reduction  method  is  used  for 
generating  the  nonlinear  response  and  evaluating  the  sensitiv¬ 
ity  coefficients. 

The  computational  procedure  for  evaluating  the  hierarchical 
sensitivity  coefficients  consists  of  evaluating  the  sensitivity  co¬ 
efficients  with  respect  to  each  of  the  panel  stiffnesses,  and  then 
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FIG.  14.  Effect  of  Loading  and  Aspact  Ratio  on  Normaiizad  Sanaltivlty  Coefficients  of  Total  Strain  Enargy  Uwith  Raspact  to  Effao- 
tlva  Faca  Shaat  Layar  Propartiaa;  Cylindrical  Sandwich  Panala,  with  Honaycomb  Cora  and  CompoaHa  Eight-Layer  Faca  Sheets,  Sub- 
jactad  to  Combinad  Praaaura  Loading,  Edga  Shear,  and  Ibmparatura  Gradient  through  Thickneaa  [L,/LM  «  (a)1;(b)3;  (c)  1/3] 


generating  the  sensitivity  coefficients  with  respect  to  the  ef¬ 
fective  layer  and  micromechanical  parameters  as  linear  com¬ 
binations  of  the  sensitivity  coefficients  with  respect  to  the 
panel  parameters.  Hierarchical  sensitivity  coefficients  can  be 
used  to  assess  the  effects  of  variations  in  the  panel,  face  sheet 
layers,  core,  and  micromechanical  parameters  on  the  nonlinear 
response.  They  can  also  help  relate  structural  design  and  ma¬ 
terial  development 

Numerical  studies  are  presented  that  show  the  effects  of 
variations  in  the  loading,  the  panel  aspect  ratio,  and  in  the 


stacking  sequence  of  the  face  sheet  layers  on  the  nonlinear 
response,  and  the  sensitivity  coefficients  of  cylindrical  sand¬ 
wich  panels  with  eight-layer  quasi-isotropic  face  sheets  and 
titanium  honeycomb  core  with  hexagonal  cells.  The  loading 
on  the  panels  consisted  of  a  sequence  of  mechanical  and  ther¬ 
mal  loadings:  uniform  pressure  loading,  znonotonically  in¬ 
creasing-edge  displacement,  and  then  a  temperature  gradient 
through  the  thickness.  Three  types  of  edge  displacements  were 
considered:  (1)  Edge  shortening;  (2)  edge  extension;  and  (3) 
edge  shear.  In  all  cases  considered,  the  stacking  sequence  of 
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FIG.  15.  Effect  of  Loading  and  Aspect  Ratio  on  Normalized  Sensitivity  Coefficients  of  Total  Strain  Energy  U  with  Respect  to  Core 
Properties;  Cylindrical  Sandwich  Panels,  with  Honeycomb  Core  and  Composite  Eight-Layer  Face  Sheets,  Subjected  to  Combined 
Pressure  Loading,  Edge  Shear,  and  Temperature  Gradient  through  Thickness  [L,/La  *  (a)  1 ;  (b)  3;  (c)  1/3] 


the  face  sheet  layers  did  not  have  a  noticeable  effect  on  either 
the  nonlinear  response  or  the  sensitivity  coefficients;  and  the 
edge  displacement  had  the  most  pronounced  effect  on  the  re¬ 
sponse. 
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APPENDIX!.  THERMOELASTIC  CONSTITUTIVE 
RELATIONS  FOR  RANEL 

The  thermoelastic  model  used  in  the  present  study  is  based 
on  the  following  assumptions; 

1.  The  panels  are  composed  of  a  number  of  perfectly 
bonded  layers  (face  sheet  layers  and  core). 
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FIG.  16.  Effect  of  Loading  and  Aapect  Ratio  on  Normalized  Sensitivity  Coefficients  of  Total  Strain  Energy  U  with  Respect  to  Mlcro- 
mechanlcal  Properties  of  Face  Sheet  Layers;  Cylindrical  Sandwich  Panels,  with  Honeycomb  Core  and  Composite  Eight-Layer  Face 
Sheet*,  Subjected  to  Combined  Pressure  Loading,  Edge  Shear,  and  Temperature  Gradient  through  Thickness  [L,/La  =  (a)  1;  (b)  3;  (c) 
1/3] 


2.  A  honeycomb  core  with  hexagona]  cells  is  used. 

3.  The  Aboudi  cell  method  is  used  to  evaluate  the  effective 
properties  of  the  face  sheet  layers  (Aboudi  1991),  and  an 
upper-bound  energy  approach  is  used  to  evaluate  the  ef¬ 
fective  core  properties  (Gibson  and  Ashby  1988;  Burton 
and  Noor  1997). 

4.  Every  point  of  the  panel  is  assumed  to  possess  a  single 
plane  of  thermoelastic  symmetry  parallel  to  the  middle 
surface  of  the  panel. 


5.  The  material  properties  are  independent  of  temperature. 

6.  The  constitutive  relations  for  the  panel  are  described  by 
the  lamination  theory,  and  can  be  written  in  the  following 
compact  form: 

[A]  IB]  0  I  fe }  ftf/| 

=  IB]'  [D]  0  M  -  \Mt\  (8) 

0  0  [AjJ  UJ  1 0  J 

where  {JVJ,  {A/},  {fi}.  {e}.  (k).  {y).  {NT).  IMT)  =  the 
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F1Q.  17.  Normalized  Contour  Plots  Depicting  Effect  of  Loading  on  Largest  Sensitivity  Coefficients  of  Total  Strain  Energy  Density  0 l 
Cylindrical  Sandwich  Panels,  with  Honeycomb  Core  and  Composite  Eight-Layer  Face  Sheets,  Subjected  to  Combined  Pressure  Load¬ 
ing,  Prescribed  Edge  Displacement,  and  Temperature  Gradient  through  Thickness  (•  =  Location  of  Maximum  Values);  (a)  Edge  Short¬ 
ening;  (b)  Edge  Shear 


vectors  of  extensional,  bending,  and  transverse  shear 
stress  resultants;  strain  components  and  thermal  effects 
of  the  panel  are  given  by 


[NY  =  M 

N2  Nt2); 

{MY  — 

[Mi  M2  M,2] 

(9. 10) 

{G)'  = 

--  [<2,  G>] 

l;  = 

[e,  e,  2e12] 

(11.12) 

{K  }'-[*. 

1  *2  2K|2. 

1;  hY  = 

:  [2e31  2eJ2] 

(13, 14) 

l^r)'  = 

[A tn  nT2 

Nrn] 

(15) 

and 

[MtY  = 

[Mr,  MT2 

Mm] 

(16) 

The  matrices  [A],  [fl],  [D],  and  [A  J  contain  the  extensional, 
coupling,  bending,  and  transverse  shear  stiffnesses  of  the  panel 
that  can  be  expressed  in  terms  of  the  effective  layer  stiffnesses 
as  follows: 


NL  rht 

[[A][B][D]]  =  ^  [&nW]x3m(xtfin]  dx,  (17) 

/■I 

ML 

[AJ  =  X  l&t'dx,  (18) 

i-i 

where  [Q]{i)  and  [Qs]m  =  the  extensional  and  transverse  shear 
stiffnesses  of  the  Ith  layer  (referred  to  the  xlt  x2,  x3  coordinate 
system);  (/]  =  identity  matrix;  ht  and  h,- x  are  the  distances 
from  the  top  and  bottom  surfaces  of  the  Ith  layer  to  the  middle 
surface;  and  NL  =  the  total  number  of  layers  in  the  laminate. 
The  expressions  for  the  different  coefficients  of  the  matrices 
[Q]0)  and  [QS]U)  in  terms  of  the  material  and  geometric  prop¬ 
erties  of  the  constituents  of  the  composite  face  sheets  (fiber 
and  matrix)  are  given  by  Jones  (1975)  and  Tsai  and  Hahn 
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(1980),  and  for  the  core  they  are  given  by  Gibson  and  Ashby 
(1988)  and  Burton  and  Noor  (1997). 

The  vectors  of  thermal  effects  {//r}  and  {Mr)  are  given  by 

NL  /"*/ 

[{Nr}  {Wr)]  =  2  [fiH«},n[l  x}]T dx}  (19) 

'  7*1- 1 

where  {a}(,)  is  the  vector  of  coefficients  of  thermal  expansion 
coefficients  of  the  /th  layer  (referred  to  the  coordinates  xu  x2, 
x3;  e.g.,  Padovan  1986;  Bert  1975). 


APPENDIX  II.  FORM  OF  ARRAYS  IN  GOVERNING 
DISCRETE  EQUATIONS  OF  PANEL 

The  governing  discrete  equations  of  the  panel,  (1),  consist 
of  both  the  constitutive  relations  and  the  equilibrium  equa¬ 
tions. 

The  response  vector  [Z]  can  be  partitioned  into  sub  vectors 
of  stress-resultant  parameters  {//},  and  free  (unconstrained) 
nodal  displacements  [X],  as  follows: 


The  difference  arrays  in  (1)  and  (2)  can  be  partitioned  as 
follows: 


m  ~  [s',  4  {G(Z)}  “  {n(//,  x,  i,)}  (21, 22) 

{2*}  =  •[”C5o{*',}:  -  {or}  (23'24> 


where  [F]  =  the  linear  flexibility  matrix;  [S,]  and  [S2]  =  the 
linear  strain-displacement  matrices  associated  with  the  free 
nodal  displacements  {X},  and  the  constrained  (prescribed  non¬ 
zero)  edge  displacements  qe{Xt}\  {M(X,  X<)}  and  {N(H>  X, 
jpe)}  =  the  subvectors  of  nonlinear  terms;  {eT}  =  the  subvector 
of  normalized  thermal  strains;  0  =  a  null  matrix  or  vector,  and 
superscript  t  =  transposition.  The  explicit  form  of  {er}  is  given 
by  Noor  et  al.  (1993). 

For  the  purpose  of  obtaining  analytic  derivatives  with  re¬ 
spect  to  lamination  parameters  (e.g.,  fiber  orientation  angles 
of  different  layers),  it  is  convenient  to  express  d[F]/dX  in  terms 
of  d[F]~VdX  as  follows: 


d[F]  rr1  d[F rl 

ax  ax 


[F] 


(28) 


The  explicit  forms  of  a[F]“VaX  and  {aer/dX}  are  given  by 
Noor  et  al.  (1993). 

Analytic  expressions  are  given  in  Noor  and  Tenek  (1992) 
for  the  laminate  stiffnesses  [A],  [F],  [£)],  and  [AJ;  the  vectors 
of  thermal  effects  {A/r}  and  {Mr)\  and  their  derivatives  with 
respect  to  each  of  the  material  properties  of  the  individual 
layers  and  fiber  orientation  angles. 
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APPENDIX  IV.  NOTATION 

The  following  symbols  are  used  in  this  paper: 

[A],  [F],  [D],  [A  J  matrices  of  the  extensional  bending-ex- 

tensional  coupling,  bending  and  trans¬ 
verse  shear  stiffnesses  of  the  panel,  (17) 
and  (18),  Appendix  I; 

a(J,  cik  *  coefficients  relating  panel  stiffnesses  to 
effective  properties  of  individual  layers, 
and  micromechanical  (constituent)  prop¬ 
erties,  respectively,  (3)  and  (4); 

=  coefficients  relating  effective  layer  prop¬ 
erties  to  the  micromechanical  properties, 
(4); 

Ec  =  elastic  modulus  of  the  core  material; 
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El%  Et  s  effective  elastic  moduli  of  the  individual 
face  sheet  layers  in  the  direction  of  fibers 
and  normal  to  it,  respectively; 

Em  =  elastic  modulus  of  the  matrix; 

Elc,  E*  =  effective  elastic  moduli  of  the  core  in  the 
x,  and  x2  directions; 

Ei/9  E2f  =  elastic  moduli  of  the  fibers  in  the  longi¬ 
tudinal  and  transverse  directions; 

[F]  =  linear  flexibility  matrix  of  the  panel,  (21), 
Appendix  II; 

Ge  -  shear  modulus  of  the  core  material; 

G&t  Gjt  =  effective  shear  moduli  of  the  individual 
face  sheet  layers  in  the  plane  of  the  fibers 
and  normal  to  it,  respectively; 

{G(Z)}  =  vector  of  nonlinear  terms  of  the  panel,  (1); 

Gl2c,  Gi3c»  G&C  =  effective  shear  moduli  of  the  core  in  the 
x,  -  x2,  x,  -  x3>  and  x2  -  x3  planes; 

G12 /»  Gm  =  shear  moduli  of  the  fibers  and  matrix; 
{//}  =  vector  of  stress-resultant  parameters; 
h  m  total  thickness  of  the  sandwich  panel; 
hM  =  core  thickness; 

hh  /t,-i  =  distances  from  the  top  and  bottom  surfaces 
of  the  /th  layer  to  the  middle  surface; 

[X]  as  global  linear  structural  matrix,  (1) 

Lu  L2  =  side  lengths  of  the  panel  in  the  xx  and  x2 
coordinate  directions; 

/let  (act  fet  6e  =  characteristic  lengths,  thickness,  and  angle 
of  a  typical  hexagonal  honeycomb  cell; 

{A/(X,  X,)},  =  subvectors  of  nonlinear  terms,  (22),  Ap- 
[N(Ht  X,  X.)}  pendix  II; 

Mi,  Mn,  M2l  =  bending  stress  resultants; 

j/V},  {M}  =  vectors  of  in-plane  and  bending  stress  re¬ 
sultants,  (8),  Appendix  I; 

NL  =  total  number  of  layers  in  the  panel; 

{Mt)  =  vectors  of  thermal  forces  and  moments  in 
the  panel,  (8),  Appendix  I; 

f}n  =  total  axial  force  and  total  shear  force  on 
the  curved  edges  of  the  panel; 

Nu  A/2,  N\2  =  in-plane  (extensional)  stress  resultants; 
p  as  intensity  of  uniform  pressure  loading; 
IQ]  =  vector  of  transverse  shear  stress  resul¬ 
tants; 

[&l<n  =  matrices  of  the  extensional  and  trans¬ 
verse  shear  stiffnesses  of  the  /th  layer  of 
the  panel  (referred  to  the  x!f  x2,  x3  coor¬ 
dinate  system); 

Qu  Q2  =  transverse  shear  stress  resultants; 

{20>},  {fi®},  {2®}  =  vectors  of  normalized  mechanical  loads,  me¬ 
chanical  strains  and  thermal  strains,  (1); 
qt  =  applied  edge  displacement; 
qT  ss  thermal  strain  parameter  associated  with 

{0”}; 

R  -  radius  of  curvature  of  the  middle  surface 
of  the  panel; 

[SJ,  [S2]  ~  linear  strain-displacement  matrices  asso¬ 
ciated  with  the  free  nodal  displacements, 
{X},  and  the  constrained  (prescribed 
nonzero)  edge  displacements,  qt[Xt}\ 

Tt9  Tb  =  temperature  changes  at  the  top  and  bot¬ 
tom  surfaces; 

U  =  total  strain  energy  of  the  panel; 

0  =  strain  energy  density  (energy  per  unit 
surface  area)  of  the  panel; 

0+  =  transverse  shear  strain  energy  density 
(per  unit  surface  area)  of  the  panel; 

0+  =  transverse  shear  strain  energy  density  per 
unit  volume; 

uu  u2t  w  =  displacement  components  in  the  coordi¬ 
nate  directions,  Fig.  1; 
vf  =  fiber  volume  fraction; 

{X}  =  vector  of  free  (unknown)  nodal  displace¬ 
ments; 


{X,}  =  normalized  vector  of  constrained  (pre¬ 
scribed  nonzero)  edge  displacements; 
xX9  x2,  Xj  =  orthogonal  coordinate  system  (x3  is  nor¬ 
mal  to  the  middle  surface  of  the  panel); 
[Z]  =  response  vector  of  the  panel; 
etc  =  coefficient  of  thermal  expansion  of  the 
core  material; 

{a)(,)  =  vector  of  coefficients  of  thermal  expan¬ 
sion  of  the  /th  layer  of  the  panel  (referred 
to  the  x„  x2,  x3  coordinate  system); 
a*,,  ar  =  effective  coefficients  of  thermal  expan¬ 
sion  of  the  individual  layers  of  the  face 
sheets  in  the  direction  of  the  fibers  and 
normal  to  it,  respectively; 
a.  =  coefficient  of  thermal  expansion  of  the 
matrix  material; 

oil/*  on/  =  coefficients  of  thermal  expansion  of  the 
fibers  in  the  longitudinal  and  transverse 
directions; 

{•y}  =  vector  of  transverse  shear  strain  compo¬ 
nents  of  the  panel,  (8),  Appendix  I; 

{£}  =  vector  of  extensional  strain  components 
of  the  panel,  (8),  Appendix  I; 

{er}  =  thermal  strain  subvector,  (24),  Appendix 

H; 

0  =  fiber  orientation  angles  of  the  individual 
face  sheet  layers; 

{k}  =  vector  of  bending  strain  components  of  the 
panel,  (8),  Appendix  I; 

X  »  typical  panel,  effective  layer  or  micro- 
mechanical  parameter, 
ve  =  Poisson’s  ratio  of  the  core  material; 

Vu-  =  effective  major  Poisson’s  ratio  of  the  in¬ 
dividual  face  sheet  layers; 
vm  =  Poisson’s  ratio  of  the  matrix; 

Vuc.  v13c,  Vise  =  effective  Poisson’s  ratios  of  the  core; 
v12/,  Vaf  =  Poisson’s  ratios  of  the  fibers;  and 
<£„  =  rotation  components  of  the  middle  sur¬ 

face  of  the  panel. 

Subscripts 

/  =  fiber, 

/'  =  1  to  the  total  number  of  stress-resultant 
parameters  in  the  model  (components  of 
the  vector  {//}); 

/,  J  s  1  to  the  total  number  of  free  nodal  dis¬ 
placement  components  in  the  model 
(components  of  the  vector  {X}); 

/,  7  =  1  to  the  total  number  of  degrees  of  free¬ 
dom  (free  nodal  displacements  and  stress- 
resultant  parameters)  in  the  model; 
i  =  1  to  the  total  number  of  panel  parame¬ 
ters; 

j  =  1  to  the  total  number  of  layer  parame¬ 
ters; 

k  «  1  to  the  total  number  of  micromechanical 
parameters; 

L  *  direction  of  fibers; 

/  as  1  to  the  total  number  of  layers,  NIa 
m  =  matrix; 

T  =  transverse  direction; 

T  =  thermal;  and 

P  *  1.  2. 

Superscripts 

/  ss  layer, 

m  =  micromechanical  property; 
p  =  panel  property;  and 
t  =  transposition. 
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Abstract 

A  predictor-corrector  finite  element  approach  is  presented  for  the  steady-state  (static)  electroelastic  analysis  of  multilayered 
hybrid  composite  plates.  The  plates  consist  of  a  combination  of  fiber-reinforced  and  piezoelectric  layers  (or  patches).  The  problem 
is  formulated  in  terms  of  the  displacement  components  and  the  electric  potential.  A  two-dimensional  finite  element  model  is  used 
in  the  predictor  phase.  Linear  displacement  variation  and  quadratic  electric  potential  variation  are  assumed  in  the  thickness 
direction  (five  displacement  parameters  and  three  electric  potential  parameters).  The  functional  dependence  of  the  displacement 
components  and  the  electric  potential  are  then  calculated  using  three-dimensional  equations.  The  corrected  quantities  are  used  to 
obtain  better  estimates  for  the  different  response  quantities.  The  effectiveness  of  the  predictor-corrector  approach  is 
demonstrated  by  numerical  examples  of  five-layer  plates  consisting  of  four  graphite-epoxy  layers  and  one  piezoelectric  layer, 
subjected  to  transverse  mechanical  loading  and  electric  potential. 


1.  Introduction 

The  potential  of  combining  piezoelectric  layers  and  existing  structures  to  alter  the  structure’s 
responses  through  sensing,  actuation  and  control  has  stimulated  interest  in  the  development  of  theories 
and  computational  models  for  hybrid  composite  plates  consisting  of  a  combination  of  fiber-reinforced 
and  piezoelectric  layers  [1-5].  Finite  element  models  have  been  used  in  predicting  the  response  of 
hybrid  composite  plates.  A  number  of  different  classifications  of  these  finite  element  models  can  be 
made  based  on  the  continuum  theories  used  (e.g.  incorporating  or  neglecting  the  couplings  between 
different  fields),  and  the  through-the-thickness  approximations  made.  Some  of  the  finite  element 
models  developed  for  hybrid  composite  plates  are  similar  to  those  used  for  laminated  fibrous 
composites  and  include:  (a)  three-dimensional  electroelasticity  models  (see  e.g.  [6,7]);  (b)  two- 
dimensional  models,  which  can  be  classified  into:  (1)  global  through-the-thickness  approximation 
models  (see  e.g.  [8-12])  and  (2)  discrete-layer  models  based  on  piecewise  displacement/stress 
approximations  in  the  thickness  direction  (see  e.g.  [13,14]). 

The  use  of  three-dimensional  models  for  predicting  the  electroelastic  response  characteristics  of 
plates  with  complicated  geometry  is  computationally  expensive  and,  therefore,  may  not  be  feasible  for 
practical  problems.  Experience  with  two-dimensional  models  has  shown  them  to  be  inadequate  for  the 
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accurate  predictions  of  transverse  response  quantities.  This  is  particularly  true  for  the  models  based  on 
low-order  approximations  of  the  response  quantities  in  the  thickness  direction  The  use  of  predictor 
corrector  approaches,  in  conjunction  with  analytic  solutions,  for  electroelastic  plates  was  shown  to 
alleviate  this  problem  [15].  The  procedure  uses  a  two-dimensional  theory  in  the  predictor  phase.  The 
functional  dependence  of  the  fundamental  unknowns  on  the  thickness  coordinate  is  calculated  using 
three-dimensional  equations,  and  then  is  used  in  the  corrector  phase  to  obtain  better  estimates  for  the 
different  response  quantities. 

The  present  study  extends  the  predictor-corrector  approach  to  finite  element  models.  The  plates 
considered  consist  of  a  combination  of  perfectly-bonded  fiber-reinforced  and  piezoelectric  layers. 
Numerical  results  are  presented  for  five-layer  plates  consisting  of  four  graphite-epoxy  layers  and  one 
piezoelectric  layer,  subjected  to  transverse  mechanical  loading  and  electric  potential. 


2.  Mathematical  formulation 

Fig.  1  shows  the  geometric  characteristics  of  the  hybrid  multilayered  plates  considered  herein  as 
follows:  L,  and  L2  are  the  side  lengths  in  the  x,  and  je2  directions,  and  h  is  the  total  thickness  of  the 
plate.  The  plate  has  combinations  of  anisotropic  elastic  layers  and  piezoelectric  layers  (or  patches).  The 
fundamental  equations  of  the  three-dimensional  equations  of  electroelasticity  theory  for  the  piezoelec¬ 
tric  materials  are  given  in  Appendix  A. 


2.1.  Two-dimensional  theory 


A  global-approximation,  two-dimensional  theory  is  used  herein.  The  multilayered  plate  is  replaced  by 
an  equivalent  single-layer  anisotropic  plate.  The  displacement  component  is  assumed  to  be  independent 
ofx3.  The  displacement  components  {ul,  u2}  and  the  electric  potential  <f>  are  assumed  to  have  a  linear 
and  quadratic  variation,  respectively,  in  the  thickness  direction  (see  e.g.  [4,5])  as  follows: 


«,  =  m(,0)  +  x3u\' ) ,  u2  =  i40)  +  x3u2  * , 

*  =  <r,  +  *3*<,,+Jr3V2) 


=  „«» 


M,  =  U 


(1) 

(2) 


where  the  five  displacement  parameters  u\  \  u\" ,  u<20) ,  a'" ,  u(3°\  and  the  three  electric  potential 
parameters  <f>  ,  </>'  and  <f>1  are  functions  of  and  only.  Note  that  the  five  displacement 

parameters  are  the  same  ones  used  in  the  first-order  shear  deformation  theory  of  plates.  The  eight 
parameters  (five  displacement  and  three  electric  potential  parameters)  are  determined  from  the  finite 
element  analysis. 

The  predictor-corrector  procedure  used  is  an  iterational  process  in  which  the  information  obtained  in 
the  first  (predictor)  phase  of  the  analysis  is  used  to  correct  the  thickness  distributions  of  the 


x’mr^T 


piezoelectric 
layer 


(a) 


<b) 


Fig.  1.  Hybrid  multilayered  composite  plates  in  the  present  study. 
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displacement  components  and  the  electric  potential,  and  hence,  improve  the  response  predictions.  The 
expressions  for  the  fundamental  unknowns  are  cast  in  the  following  compact  form: 

4  * 

«,  =  S  uugu(x})  ,  u2  =  2)  u2Jg2J(x3)  ^ 

3  4 

Mj  =  2  «3/&/(*3)  ’  4  =  4>jg 4j(x3) 

1=1  '  J=l 

where  the  functions  gKJ(x3)  (*  =  1,2,4;  J  =1,2, 3, 4)  are  the  symmetric  and  antisymmetric  com¬ 
ponents  of  the  response  functions  in  the  two-dimensional  theory  used  in  the  predictor  phase,  and  the 
correction  functions  generated  by  using  three-dimensional  divergence  equations  and  constitutive 
relations.  The  function  g3J(x2)  (J  =  1,2,3)  corresponds  to  the  associated  response  function  from  the 
two-dimensional  theory  and  the  symmetric  and  antisymmetric  components  of  the  correction  functions 
for  «3.  The  fifteen  parameters,  uXJ,  u2J,  <f>,  (J  =  1, 2, 3, 4),  and  u3l  (7  =  1,2, 3),  are  unknown  functions 
of  the  coordinates  xx  and  x2  only,  and  are  determined  from  the  finite  element  analysis. 


2.2.  Finite  element  approximation 


The  weak  (variational)  form  of  the  governing  equations  for  the  plate  can  be  cast  in  the  following  form 
[16] 


j  [atj  i  8 Uj  +  du  h<t>]  dV- £  [( n .o-  -  ry)  8 uy  +  (n,d(-  -  s)  h(j>]  dS  =  0 


(4) 


where  ar  are  the  stress  components;  d,  are  the  electric  displacement  components;  <j>  is  the  electric 
potential;  t,  and  s  are  the  traction  and  electric  charge  on  the  surface  of  the  electroelastic  plate;  8  is  the 
variational  operator;  and  the  repeated  indices  i  and  j  denote  summation  over  their  entire  range  (1  to  3). 
The  relations  between  the  electric  potential  <f>  and  the  electric  field  components  £,  are  given  in 


Appendix  A. 

The  stresses  and  electric  displacement  components  in  Eq.  (4)  are  expressed  in  terms  of  the 
displacement  and  electric  potential  parameters  of  Eq.  (1)  using  Eqs.  (A.1)-(A.6)  in  Appendix  A.  The 
finite  element  discretization  is  performed  by  dividing  the  plate  into  elements  and  approximating  each  of 
the  displacement  and  electric  potential  parameters  by  products  of  C°  shape  functions  and  nodal 
parameters.  In  the  present  study,  biquadratic  Lagrangian  shape  functions  are  used  (a  total  of  72  nodal 
parameters  for  each  element,  in  the  predictor  phase). 


3.  Numerical  studies 

To  assess  the  effectiveness  of  the  predictor-corrector  finite  element  approach  a  number  of  hybrid 
composite  plates  were  analyzed  by  using  this  approach.  Herein,  numerical  results  are  presented  for 
square  five-layered  plates  (L,  =  L2  =  L),  consisting  of  four  graphite-epoxy  layers  with  fiber  orientation 
(90<70°/90'70°-with  the  fibers  of  the  bottom  layer  in  the  xt  direction)  and  one  PZT-5A  piezoelectric 
layer  (at  the  top).  The  layers  are  assumed  to  have  equal  thickness.  The  plates  are  shown  in  Fig.  1  and 
the  material  properties  for  the  graphite-epoxy  and  piezoelectric  layers  are  given  in  Table  1. 

Two  configurations  of  the  piezoelectric  layer  are  considered.  In  the  first,  the  piezoelectric  layer  covers 
the  entire  composite  plate  (Fig.  1(a))  and  in  the  second  the  piezoelectric  layer  partially  covers  the  plate 
(Fig.  1(b)).  The  thickness  ratio,  h/L,  of  the  plate  was  selected  to  be  0.1.  Two  different  loadings  with 
unit  amplitude  are  applied  to  the  plate,  namely:  transverse  mechanical  loading  acting  on  the  bottom 
surface  q  =  sin(irx,/L,)sin(iT;t2/L2)  and  electric  potential  acting  on  the  bottom  surface  =sin(iTJ c,/ 
L,)  sin(irx,/L2).  Henceforth,  for  brevity,  the  two  loading  cases  will  be  referred  to  as  the  <7-case  and  the 
£- case,  respectively. 

The  solutions  obtained  by  the  two-dimensional  finite  element  (used  in  the  predictor  phase)  and  the 
predictor-corrector  approach  are  compared  with  the  exact  three-dimensional  solutions  for  plate 
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Table  1 

Material  properties  of  the  graphite-epoxy  and  PZT-5A  layers  used  in  the  present  study 


Graphite-epoxy  layer 

PZT-5A  layer 

E,  (lO’Pa) 

181 

£,  (10*  Pa) 

61.0 

Er(10v  Pa) 

10.3 

£,(10"  Pa) 

61.0 

£,  (10h  Pa) 

53.2 

C,r(10vPa) 

7.17 

GP(  10"  Pa) 

22.6 

G„  (10''  Pa) 

21.1 

Gtt  ( 10*  Pa) 

2.87 

C:3<  10*  Pa) 

21.1 

vt  T 

0.28 

”.2 

0.35 

0.38 

»TT 

0.33 

0.38 

dM  (10"’2  m/V) 

0 

</„  (10~,2m/V) 

—  171 

<f„(10“2m/V) 

0 

dy,  (10* 13  m/V) 

-171 

(10'12  m/V) 

0 

d^(10',2m/V) 

374 

d,4  ( 10_,a  m/V) 

0 

d,4  (10'13  m/V) 

584 

(10'l2in/V) 

0 

d,5  (10*IJm/V) 

584 

Kji  (10'*  farads/m) 

1.53 

k„  (10'*  farads/m) 

1.53 

*22  (10"“  farads/m) 

1.53 

k„  (10"*  farads/m) 

1.53 

(10'"  farads/m) 

1.53 

Kn  (10'"  farads /m) 

1.50 

Note:  The  subscripts  L  and  T  refer  to 

the  fiber  and  transverse  directions  for  each  individual  layer,  respectively. 

configuration  ‘a’  (see  [15]),  and  with  the  predictions  of  the  ANSYS  commercial  finite  element  code 
(using  solid  5  elements  to  model  the  plate)  for  plate  configuration  ‘b\  The  results  are  shown  in  Figs. 
2-5,  in  which  the  two-dimensional  finite  element  and  predictor-corrector  solutions  are  referred  to  as 
2D  and  PC,  respectively. 

The  thickness  distributions  of  the  electric  potential  <f>,  the  electric  field  component  £3,  the  stress 
components  crn  at  x,  =  L/2  and  x2  =  L/2,  and  crl3  at  x,  =  L/ 2  and  x2  =  0  for  plate  configuration  ‘a’  are 
shown  in  Figs.  2  and  3.  The  thickness  distributions  of  <f>  and  cr,,  for  plate  configuration  ‘b’  are  shown  in 


Fig.  2.  Through-the-thickness  distribution  of  electric  potential  4>y  transverse  electric  field  component  £3,  and  stress  components 
<rn  and  <riv  Hybrid  multilayered  plate  subjected  to  mechanical  load  q  =  sin(irjc,/Z-,)  sin(ir.r2/L2)  shown  in  Fig.  1(a),  h/L  =  0.1. 

Fig.  3.  Through-the-thickness  distribution  of  electric  potential  <f>y  transverse  electric  field  component  £3,  and  stress  components 
<rtl  and  al3.  Hybrid  multilayered  plate  subjected  to  electric  potential  <f>  -  sin('rra'1/£I)sin('irjr2/£,)  shown  in  Fig.  1(a),  hIL  =  0.1. 
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Fig.  4.  Through-the-thickness  distribution  of  electric  potential  <f>  and  stress  an.  Hybrid  multilayered  plate  subjected  to 
mechanical  load  $  -  sin(irjc,/LJ  sin(irx2/L2)  shown  in  Fig.  1(b)  /i/L-0.1. 

Fig.  5.  Through-the-thickness  variations  of  electric  potential  <f>  and  stress  air  Hybrid  multilayered  plate  subjected  to  electric 
potential  4>  =  sinCiM^/L,) sin(?rr,/L2)  shown  in  Fig.  1(b)  hfL  =  0.1. 

Figs.  4  and  5.  Each  of  the  response  quantities  is  normalized  by  dividing  it  by  its  maximum  absolute 
value,  obtained  from  the  three-dimensional  solution  for  configuration  ‘a’  or  from  the  ANSYS  finite 
element  code  (for  configuration  ‘b’).  An  examination  of  Figs.  2-5  reveals: 

(1)  The  response  quantities  obtained  by  the  predictor-corrector  approach  are  in  close  agreement 
with  the  exact  three-dimensional  solution  for  plate  configuration  ‘a’  and  with  the  ANSYS 
predictions  for  configuration  ‘b’. 

(2)  For  the  <7- case,  the  electric  potential  <f>  and  electric  field  component  E3  obtained  by  the  2D  finite 
element  model  (predictor  phase)  were  grossly  in  error.  The  stress  components  crn  and  tr13 
obtained  by  the  2D  finite  element  model  were  qualitatively  similar  to  the  exact  solution,  though 
have  noticeable  error. 

(3)  For  the  £-case  of  plate  configuration  ‘a’,  the  electric  field  component  E3  and  the  stress 
components  <rn  and  cr]3  obtained  by  the  2D  finite  element  model  are  inaccurate,  particularly  in 
the  piezoelectric  layer.  The  electric  field  component  E3  obtained  by  the  predictor-corrector 
approach  had  a  small  but  noticeable  error.  The  accuracy  of  the  transverse  component  of  the 
electric  field  and  the  stress  components  can  be  improved  by  using  more  iterations  in  the  corrector 
phase. 

(4)  For  configuration  ‘b’,  the  electric  potential  obtained  by  the  predictor-corrector  approach  is  in 
close  agreement  with  that  obtained  by  the  ANSYS  finite  element  code  for  both  loading  cases.  For 
the  q-case,  the  electric  potential  obtained  by  the  2D  finite  element  method  is  significantly 
different  from  those  obtained  by  both  the  predictor-corrector  approach  and  the  ANSYS 
prediction. 

4.  Concluding  remarks 

A  predictor-corrector  finite  element  approach  is  presented  for  the  steady-state  (static)  electroelastic 
analysis  of  multilayered  hybrid  composite  plates.  The  plates  consist  of  a  combination  of  fiber-reinforced 
and  piezoelectric  layers  (or  patches).  Two-dimensional  finite  element  model  with  linear  displacement 
variation  and  quadratic  variation  for  the  electric  potential  in  the  thickness  direction  is  used  in  the 
predictor  phase.  The  functional  dependence  of  the  displacement  components  and  the  electric  potential 
are  calculated  using  three-dimensional  equations  in  corrector  phase,  and  are  then  used  to  correct  the 
different  response  quantities. 

Numerical  studies  are  presented  for  five-layer  plates  consisting  of  four  graphite-epoxy  layers  and  one 
piezoelectric  layer.  The  solutions  are  compared  with  exact  three-dimensional  solutions  and  with  the 
predictions  of  the  ANSYS  finite  element  code.  Both  the  response  quantities  obtained  in  the  predictor 
and  corrector  phases  are  presented.  The  transverse  component  of  the  electric  field  and  electric  potential 
obtained  by  the  finite  element  model  used  in  the  predictor  phase  were  inaccurate.  By  contrast,  all  the 
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response  quantities  obtained  after  the  corrector  phase  are  in  close  agreement  with  the  exact  three- 
dimensional  solution  and  with  the  ANSYS  predictions. 
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Appendix  A.  Fundamental  equations  of  the  three-dimensional  electroelasticity  theory 

The  equations  governing  the  steady-state  (static)  linear  response  of  an  electroelastic  medium  can  be 
grouped  into  three  sets  of  equations;  namely,  divergence  equation,  gradients  relations,  and  constitutive 
relations,  as  follows  [16]: 

Divergence  equations 


(A.l) 

o 

II 

(A.2) 

Gradient  relations 

^ ij  2 

(A.3) 

(A.4) 

Constitutive  relations 

crij  —  jktekl  eii)E/ 

(A.5) 

=  eik,ek,  +  kuEI 

(A.6) 

In  Eqs.  (A.1)-(A.6),  aij9  etj  and  ui  (i  —  1,2,3)  are  the  stress,  strain  and  displacement  components, 
respectively;  d%  and  are  the  electric  displacement  and  the  electric  field  components,  respectively;  <f>  is 
the  electric  potential;  Ct)kl  are  material  stiffness  coefficients;  eUj  are  piezoelectric  coefficients;  and'#c/7  are 
permitivities. 
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Abstract 

The  history,  recent  developments  and  trends  in  computational  structure;  technology  (CST)  are 
Discussion  focuses  on  development  of  CST  software  and  goals  of  CST  activiUes.  Some  recent  advances  in  a  numbe 
of  CST  areas  are  described,  including  discretization  techniques  and  element  techno  ogyj  cm^tenon^  mat^ 
modeling;  modeling  of  composite,  sandwich  and  smart  structures;  computational  tools  and  methodology  for  hfe 
management;  transient  response  analysis;  numerical  simulation  of  frictional  contact/unpact  response 
structural  dynamics;  non-deterministic  modeling  and  analysis  methods;  qualitative  analysis  and  ^mulanon  neuro- 
computing;  hybrid  techniques;  error  estimation  and  adaptive  improvement  strategies;  M«>i  JrjotoM i* 
coupled  problems;  sensitivity  analysis;  integrated  analysis  and  design;  strategies  and  numerical  algorithm  fo 

computing  systems;  model  generation  facUities;  and  appKcal tier a  of  to 

CST  that  have  high  potential  for  meeting  the  future  technological  needs  are  identified.  Published  by  Elsevier  So 

Ltd. 


1.  Introduction 

Computational  structures  technology  (CST)  blends 
the  insightful  modeling  of  structural  response  with  the 
development  of  computational  methods.  CST  is  an 
outgrowth  of  matrix  and  finite  element  methods  of 
structural  analysis  that  were  developed  over  the  past 
five  decades.  Brief  historical  reviews  of  the  finite  el¬ 
ement  method  are  given  in  two  articles  [1,2]. 
Computing  technology  is  the  technological  foundation 
of  CST.  The  advances  made  in  computer  hardware, 
firmware  and  software  have  significantly  impacted  all 
aspects  of  CST  development.  Current  CST  activities 
include  computational  material  modeling,  compu¬ 
tational  methods  for  predicting  the  response,  perform¬ 
ance,  failure  and  life  of  structures  and  their 
components,  and  automated  methods  of  structural  syn¬ 
thesis  and  optimization. 

Application  of  CST  to  contemporary  structures  pro¬ 


blems  typically  involves  a  sequence  of  five  steps:  obser¬ 
vation  of  the  response  phenomena  of  interest; 
development  of  computational  models  for  the  numeri¬ 
cal  simulation  of  these  phenomena;  development  and 
assembly  of  software  and/or  hardware  to  implement 
the  computational  models;  post-processing  and  in¬ 
terpretation  of  the  predictions  of  the  computational 
models;  and  utilization  of  the  computational  models  in 
the  analysis  and  design  of  structures  (Fig.  1). 

Development  of  a  computational  model  includes 
selection  of  the  mathematical  model  that  describes  the 
phenomena;  mathematical  analysis  of  the  model  to 
ensure  that  the  problem  is  properly  formulated;  testing 
the  range  of  validity  of  the  model;  and  development  of 
a  discrete  model,  computational  strategy,  and  numeri¬ 
cal  algorithms  to  approximate  the  mathematical 
model.  Successful  computational  models  for  structures 
are  those  based  on  thorough  familiarity  with  the  re¬ 
sponse  phenomena  being  simulated  and  a  good  under- 
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Fig.  1.  Application  of  CST  to  practical  structural  problems. 


standing  of  the  mathematical  models  available  to 
describe  them. 

Within  the  aforementioned  general  framework,  CST 
is  currently  being  used  in  a  broad  range  of  applications 
including  aerospace,  automotive,  naval,  and  nuclear 
structures.  Reviews  of  some  of  the  activities  in  the  US 
and  European  aerospace  industries  are  given  in  Refs. 
[3,4].  Other  industrial  applications  of  CST  are 
described  in  Refs.  [5,6].  Large  structural  calculations 
performed  to  date  account  for  complicated  geometry, 
complex  loading  history  and  material  behavior. 

Computational  structures  technology  represents  one 


of  the  most  significant  developments  in  the  history  of 
the  structures  field.  Its  use  has  transformed  much  of 
theoretical  structural  mechanics  and  materials  science 
into  practical  tools  that  affect  all  phases  of  the  design, 
fabrication  and  testing  of  engineering  systems. 
Although  CST  led  the  way  among  computational  aero- 
sciences  until  the  1970s,  the  emphasis  has  shifted  in  the 
early  1980s  to  other  disciplines,  particularly  compu¬ 
tational  fluid  dynamics.  However,  since  the  late  1980s, 
there  has  been  renewed  interest  in  CST.  There  are 
three  compelling  motivations  for  vigorously  pursuing 
CST  development:  the  practical  problems  awaiting  sol- 
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Fig.  2.  Evolution  of  CST  software. 
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utions;  the  need  for  reducing  dependence  on  extensive 
and  costly  testing;  and  the  desire  to  use  the  power  of 
new  and  emerging  computing  paradigm  in  the  design 
and  operation  of  future  engineering  structures. 

A  number  of  survey  papers  and  monographs  have 
been  written  on  various  aspects  of  computational 
structures  technology  [7-10].  Also,  a  number  of  work¬ 
shops  and  symposia  have  been  devoted  to  CST  and 
proceedings  have  been  published  (for  example,  Refs. 
[11-15]).  The  objectives  of  the  present  paper  are  to 
present  a  brief  review  of  the  history  of  the  develop¬ 
ment  of  CST  software,  summarize  some  of  the  recent 
developments  and  trends  in  CST,  and  identify  research 
areas  in  CST  that  have  high  potential  for  meeting 
future  technological  needs.  The  number  of  publications 
on  CST  has  been  steadily  increasing,  and  a  vast 
amount  of  literature  currently  exists  on  various  aspects 
and  applications  of  CST.  The  cited  references  illustrate 
the  ideas  presented  and  are  not  necessarily  the  only 
significant  contributions  to  the  subject.  The  discussion 
in  this  paper  is  kept  on  a  descriptive  level  and  for  the 
details  the  reader  is  referred  to  the  cited  literature. 


2.  Brief  history  of  the  development  of  CST  software 

Development  of  CST  software  spans  a  period  of  less 
than  fifty  years  and  may  be  divided  into  five  stages, 
each  of  the  first  four  stages  lasting  approximately  eight 
to  twelve  years,  and  the  fifth  stage  lasting  four  to  five 
years  (Fig.  2).  In  the  first  stage  (during  the  1950s  and 
1960s)  the  aircraft  industry  pioneered  development  of 
in-house  finite  element  programs.  These  programs  were 
generally  based  on  the  force  method  of  analysis  and 
were  used  to  automate  analysis  of  highly  redundant 
structural  components.  Subsequent  efforts  in  industry 
and  academia  led  to  development  of  simple  two-  and 
three-dimensional  finite  elements  based  on  the  displace¬ 
ment  formulation.  The  variational  process  for  formu¬ 
lating  the  elemental  matrices  was  also  introduced 
during  this  period. 

In  the  second  stage,  general-purpose  finite  element 
programs  such  as  NASTRAN,  ASKA,  ANSYS, 
STARDYNE,  MARC,  SAP,  SESAM  and  SAMCEF 
were  released  for  public  use  in  the  U.S.  and  Europe. 
These  programs  brought  a  significant  technology  base 
that  led  to  the  development  of  numerous  commercial 
finite  element  software  systems.  Technology  develop¬ 
ment  during  the  second  stage  included  mixed  and 
hybrid  finite  element  models,  with  the  fundamental 
unknowns  consisting  of  stress  and  displacement  par¬ 
ameters;  efficient  numerical  algorithms  for  solution  of 
algebraic  equations  and  extraction  of  eigenvalues  and 
substructuring  and  modal  synthesis  techniques  for 
handling  large  problems.  The  finite  element  method  s 
success  in  linear  static  problems  has  encouraged  bolder 


applications  to  nonlinear  and  transient  response  pro¬ 
blems. 

The  third  stage  involved  refining  the  commercial 
software  codes  and  expanding  their  technology  base. 
Design  optimization  techniques  were  also  developed 
during  this  stage  as  were  pre-  and  post-processing  soft¬ 
ware  and  computer-aided  design  (CAD)  systems.  The 
technology  development  included  singular  elements  for 
fracture  mechanics  applications;  boundary  element 
techniques;  coupling  of  finite  elements  with  other  dis¬ 
cretization  techniques  such  as  boundary  elements;  and 
quality  assurance  methods  for  both  software  and  finite 
element  models. 

The  fourth  stage  included  the  adaptation  of  CST 
software  to  new  computing  systems  (vector,  multipro¬ 
cessor,  and  parallel  machines);  development  of  efficient 
computational  strategies  and  numerical  algorithms  for 
these  machines;  widespread  availability  of  CST  soft¬ 
ware  on  workstations,  personal  computers  and  laptop 
computers;  and  the  addition  of  substantial  nonstruc- 
tural  modeling  and  analysis  capabilities  to  CST  soft¬ 
ware  systems  such  as  MSC/NASTRAN  and  ANSYS. 
The  latter  capabilities  were  added  because  current 
high-performance  engineering  systems  (e.g.,  high  per¬ 
formance  aircraft  and  microsized  spacecraft)  require 
significant  interactions  between  CST  and  other  disci¬ 
plines  such  as  aerodynamics,  controls,  acoustics,  elec¬ 
tromagnetics,  and  optics. 

Technology  development  in  the  fourth  stage 
included  introduction  of  advanced  material  models; 
development  of  stochastic  models  and  probabilistic 
methods  for  structural  analysis  and  design;  and  devel¬ 
opment  of  facilities  for  quality  assessment  and  control 
of  numerical  simulations. 

The  fifth  stage  started  around  the  mid-1990s  and 
involved  integration  of  CST  and  other  simulation  soft¬ 
ware  into  CAD/CAM/CAE  systems  to  provide  a  com¬ 
plete  virtual  product  facility.  Parametric,  variational 
and  feature-based  solid  modeling  methods  are  com¬ 
bined  to  generate  a  single  ‘smart’  product  model.  This 
eliminates  data  transfers  and  data  interfaces  and  allows 
detailed  analyses  from  within  the  CAD  system  on  the 
latest  model  throughout  the  design  process. 
Technology  development  during  the  fifth  stage 
included  mesh  automation,  object-oriented  tools  and 
facilities,  particularly  in  the  user  interfaces  and  data¬ 
bases.  The  object-oriented  interface  lets  the  users 
rapidly  generate  models  by  assembling  and  resizing 
components  and  then  get  immediate  predictions  of  re¬ 
sponse,  risk,  cost  and  performance  metrics. 

The  five  stages  of  CST  software  development  paral¬ 
lel  the  five  stages  of  the  computing  environment's  evol¬ 
ution:  non-centralized  mainframes;  centralized 

mainframes;  mainframe  computing  with  timesharing; 
parallel  computing;  and  heterogeneous  metacomputing 
and  metacenters  (distributed  computing  and  network- 
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ing).  A  summary  of  the  major  characteristics  of  cur¬ 
rently  used  finite  element  systems  is  given  in  Ref.  [16], 
and  a  guide  to  information  sources  on  finite  element 
methods  is  given  in  Ref.  [17].  A  finite  element  bibli¬ 
ography,  including  books  and  conference  proceedings 
published  since  1967,  is  available  on  the  Internet.  The 
URL  address  is  http://www.solid.ikp.liu.se/fe/ 
index.html. 


3.  Goals  of  CST  activities 

In  general,  five  major  goals  can  be  identified  for  • 
CST  activities.  The  five  goals  are  described  sub¬ 
sequently  for  aerospace-related  CST  activities. 
However,  most  of  the  goals  described  also  apply  to 
structures  in  fields  other  than  aeronautics  and  space. 
The  first  goal  is  to  predict  the  response,  performance, 
failure  and  life  of  structures  and  their  components  at 
actual  operating  conditions.  Major  advances  in  sup¬ 
port  of  this  goal  continue  to  occur  on  a  broad  front. 
They  include  development  of  sophisticated  compu¬ 
tational  models  to  simulate  the  mechanical,  thermal, 
and  electromagnetic  responses  of  structures;  efficient 
discretization  techniques  (namely,  improved  finite  el¬ 
ements,  boundary  elements,  and  hybrid  analytical/nu¬ 
merical  methods);  computational  strategies  for. 
nonlinear  static,  dynamic,  and  fracture  problems;  qual¬ 
ity  assessment  and  adaptive  refinement  of  numerical 
simulations;  and  versatile,  powerful  software  systems 
for  structural  analysis. 

Life  prediction  methods  are  required  for  performing 
structural  integrity  assessments  of  engineering  systems. 
For  metallic  structures,  empirical  methods  are  being 
replaced  by  fracture-mechanics  based  computational 
methods.  For  composite  structures,  mechanistic 
approaches  are  being  developed  for  predicting  strength 
and  life  under  sustained  and  cyclic  mechanical,  ther¬ 
mal.  and  chemical  environments.  Because  of  the  diffi¬ 
culty  of  understanding  and  modeling  damage  and 
failure  phenomena,  computational  methods  for 
strength  and  failure  predictions  lag  behind  those  for  re¬ 
sponse  predictions. 

CSPs  second  goal  is  to  complement  experiments  and 
other  tests  involving  structures  and  their  components 
and  to  aid  in  the  design  of  such  experiments.  The  need 
for  reducing  dependence  on  extensive  and  costly  testing 
gives  this  goal  added  importance.  In  some  cases,  com¬ 
putational  techniques  are  the  only  tools  available  to 
the  designer.  Examples  include  hypersonic  aerospace- 
craft,  outer  planetary  entry  probes,  large  space  struc¬ 
tures,  and  extraterrestrial  bases. 

Another  important  area  pertaining  to  the  second 
goal  is  development  of  computational  models  and 
methods  used  in  support  of  nondestructive  evaluation. 
Still  another  is  the  system  identification  (ID)  methods 


that  allow  the  use  of  experiments  to  validate  and 
improve  the  quality  of  numerical  models.  The  ID 
methods  have  become  particularly  important  in  the 
control-structure  area  because  they  promise  a  control 
system  that  can  automatically  identify  the  structure  it 
is  trying  to  control. 

The  third  goal  is  to  study  phenomena  that  are  diffi¬ 
cult  to  understand  by  means  other  than  numerical 
simulations.  Such  studies  involve  the  implications  of 
various  microstructural  damage  mechanisms  on  the 
macroscopic  response  and  performance  of  structural 
components.  Also  included  in  this  goal  are  nonlinear 
chaotic  dynamics  of  structural  systems  whose  history 
indicates  sensitivity  to  initial  conditions. 

The  fourth  goal  is  to  give  material  developers  gui¬ 
dance,  enabling  them  to  improve  material  systems  and 
thereby  meet  performance  and  design  requirements. 
Examples  of  computations  supporting  this  goal  include 
simulating  the  effect  of  a  fiber-matrix  interface  on  re¬ 
sidual  stresses,  and  mechanical  response  of  metal 
matrix  composites. 

The  fifth  goal  of  CST  is  to  aid  in  the  design  process 
of  engineering  systems.  Activities  here  include  the 
development  of  efficient  techniques  for  large-scale  de¬ 
sign  optimization  of  structures;  techniques  for  calculat¬ 
ing  the  sensitivity  of  the  structures’  responses  to  design 
modifications;  and  inverse  design  problems.  Sensitivity 
calculations  are  now  part  of  many  commercial  soft¬ 
ware  systems.  Optimization  techniques  are  gaining 
more  acceptance  in  aerospace  and  automotive  engin¬ 
eering  [18]  and  are  slowly  but  steadily  changing  all 
phases  of  the  structural  design  process,  from  concept 
identification  to  the  detailed  design  of  components  and 
flight  vehicles.  Inverse  design  problems  attempt  to 
identify  design  characteristics  that  produce  the  desired 
performance. 

Current  CST  activities  include  the  study  of  phenom¬ 
ena  occurring  at  disparate  spatial  and  time  scales. 
Length  scales  range  from  the  microscopic  level  to  the 
structural  level.  Today  no  important  design  can  be 
completed  without  CST,  nor  can  any  new  theory  be 
validated  without  it.  Commercial  programs  for  struc¬ 
tural  analysis  have  a  rich  variety  of  elements,  and  are 
widely  used  for  performing  structural  calculations  on 
large  components  and/or  entire  structures. 

4.  Recent  advances  in  CST 

The  development  of  CST  cuts  across  a  number  of 
disciplines  including  structural  mechanics,  materials 
science,  discretization  techniques,  numerical  analysis, 
and  computer  science.  Advances  in  each  of  these  disci¬ 
plines  can  have  a  strong  impact  on  CST.  Some  of  the 
recent  advances  which  have  had,  or  promise  to  have,  a 
strong  impact  on  CST  are  listed  subsequently.  The 
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advances  are  grouped  into  the  following  categories:  el¬ 
ement  technology  and  discretization  techniques;  com¬ 
putational  material  modeling;  computational  modeling 
of  composite,  sandwich  and  smart  structures;  life  man¬ 
agement  computational  tools  and  methodologies;  tran¬ 
sient  response  analysis;  numerical  simulation  of 
frictional  contact/impact  response;  computational 
methods  for  articulated  structural  dynamics;  probabil¬ 
istic  analysis  and  stochastic  modeling;  qualitative 
analysis  and  simulation;  neuro-computing;  hybrid  tech¬ 
niques;  error  estimation  and  adaptive  improvement 
strategies;  strategies  for  solution  of  coupled  problems; 
sensitivity  analysis;  integrated  analysis  and  design; 
strategies  and  numerical  algorithms  for  new  computing 
systems;  model  generation  facilities;  and  application  of 
object-oriented  technology.  This  list  is  by  no  means 
complete  or  exhaustive.  The  intention  is  to  make 
researchers  aware  of  the  full  potential  of  CST  in  the 
analysis  and  design  of  engineering  structures.  Among 
the  advances  not  covered  herein  are:  computational 
methods  in  fracture  and  damage  mechanics  [19-21]; 
computational  methods  for  inverse  problems  (e.g.,  par¬ 
ameter/system  identification  [22,23]);  computational 
methods  for  material  process  modeling;  and  multidisci¬ 
plinary  optimization  problems. 

4.1.  Element  technology  and  discretization  techniques 

The  establishment  of  reliable  and  efficient  finite  el¬ 
ements,  boundary  elements  and  other  discretization 
techniques  for  modeling  structures  with  complicated 
geometry  has  been,  and  continues  to  be,  the  focus  of 
intense  research  effort.  In  this  section,  some  of  the 
recent  advances  are  reviewed.  These  advances  are 
grouped  into  six  categories:  formulative  aspects  of 
finite  elements;  spectral  and  wavelet  and  other  non- 
classical  elements;  meshless  methods  (also  referred  to 
as  element-free  Galerkin  methods  or  nodes  without  el¬ 
ements);  finite  volume  method;  generalized  finite  el¬ 
ement  methods;  and  finite  elements  for  shell  analysis. 
Recent  advances  in  boundary  element  methods  are 
reviewed  in  recent  survey  articles  [24-26],  and  in  a 
monograph  [27]. 

4.1.1.  Formulative  aspects  of  finite  elements 

The  desire  to  establish  a  variational  basis  for  high- 
performance  finite  elements  (viz.,  simple  elements  with 
few  degrees  of  freedom — all  physical,  which  delivers 
results  of  engineering  accuracy  on  coarse  meshes)  has 
led  to  the  development  of  generalized  mixed  vari¬ 
ational  principles  (GMVPs)  in  the  early- 1980s  [28,29] 
which  were  referred  to  as  parametrized  variational 
principles  (PVP)  by  Felippa  in  1989  [30,31].  For  a  dis¬ 
cussion  of  the  attributes  of  high-performance  elements 
see  Ref.  [30].  The  functional  of  a  generalized  multifield 

|  variational  principle  (GMVP)  is  a  parametrized  combi- 
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nation  of  canonical  functionals,  with  each  of  the  cano¬ 
nical  functionals  represented  by  a  point  in  the 
parametric  continuum. 

Generalized  multifield  variational  principles  provide 
a  framework  by  which  classical  variational  principles 
may  be  embedded  into  a  parametrizable  continuum  of 
functions.  To  date,  GMVPs  have  been  constructed  for 
finite  deformation  elasticity,  incompressible  solids, 
micropolar  elasticity  and  linear  electrodynamics.  Two 
of  the  important  applications  of  GMVPs  are:  (a)  selec¬ 
tion  of  variational  functionals  for  ill-conditioned  pro¬ 
blems  [29];  and  (b)  development  of  finite  element 
templates.  A  template  is  a  parametrized  algebraic  form 
which  yields  a  continuum  of  finite  elements  for  a 
specific  application,  with  a  given  element  configuration, 
and  a  given  number  of  degrees  of  freedom  [31]. 
GMVPs  provide  a  variational  framework  for  some  of 
the  elements  that  lack  such  framework.  Two  notable 
examples  are  the  scaled  free  formulation  (SFF)  el¬ 
ements,  and  the  assumed  natural  deviatoric  strains 
(ANDES)  elements.  The  SFF  element  was  shown  to  be 
associated  with  a  multifield  variational  principle  with 
one  free  parameter  that  interpolated  between  hybrid 
versions  of  the  potential  energy  principles  and 
Hellinger-Reissner  principle.  The  ANDES  element  is 
associated  with  a  one-parameter  hybrid  multifield  func¬ 
tional  that  interpolated  between  the  potential  energy 
and  the  Hu-Washizu  functionals.  The  development  of 
GMVPs  and  the  widespread  availability  of  powerful 
computerized  symbolic  manipulation  systems  can  help 
in  tl le  systematic  construction  of  optimal  finite  el¬ 
ements  by  the  template  approach. 

4.12.  Spectral ,  wavelet  and  other  non-classical  elements 

Over  the  past  decade  spectral  element  (p- type  finite 
element)  methods  have  proven  to  be  an  efficient  and 
accurate  way  to  solve  partial  differential  equations,  es¬ 
pecially  in  the  fluid  mechanics  area.  Spectral  element 
methods  utilize  the  fast  convergence  and  good  phase 
properties  inherent  in  singular  Sturm-Lionville  ap¬ 
proximations,  while  allowing  the  solution  domain  to 
include  complex  geometries.  Developments  in  the  last 
five  years  included  extension  of  spectral  methods  to  tri¬ 
angular  and  tetrahedral  elements  in  two-  and  three- 
dimensions,  respectively  [32-34]. 

Wavelets  are  functions  with  local  support  (i.e.,  func¬ 
tions  that  are  local  in  time  and  frequency,  or  in  space 
and  wave  number;  see,  for  example,  review  articles. 
Refs.  [35,36]).  Several  engineering  applications  of 
wavelets  has  been  reported  in  the  literature,  especially 
in  signal  and  image  processing.  However,  only  in  the 
last  five  years  have  finite  element  application  of  wave¬ 
lets  to  model  localization  phenomena  become  an  active 
research  area  [37]. 

Recent  work  included:  (a)  evaluating  the  perform¬ 
ance  of  hierarchical/wavelet  formulations  in  terms  of 
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convergence  rate,  dispersive  behavior,  and  compu¬ 
tational  complexity,  and  (b)  employing  multiple  scaling 
functions  for  multi-resolution  analysis.  The  resulting 
techniques  are  referred  to  as  multi-wavelet  methods 
[38].  With  multi-wavelet  methods  no  special  quadra¬ 
tures  are  needed  in  the  generation  of  wavelet  elements, 
and  the  difficulties  associated  with  the  application  of 
wavelets  to  closed  bounded  domains  are  greatly  alle¬ 
viated  [39]. 

Wavelet  elements  have  the  potential  of  computing 
multiscale  solutions  to  partial  differential  equations 
with  higher  convergence  rates  than  conventional  finite 
element  methods.  Their  built-in  adaptive  nature  offers 
the  possibility  of  automatic  adaptivity  [40].  They  are 
well  suited  to  preconditioning  finite  element  approxi¬ 
mations  of  boundary  value  problems.  They  also  yield 
methodologies  for  obtaining  sparse  representations  of 
boundary  element  formulations. 

In  addition  to  the  spectral  and  wavelet  elements,  a 
number  of  other  non-classical  elements  have  been 
developed  using  a  variety  of  approximation  functions 
including  digital  Walsh  functions,  orthogonal  and  non- 
orthogonal  polynomials,  spline  functions  and  funda¬ 
mental  solutions  cf  elasto-static  problems  [41]. 

4.1  J.  Meshless  methods 

One  of  the  advantages  of  the  methodology  of  mesh¬ 
less  methods  is  that  the  model  description  is  the  same 
as  that  required  by  CAD  systems.  Recent  work 
included  development  of:  (a)  an  element- free  Galerkin 
method  which  uses  a  moving  least  square  interpolant 
[42].  The  method  has  been  applied  to  crack  propa¬ 
gation  problems  and  was  found  to  possess  the  follow¬ 
ing  advantages:  avoiding  the  locking  associated  with 
compressible  materials;  providing  high  rates  of  conver¬ 
gence  with  low-order  polynomials;  and  facilitating 
adaptivity,  since  it  is  only  necessary  to  add  extra  nodes 
in  the  area  where  extra  resolution  is  needed;  and  (b) 
reproducing  kernel  particle  methods  for  structural 
dynamics  problems  [43],  which  are  extensions  of  the 
smooth  particle  hydrodynamic  method  developed  by 
Gingold  and  Monaghan  to  provide  a  mesh  free  en¬ 
vironment  [44].  It  can  be  viewed  as  a  continuous  least 
square  polynomial.  Recently,  a  meshless  local  Petrov- 
Galerkin  (MLPG)  approach  has  been  developed  using 
the  moving  least  squares  approximation.  The  integrals 
in  this  method  are  evaluated  only  over  regularly 
shaped  sub-domains  and  their  boundaries.  The  local 
boundary  is  selected  to  be  the  surface  of  a  sphere  cen¬ 
tered  at  the  node  in  question  [45]. 

4.1.4 .  Finite  volume  method 

Although  attempts  were  made  in  the  1960s  to  use  an 
integration  technique  (cell  method)  for  generating  finite 
difference  approximations  for  plane  elasticity,  plates 
and  elasto-plastic  flow,  it  was  not  until  the  early- 1970s 


that  the  finite  volume  method  evolved  as  a  finite  differ¬ 
ence  approximation  on  non-orthogonal  grids.  The 
method  has  been  widely  used  in  fluid  dynamics  and 
heat  transfer  applications,  but  it  has  not  gained  accep¬ 
tance  in  structures  applications.  The  method  was 
shown  to  be  a  special  case  of  the  finite  element  method 
with  non-Galerkin  weighting  [46-48].  One  motivation 
for  developing  this  method  for  structures  is  to  solve 
fluid-structure  interaction  problems  (such  as  simulation 
of  flow  induced  vibration  phenomena)  using  commer¬ 
cially  popular  finite  volume-based  CFD  software  [49]. 
The  method  has  the  advantage  of  computing  element 
matrices  and  vectors  using  boundary  integrals  along 
the  control  volume  sides  [50,51].  Also,  the  potential  of 
mixing  finite  element  and  finite  volume  methods  for 
the  discretization  of  complex  domains  needs  to  be 
investigated. 

4.1.5.  Generalized  finite  element  methods 

The  high-fidelity  modeling  of  complex  three-dimen¬ 
sional  structural  components  in  high-tech  industries  by 
conventional  finite  element  methods  often  requires  an 
excessive  number  of  elements  in  order  to  capture  high 
gradients  in  the  response  quantities.  To  alleviate  this 
problem  several  methods  were  proposed  under  the 
names,  finite  element  partition  of  unity ,  cloud-based  hp 
finite  element  methods ,  and  special  finite  element  method 
[52,53].  Recently,  it  was  shown  that  these  methods, 
and  several  of  the  meshless  methods,  can  be  considered 
as  special  cases  of  a  generalized  finite  element  method 
based  on  the  use  of  a  set  of  functions  whose  values 
sum  to  the  unity  at  each  point  in  the  domain.  The 
functions  are  defined  over  element  patches. 

4.1.6.  Finite  elements  for  shell  analysis 

Attempts  to  develop  finite  elements  for  shell  analysis 
date  back  to  the  late- 1960s.  Since  then  a  significant 
capability  has  been  developed  for  modeling  shell  beha¬ 
vior.  Fundamental  considerations  for,  and  reviews  of, 
the  development  of  some  of  the  finite  elements  for 
shell  analysis  are  included  in  two  recent  papers  (see 
Refs.  [54,55])  and  a  monograph  [56].  Mixed  shell  el¬ 
ements  which  satisfy  the  fundamental  condition  for 
stability  and  optimality  are  reported  in  Refs.  [57-59]. 
These  elements  are  particularly  useful  for  membrane 
dominated  and  bending  dominated  behavior.  Despite 
the  progress  made  to  date,  there  is  no  mathematically 
validated  approach  for  overcoming  the  difficulties  as¬ 
sociated  with  finite  element  shell  analysis  (such  as  com¬ 
plete  removal  of  shear  and  membrane  locking). 

4.2.  Computational  material  modeling 

Considerable  attention  has  recently  been  devoted  to 
computational  material  modeling.  In  the  context  of 
CST,  the  objectives  of  this  activity  are:  (a)  to  model 
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Fig.  3.  Multiscale  phenomena  associated  with  computationally-driven  material  development 


realistic  constitutive  behavior  by  means  of  equations 
that  represent  the  main  physics  and  are  capable  of  pre¬ 
dicting  results  consistent  with  macroscopic  obser¬ 
vations  [60-63];  and  (b)  to  develop  a  hierarchy  of 
material  models  (multilevel/multiscale)  to  describe  the 
different  phenomena  associated  with  response,  life  and 
failure  of  structures. 


A  major  consideration  in  the  application  of  constitu¬ 
tive  equations  is  the  determination  of  material  par¬ 
ameters  from  test  data.  This  can  be  a  difficult 
undertaking  for  the  more  complex  equations  with  large 
numbers  of  parameters.  In  most  formulations  for 
metals,  the  parameters  divide  into  a  few  that  govern 
the  overall  strain  rate  and  temperature  dependence  of 
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inelastic  flow  and  would  generally  appear  in  the  kinetic 
equation.  A  larger  number  of  material  parameters 
usually  arise  in  the  evolution  equations  for  the  harden¬ 
ing  or  possible  softening  properties.  Attempts  to 
rationalize  and  formalize  the  procedure  have  been 
made. 

The  multiscale  material  modeling  activity  has 
resulted  in  a  gradual  evolution  from  empirical  models 
to  physics-based  models  that  predict  the  processing  re¬ 
sponse  and  properties.  The  hierarchy  of  material 
models  that  has  been  developed  is  shown  in  Fig.  3  and 
Table  1.  The  models  are  arranged  according  to  the 
phenomena  they  describe  and  the  length  scale  at  which 
the  phenomena  are  studied  (from  10“ 10  m  to  1  m). 
The  disciplines  involved  include  computational  chem¬ 
istry  that  covers  molecular  dynamics  and  quantum 
mechanics,  computational  material  science,  and  com¬ 
putational  structural  mechanics.  The  models  used 
range  from  atomistic  to  single  crystals  to  polycrystals 
to  micromechanical  and  macromechanical  models. 
However,  many  gaps  still  exist  in  the  hierarchy  of 
models,  and  to  date  no  rational  way  exists  to  integrate 
these  models  and  to  couple  them  with  experiments  in 
order  to  relate  the  phenomena  at  the  very  small  length 
scales  with  the  macroscopic  behavior. 

The  hierarchy  of  material  models  is  an  important  el¬ 
ement  in  the  computationally  driven  material  develop¬ 
ment  activity  which  has  been  pursued  at  a  number  of 
research  labs  for  over  ten  years  [64,65].  The  central 
paradigm  of  the  computationally  driven  material  devel¬ 
opment  activity  is  the  sequential  interrelation  of  pro¬ 
cessing,  structure,  properties,  and  performance  of 
materials.  Ideally,  the  inner  structure  of  the  material  is 
used  to  predict  properties,  then  the  properties  are  used 
to  predict  performance,  and  finally,  a  sequence  of  pro¬ 
cessing  procedures  are  selected  to  yield  the  desired  ma¬ 
terial  and  inner  structure  at  a  reasonable  cost. 

4.3.  Computational  modeling  of  composite,  sandwich  and 
smart  structures 

Increasing  work  has  recently  focused  on  the  develop¬ 
ment  of  computational  models  for  studying  various 
phenomena  associated  with  the  response,  life,  failure, 
and  performance  of  composite  and  sandwich  struc¬ 
tures.  The  phenomena  involved  cover  a  wide  range  of 
length  scales,  from  micros tructural  to  structural  re¬ 
sponse.  Recent  noteworthy  contributions  can  be 
grouped  into  the  following  five  categories:  accurate  de¬ 
termination  of  inter-laminar  stresses;  multiscale  model¬ 
ing  approaches;  thermal  and  thermomechanical 
buckling  and  postbuckling;  heat  transfer  analysis; 
specialized  software  for  predicting  the  response  and 
failure  of  high-temperature  sandwich  and  composite 
structures;  and  modeling  of  smart  structures.  These 
categories  are  described  subsequently. 


4.3.1.  Accurate  determination  of  inter-laminar  stresses 

The  importance  of  inter-laminar  stresses  in  predict¬ 
ing  the  onset  of  some  of  the  damage  mechanisms  in 
multilayered  composite  structures  has  long  been  recog¬ 
nized.  Therefore,  since  the  1970s  various  techniques 
have  been  proposed  for  the  accurate  determination  of 
transverse  stresses  in  laminated  composites.  These 
include  using  [66,67]:  (1)  three-dimensional  or  quasi- 
three-dimensional  finite  elements;  (2)  two-dimensional 
finite  elements  based  on  higher-order  shear  defor¬ 
mation  theories  with  either  nonlinear  or  piecewise  lin¬ 
ear  approximations  for  the  displacements  in  the 
thickness  direction;  and  (3)  post-processing  techniques, 
used  in  conjunction  with  two-dimensional  finite  el¬ 
ements  based  on  the  classical  or  first-order  shear  defor¬ 
mation  theory  (with  linear  displacement  approximation 
through-the-thickness  of  the  entire  laminate). 

Experience  with  most  of  the  three-dimensional  finite 
elements  and  two-dimensional  finite  elements  based  on 
higher-order  shear  deformation  theories,  has  shown 
that  unless  the  three-dimensional  equilibrium  equations 
are  used  in  evaluating  the  thickness  distribution  of  the 
transverse  stresses,  the  resulting  stresses  are  inaccurate. 
Since  the  finite  element  models  based  on  the  first-order 
shear  deformation  theory  are  considerably  less  expens¬ 
ive  than  those  based  on  three-dimensional  and  higher 
order  two-dimensional  theories,  their  use  in  conjunc¬ 
tion  with  post-processing  techniques  has  received 
increasing  attention  in  recent  years.  The  post-proces¬ 
sing  techniques  proposed  for  the  evaluations  of  trans¬ 
verse  stresses  are  based  on  the  use  of:  (a)  three- 
dimensional  equilibrium  equations;  (b)  predictor-cor¬ 
rector  approaches;  and  (c)  simplifying  assumptions 
[68,69]. 

4.3.2.  Multiscale  modeling  approaches 

The  global  response  and  performance  of  composite 
and  sandwich  structures  is  governed  by  a  number  of 
local  (constituent  scale)  phenomena  such  as  fiber- 
matrix  interface  bonding,  core-free  sheet  interface 
bonding,  progressive  damage  and  failure  processes, 
and  constitutive  material  behavior  which  exhibits  cyclic 
nonlinear  history  dependence.  An  attempt  has  been 
made  to  develop  an  integrated  multiscale  modeling 
approach  that  incorporates  nonlinear  constituent  ma¬ 
terial  models  and  failure  models;  composite  microme¬ 
chanical  models;  and  finite  element  global  structural 
analysis  models.  The  multiscale  approach  has  been 
used  to  assess  the  performance  and  structural  integrity 
of  aircraft  engine  components. 

4.3.3.  Buckling  and  postbuckling 

In  recent  years,  considerable  work  has  been  devoted 
to  the  study  of  buckling  and  postbuckling  responses  of 
composite  and  sandwich  plates  and  shells.  Both  ther¬ 
mal  as  well  as  combined  thermal  and  mechanical  load- 
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ing  cases  have  been  considered.  Attempts  have  been 
made  to  identify  the  differences  between  the  isothermal 
and  thermal  responses.  Reviews  of  recent  contributions 
are  contained  in  three  survey  papers  [66,67,70]  and  a 
monograph  [71].  Of  special  interest  is  the  study  of  the 
sensitivity  of  the  buckling  and  postbuckling  responses 
to  variations  in  the  material  and  lamination  par¬ 
ameters  of  the  composite  [72-77]. 

4.3.4.  Heat  transfer 

A  number  of  approaches  have  been  developed  for 
the  determination  of  the  heat  transfer  characteristics 
and  thermal  response  of  composite  structures.  Some  of 
these  approaches  are  similar  to  the  ones  used  in  pre¬ 
dicting  the  deformationa!  response  of  composite  struc¬ 
tures.  Recent  developments  include  two-dimensional 
finite  element  models  for  heat  transfer  in  multilayered 
composite  panels  [78,79]. 

Moderate  intensity,  short-duration  radiant  exposures 
of  composites  with  organic  matrices  may  result  in  pro¬ 
cesses  such  as  pyrolysis,  ablation,  and  diffusion  of 
moisture  or  vapor.  Only  a  few  publications  have 
addressed  this  subject 

4.3.5.  Special-purpose  analysis  and  design  codes 

A  variety  of  special-purpose  codes  have  been  devel¬ 
oped  for  assessing  the  structural  integrity/durability 
and  reliability  of  the  high-temperature  structures  used 
in  advanced  propulsion  systems.  The  codes  developed 
fall  into  a  number  of  categories  including:  (a)  probabil¬ 
istic  structural  analysis;  (b)  progressive  fracture  of 
composite  structures;  and  (c)  coupled  structural/ther- 
mal/electromagnetic  tailoring  [80-83]. 

43.6.  Smart  structures 

Smart  structures  sense  external  stimuli,  process  the 
sensed  information,  and  respond  with  active  control. 
Response  can  consist  of  deforming  or  deflecting  the 
structure,  or  communicating  the  information  to 
another  control  center  [84].  Smart  materials  deform  or 
deflect  the  structure  by  changing  their  physical  proper¬ 
ties  when  subjected  to  electric,  magnetic,  or  thermal 
loads.  The  active  elements  in  smart  structures  can  be 
embedded  in  or  attached  to  the  structure.  The  compu¬ 
tational  models  developed  for  predicting  the  thermo¬ 
mechanical  response  of  laminated  composites  were 
extended  to  predict  the  electro-thermo  mechanical  re¬ 
sponse  of  anisotropic  composite  structures  made  of 
smart  materials  as  well  as  hybrid  fibrous  composite/ 
smart  materials  [85-89]. 

4.4.  Computational  tools  and  methodologies  for  life 
management 

Life  management  tools  range  from  those  used  in  the 
initial  design  phase  of  new  systems  to  those  required 


to  make  technology  insertion  and  retain-or-retire  de¬ 
cisions  of  aging  systems.  Among  the  computational 
needs  for  both  new  and  aging  aerospace  systems  are 
life  prediction  methods  for  performing  structural  integ¬ 
rity  assessments.  At  high  temperatures,  life  prediction 
involves  a  complex  combination  of  processes  that 
change  the  stress  and  material  states  of  a  structural 

component.  . 

Structural  life  prediction  procedures  utilize  material 
life  models  in  conjunction  with  thermal,  acoustic  and 
structural  analysis  to  quantify  material  response  in 
identified  local  damage  initiation-prone  regions  of  a 
structure.  A  large  number  of  high-temperature  material 
life  models  have  been  proposed  [90-92].  Acoustic  fati¬ 
gue  life  estimates  have  been  made  for  simple  structures 

only  [93,94].  ...... 

The  complexity  of  life  prediction  for  high-tempera- 
ture  structures  may  be  attributed  to  a  number  of  fac¬ 
tors,  including: 

1.  The  processes  experienced  by  the  structural  com¬ 
ponent  are  multidisciplinary  in  character.  The  mech¬ 
anics,  thermodynamics  and  chemistry  aspects  are 
coupled  in  such  a  way  that  classical  representations 
such  as  fatigue  (which  attempts  to  isolate  cycle- 
dependent  mechanical  behavior)  and  creep  rupture 
(which  attempts  to  isolate  time-dependent  behavior 
alone)  are  inadequate  representations  of  the  total 
performance  of  the  structure. 

2.  Some  of  the  inputs  to  the  life  prediction  methods 
are  random  in  time  or  are  stochastically  distributed. 
Cyclic  or  fatigue  loading  of  high-temperature  struc¬ 
tural  components  is  applied  in  a  fairly  random  or 
stochastic  sequence.  Moreover,  other  variables  such 
as  corrosion,  oxidation  and  chemical  activities  may 
occur  in  a  random  fashion;  and 

3.  The  rate  equations  that  are  used  in  representing  the 
evolution  of  material  properties  are  difficult  to 
establish  experimentally.  Because  of  the  complexity 
of  the  life  prediction  problem,  it  is  common  to  rep¬ 
resent  changes  in  life  by  empirical  or  phenomenolo¬ 
gical  descriptions  that  are  limited  to  correlations  of 
experimental  observations.  Recent  work  has  focused 
on  establishing  mechanistic  models  for  predicting 
remaining  strength  and  life  of  structures.  However, 
before  these  models  can  be  used  they  have  to  be 
validated  and  calibrated  by  macroexperiments. 

Performance  simulation  has  been  proposed  as  an 
approach  for  predicting  the  remaining  strength  and  life 
of  material  systems  [95,96].  The  performance  simu¬ 
lation  approach  is  based  on  experimental  determi¬ 
nation  of  failure  and  damage  modes,  and  the  use  of 
that  information  to  establish  critical  elements  of  the 
materials  that  control  the  failure  event.  These  represen¬ 
tations  are  combined  into  a  single  integral  equation 
that  represents  the  remaining  strength  as  a  function  of 
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time  and  loading  history.  The  integral  equation  is  dis¬ 
cretized  in  time,  and  the  physical  behavior  of  the  sys¬ 
tem  at  different  times  is  estimated  by  accounting  for 
the  changes  in  the  material  state,  and  the  stress  state 
during  the  loading  history.  The  approach  has  the  po¬ 
tential  of  representing  highly  nonlinear  and  coupled 
phenomena  such  as  creep,  damage,  oxidation,  cor¬ 
rosion  and  thermodynamic  variations. 

Among  the  different  projects  aimed  at  developing 
life  prediction  methodologies  for  metallic  structural 
components,  the  following  four  projects  are  noted: 

1.  Fracture-mechanics  based  techniques  for  metallic 
hypersonic  airframes  subjected  to  combined  mech¬ 
anical  and  thermal  loads.  These  techniques,  devel¬ 
oped  by  McDonnell  Douglas  (currently  part  of 
Boeing  Company)  under  Air  Force  support,  are 
based  on  modeling  crack  growth  behavior,  and 
accounting  for  effects  of  temperature  on  yield 
strength  and  fracture  toughness. 

2.  High  temperature,  crack-initiation  fatigue  models 
developed  by  Pratt  and  Whitney  (a  division  of 
United  Technologies)  under  NASA  Glenn  support 
for  use  in  the  aerospace  propulsion  industry.  These 
models  are  based  on  cyclic  damage  accumulation 
(CDA)  and  use  the  output  of  finite  element  analysis 
as  direct  input. 

3.  Total  strain  version  of  strain  range  partitioning  that 
has  evolved  at  NASA  Glenn  over  the  past  decade. 

4.  The  damage  mechanics  approach  promoted  by 
Chaboche  and  colleagues  at  ONERA. 

Further  applications  and  refinements  have  been 
suggested  by  Arnold  [97].  A  symbolic  computation 
program,  SYMFRAC  [98],  has  been  developed  at 
NASA  Glenn  for  studying  the  damage  growth  in 
multi-cracked  brittle  materials.  This  program  is  useful 
for  life  prediction  of  brittle  materials.  For  composite 
structures,  an  extensive  research  program  was  carried 
out  by  General  Dynamics  to  develop  life  prediction 
techniques  in  a  supersonic  cruise  environment. 
However,  the  predictions  did  not  agree  well  with  ex¬ 
periments  (see  Ref.  [99]).  Extensive  analytical  and  ex¬ 
perimental  work  is  being  carried  out  at  NASA  Langley 
and  NASA  Glenn  to  provide  a  basic  understanding  of 
the  damage  mechanisms  and  fatigue  of  composites  at 
high  temperatures.  The  work  at  Langley  is  primarily 
focused  on  continuous-fiber-metal  matrix  composites 
(see  a  review  of  this  work  in  Ref.  [100]).  The  control¬ 
ling  parameters  identified  for  fatigue  damage  include 
relative  strains  to  fatigue  failure  of  the  fiber  and 
matrix,  fiber/matrix  interface  strength,  and  thermal  re¬ 
sidual  stresses.  The  NASA  Glenn  activities  are  part  of 
the  HiTEMP  and  EPM  Projects  and  include: 

1.  Assessing  life  and  fracture  prediction  methods  for 
metal-matrix  composites  (MMC's-consisting  of  a 


titanium  alloy  matrix  and  ceramic  reinforcement) 
and  evaluating  different  means  of  nondestructive 
evaluation  (NDE).  This  work  was  done  jointly  with 
Pratt  and  Whitney  and  included  determination  of 
actual  fracture  strength  and  lives  of  MMC  rings 

mi 

2.  Prediction  of  the  probability  of  failure  of  monolithic 
ceramic  components  as  a  function  of  time  in  service. 
A  computer  program,  CARES/Life,  has  been  devel¬ 
oped  that  couples  commercial  finite  element  pro¬ 
grams  (used  for  determining  the  temperature  and 
stress  distributions)  to  reliability  evaluation  and 
fracture  mechanics  routines  for  modeling  strength- 
limiting  defects  [102]. 

For  aging  air  vehicles,  fatigue  damage,  loss  of  cor¬ 
rosion  protection  and  the  subsequent  occurrence  of 
damaging  corrosion  can  become  a  serious  threat  to 
their  operational  integrity.  Better  life  prediction 
schemes  (e.g.,  based  on  probabilistic  analysis  and  sto¬ 
chastic  modeling)  are  required  in  support  of  the  alter¬ 
nate  usage  schedules,  management  techniques, 
corrosion  protection  refurbishment  and  affordable 
inspection  and  maintenance  approaches.  There  is  also 
a  need  for  computational  simulation  of  technology 
insertion  processes  and  repair  technologies. 

4.5.  Transient  response  analysis 

The  development  of  efficient  computational  strat¬ 
egies  and  numerical  algorithms  for  simulating  the  tran¬ 
sient  response  of  structures  has  been,  and  continues  to 
be,  an  active  research  area.  Some  of  the  advances 
made  in  this  area  are  contained  in  Ref.  [103].  Among 
the  recent  developments,  the  following  three  are  cited: 

1.  Variable  multi-step  integration  algorithms  for  first- 
order  equations,  that  are  extensions  of  multi-time 
step  (subcycling)  algorithms  based  on  nodal  or  el¬ 
ement  partitions  allowing  each  node  to  be  integrated 
with  a  different  time  step  [104].  A  stability  analysis 
for  the  algorithms  is  presented  in  Ref.  [105]. 

2.  Space-time  finite  elements,  which  include  discontinu¬ 
ity-capturing  operators  to  accurately  resolve  sharp 
gradients  or  discontinuities  in  wave  propagation  and 
impact  problems  [106-109].  Also,  the  time-discon¬ 
tinuous  Galerkin  method  has  been  proposed  to  pro¬ 
vide  controllable  numerical  dissipation  in  the  high- 
frequency  response  domain  without  introducing 
excessive  algorithmic  damping  in  the  important  low- 
frequency  modes. 

3.  Multiple-scale  finite  element  methods  for  linear 
structural  dynamics  problems,  based  on  decompos¬ 
ing  the  response  into  fast  and  slow  time  scales  using 
temporal  shifting  [1 10].  The  slow  time  scale  is  solved 
by  the  direct  time  integration  method  with  a  reason¬ 
ably  large  time  step.  The  total  response  is  then 
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recovered  via  a  sampling  theorem  and  superposi¬ 
tion. 

4.6 .  Numerical  simulation  of frictional  contact  I  impact 
response 

The  numerical  simulation  of  the  nonlinear  response 
of  structures  subject  to  impact  loads  has  been  the 
focus  of  intense  efforts  because  of  the  pressing  needs 
for  collision  protection,  or  crashworthiness,  of  trans¬ 
portation  vehicles,  nuclear  reactors  and  containment 
vessels.  Several  software  systems  are  currently  available 
for  frictional  contact/impact  analysis  of  structures, 
including  ABAQUS,  ADINA,  DYCAST,  DYNA, 
KRASH,  LS/DYNA,  McALOG/RADIOSS,  MSC/ 
DYTRAN,  NIKE,  PAMCRASH  and  PRONTO. 

Recent  activities  included  study  of  the  mechanics  of 
large  dynamic  deformation,  and  of  material  strain-rate 
sensitivity;  development  of  friction  models,  contact/ 
impact  algorithms,  and  semi-empirical  damage  and 
failure  mechanisms  [111-119]. 

4.7.  Computational  methods  for  articulated  structural 
dynamics 

Flexible  multi-body  systems  (FMS)  have  important 
applications  in  aircraft  and  space  structures,  including 
deployable  space  structures,  space  robots  and  manipu¬ 
lators,  and  aircraft  landing  gears.  The  response  of 
FMS  involves  coupled  effects  of  deformation,  angular 
velocity  and  acceleration  relative  to  an  inertial  refer¬ 
ence  frame.  Considerable  progress  has  been  made  in 
predicting  the  response  of  FMS  [120-123].  The  pro¬ 
gress  is  manifested  by  the  development  of  (a)  efficient 
methods  for  solving  differential-algebraic  equations  of 
motion  of  rigid  and  flexible  multi-body  systems;  and 
(b)  software  systems  and  object-oriented  tools  for  the 
numerical  simulation  of  the  transient  dynamic  response 
of  FMS. 

4.8.  N on-deterministic  modeling  and  analysis  methods 

In  the  past  two  decades  there  has  been  a  growing  re¬ 
alization  among  engineers  that  unavoidable  uncertain¬ 
ties  in  geometry,  material  properties,  boundary 
conditions,  loading,  operational  environment,  model¬ 
ing  and  analysis  assumptions  must  be  taken  into 
account  to  produce  meaningful  designs.  Three  possible 
approaches  for  handling  uncertainty  can  be  identified, 
depending  on  the  type  of  uncertainty  and  the  amount 
of  information  available  about  the  structural  character¬ 
istics  and  the  operational  environment.  The  three 
approaches  are  probabilistic  analysis,  fuzzy-logic 
approach,  and  set  theoretical,  convex  (or  anti-optimiz¬ 
ation)  approach.  Discussion  of  the  three  approaches 


and  their  combinations  are  given  in  Refs.  [124,125].  In 
probabilistic  analysis,  the  structural  characteristics 
and/or  the  source  variables  are  assumed  to  be  random 
variables  (or  functions),  and  the  joint  probability  den¬ 
sity  functions  of  these  variables  are  selected.  The  main 
objective  of  the  analysis  is  the  determination  of  the  re¬ 
liability  of  the  system.  Reliability  is  defined  as  the 
probability  that  the  structure  will  adequately  perform 
its  intended  mission  for  a  specified  interval  of  time 
when  operating  under  specified  environmental  con¬ 
ditions. 

Southwest  Research  Institute,  under  NASA  funding, 
developed  a  code  that  combines  a  fast  probability  inte¬ 
gration  algorithm  with  general-purpose  stress,  free  vi¬ 
bration,  buckling  and  dynamic  structural  analysis 
programs,  based  on  finite  element  and  boundary  el¬ 
ement  techniques.  Output  of  the  analysis  consists  of  a 
user-defined  region  for  the  probability  distribution 
function  (or  cumulative  distribution  function),  together 
with  confidence  bands.  A  comparative  study  of  prob¬ 
abilistic  finite  element  methods  of  structures  was 
reported  in  a  journal  article  [126],  and  in  a  monograph 
[127]. 

If  the  uncertainty  is  due  to  vaguely  defined  struc¬ 
tural  and/or  operational  characteristics,  imprecision  of 
data  and  subjectivity  of  opinion  or  judgment,  then 
fuzzy  logic-based  treatment  is  appropriate  [128-130]. 
Randomness  describes  the  uncertainty  in  the  occur¬ 
rence  of  an  event  (e.g.,  damage  or  failure  of  the  struc¬ 
ture).  Fuzziness  describes  the  ambiguity  of  the  event 
(e.g.,  imprecisely  defined  criteria  for  failure  or 
damage).  When  the  information  about  the  structural 
and/or  operational  characteristics  is  fragmentary  (e.g., 
only  a  bound  on  a  maximum  possible  response  func¬ 
tion  is  known),  then  convex  modeling  can  be  used. 
Convex  modeling  produces  the  maximum  or  least 
favorable  response  and  the  minimum  or  most  favor¬ 
able  response  of  the  structure  under  the  constraints 
within  the  set- theoretical  description  [131]. 

4.9.  Qualitative  analysis  and  simulation 

Many  engineering  structures  are  made  up  of  several 
interconnected  components.  The  complexity  of  the  re¬ 
sponse  of  the  components  and/or  the  incomplete 
knowledge  about  the  structure  characteristics  can 
make  the  prediction  of  the  response  of  the  system  by 
traditional  computational  (quantitative)  methods 
intractable.  Qualitative  analysis  and  simulation,  a 
branch  of  AI,  can  help  in  this  situation  by  building 
models  that  reflect  the  phenomena  associated  with  the 
response  of  the  actual  system.  Application  of  qualitat¬ 
ive  analysis  to  snap-through  mechanics  problems  is 
described  in  Ref.  [132].  Recent  studies  have  focused  on 
the  application  of  interval  methods  to  estimate  the 
range  of  possible  solutions,  and  on  developing  hybrid 
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approaches  integrating  qualitative,  quantitative  and 
rule-based  analysis  [133,134]. 

4.10.  Neuro-computing 

Neuro-computing  is  rooted  in  various  disciplines, 
but  the  concept  of  artificial  neural  networks  was 
inspired  by  biological  networks.  Neural  networks  are 
pattern  computers — information  processing  devices 
(either  algorithms  or  actual  hardware).  They  use  sim¬ 
plified  mathematical  functions  to  approximate  the 
behavior  of  neurons  in  the  brain.  Biological  neurons, 
as  the  structural  constituents  of  the  brain,  are  much 
slower  than  silicon  logic  gates.  However,  inferencing  in 
biological  neural  networks  is  faster  than  the  fastest 
computer.  The  brain  compensates  for  the  relatively 
slower  electro-chemical  operation  by  having  an  enor¬ 
mous  number  of  massively  interconnected  neurons. 

The  application  of  artificial  neural  networks  (ANNs) 
in  structural  mechanics  has  been  gaining  support  in 
recent  years.  Operations  performed  by  neural  networks 
include  classification,  pattern  matching,  optimization, 
control  and  noise  removal.  Neural  networks  are  par¬ 
ticularly  useful  in  situations  where  good  analytic 
models  are  either  unknown  or  extremely  complex. 
When  analytic  models  are  either  missing  or  incomplete, 
neural  nets  can  be  used  to  estimate  a  model  from 
empirical  data.  They  essentially  work  as  interpolators: 
using  partial  input/output  data  about  a  system,  a 
neural  net  can  be  used  to  estimate  other  output  values. 
When  good  analytic  models  are  available,  neural  net¬ 
works  are  likely  to  be  less  accurate  than  numerical  sol¬ 
ution  techniques.  ANNs  have  been  used  as 
computational  tools  in  various  areas  of  structural 
mechanics,  some  of  which  are  analysis,  identification, 
simulation,  design  and  optimization  [13  5]. 

4.11.  Hybrid  techniques 

The  application  of  hybrid  techniques  to  complicated 
structural  problems  can  result  in  a  dramatic  saving  in 
computational  effort.  Four  groups  of  hybrid  tech¬ 
niques  can  be  identified  in  relation  to  the  four  groups 
of  numerical,  experimental,  analytical  and  neural  tech¬ 
niques:  (1)  hybrid  analytical  techniques  [136];  (2) 
hybrid  analytical/numerical  techniques  [137];  (3)  hybrid 
numerical/experimental  techniques  [138];  and  (4) 
hybrid  neuro-computing/numerical  techniques. 
Examples  of  the  four  groups  are  shown  in  Fig.  4. 
Recent  work  has  focused  on  the  coupling  of  different 
methods  to  generate  effective  hybrid  techniques. 
Specifically:  (a)  applications  of  neuro-computing/nu¬ 
merical  techniques  include  nonlinear  structural  and 
sensitivity  analyses  [139,140];  and  (b)  micro-mechanics 
based  constitutive  damage  models  [141],  In  the  second 
application,  the  finite  element  results,  in  the  form  of 


equivalent  inelastic  stress-strain  response,  are  used  to 
train  ANN.  The  finite  element  analyses  are  performed 
for  a  relatively  small  number  of  selected  strain-paths, 
geometric  and  damage  parameters.  The  ANN  is  used 
to  construct  a  micromechanical  damage  model  that 
can  be  applied  in  nonlinear  analysis  of  composite 
structures. 

4.12.  Error  estimation  and  adaptive  improvement 
strategies 

Assessment  of  the  reliability  of  computational 
models  has  been  the  focus  of  intense  efforts  in  recent 
years.  These  efforts  can  be  grouped  into  three  general 
categories  [142-147]:  a  posteriori  error  estimation; 
super-convergent  recovery  techniques;  and  adaptive 
improvement  strategies.  A  posteriori  error  estimates 
use  information  generated  during  the  solution  process 
to  assess  the  discretization  errors.  In  super-convergent 
recovery  techniques  more  accurate  values  of  certain  re¬ 
sponse  quantities  (e.g.,  derivatives  of  fundamental 
unknowns)  are  calculated  than  those  obtained  by 
direct  finite  element  calculations.  Adaptive  strategies 
attempt  to  improve  the  reliability  of  the  computational 
model  by  controlling  the  discretization  error. 

4.12.1.  Error  estimation 

Two  broad  classes  of  error  estimation  schemes  are 
currently  used:  residual  methods,  and  interpolation 
methods.  Residual  methods  involve  the  use  of  local  re¬ 
siduals,  usually  as  data  in  a  local  auxiliary  problem 
designed  to  generate  the  local  error  to  an  acceptable 
accuracy.  A  significant  amount  of  computation  may  be 
required  in  implementing  these  methods.  In  interp¬ 
olation  methods  the  available  approximate  solution  for 
a  given  mesh  (or  time  step)  is  used  to  estimate  higher 
derivatives  locally  (e.g.,  local  gradients  or  second  de¬ 
rivatives).  The  higher  derivatives  are  used,  in  turn,  to 
determine  the  local  error.  Although  these  error  esti¬ 
mates  can  be  very  crude,  they  are  portable:  a  subrou¬ 
tine  for  computing  local  estimates  can  be  added  to 
virtually  any  existing  code  that  operates  on  unstruc¬ 
tured  meshes  with  some  effort. 

Although  significant  progress  has  been  made  in 
developing  a  posteriori  error  estimates  for  linear  ellip¬ 
tic  problems  [148-151],  the  error  estimates  for  non¬ 
linear  and  time-dependent  (parabolic  and  hyperbolic) 
problems  are  considerably  less  developed.  This  is  par¬ 
ticularly  true  for  bifurcation  problems,  problems  with 
multiple  scales,  and  problems  with  resonance.  Work 
on  error  estimation  for  highly  nonlinear  problems  has 
mainly  been  a  subject  of  ad  hoc  experimentation. 

4.12.2.  Super-convergent  recovery  techniques 

Super-convergent  recovery  techniques  refer  to  simple 

post-processing  techniques  that  provide  increased  accu- 
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racy  of  the  sought  quantities  at  some  isolated  points 
(e.g.,  Gauss-Legendre,  Jacobi,  or  Lobatto)  in  a  sub- 
domain  or  even  in  the  whole  domain  [152,153].  In  the 
latter  two  cases,  the  techniques  are  referred  to  as  local 
and  global  super-convergent  recovery  techniques,  re¬ 
spectively.  Recent  work  included  development  of  local 
super-convergent  patch  derivative  techniques  for  both 
interior  and  boundary  (or  material  interface)  points 
[154-161].  It  was  shown  in  Refs.  [154,155]  that  the 
super-convergent  recovery  technique  can  be  used  to 
obtain  a  posteriori  error  estimates  for  the  finite  el¬ 
ement  solution. 

4.12.3 .  Adaptive  strategies 

Different  strategies  have  been  used  for  adaptive 
improvement  of  the  numerical  solutions  [147,162-166], 
including:  (i)  mesh  refinement  (or  de-refinement) 
schemes,  h  methods;  (ii)  moving  mesh  (no  redistribu¬ 
tion)  schemes,  r  methods;  (iii)  subspace  enrichment 
schemes  (selection  of  the  local  order  of  approxi¬ 
mation),  p  methods;  (iv)  mesh  superposition  schemes 
(overlapping  local  finite  element  meshes  on  the  global 
one),  s  methods;  (v)  hybrid  (or  combined)  schemes. 
Examples  of  these  schemes  are:  (a)  simultaneous  selec¬ 
tion  of  the  meshes  and  local  order  of  approximation, 
h-p  methods.  Recent  theoretical  results  have  shown 
that  the  fastest  possible  convergence  rates  can  be 
attained  by  optimally  decreasing  the  mesh  size  h  and 
increasing  the  degree  of  the  polynomial  degree  p  in  a 
special  way;  (b)  simultaneous  selection  of  the  meshes 
and  node  redistribution,  h-r  method.  These  methods 
can  be  effective  in  shock  problems  since  an  r  method 
might  align  the  mesh  along  discontinuities  prior  to  a 
mesh  refinement.  Although  all  the  aforementioned 
strategies  can  be  applied  to  structural  and  non-struc- 
tural  problems,  only  the  first  strategy,  h  method,  has 
been  applied,  in  conjunction  with  unstructured  grids, 
to  thermal  stress  analysis  (see  Ref.  [167]). 

4.13 .  Strategies  for  solution  of  coupled  problems 

Two  general  strategies  are  used  for  solution  of  mul¬ 
tifield  problems,  such  as  fluid  flow/acoustic/thermal/ 
structural  problems;  namely,  the  staged  solution  strat¬ 
egy,  and  the  coupled  solution  strategy,  which  are 
briefly  outlined  subsequently. 

4.13.1.  Staged  solution  strategy 

The  multiple  fields  are  treated  separately.  The  dis¬ 
crete  models  for  each  of  the  fields  may  be  developed 
separately.  Coupling  effects  are  viewed  as  information 
that  must  be  transferred  between  the  discrete  models 
of  the  different  fields.  For  thermal/fluid/structural  pro¬ 
blems,  the  heating  rates  are  first  predicted  on  aerody¬ 
namic  surfaces  using  coupled  fluid  flow/thermal 
analysis.  Then  the  structural  temperatures  are  deter¬ 


mined  via  thermal  analysis.  The  structural  response  is 
then  computed  using  the  structural  equations  of 
motion  and  constitutive  relations.  The  structural  defor¬ 
mations  can  be  used  to  correct  the  shape  of  the  body 
and  the  whole  process  is  repeated.  This  is  depicted  in 
an  integrated  fluid  flow/thermal/structural  analysis 
capability  as  presented  in  Refs.  [168,169]. 

A  modification  of  this  strategy  is  the  multi-stagger 
solution  strategy  in  which  a  partial  de-coupling  is 
made  of  the  full  system  of  equations.  The  full  system 
of  coupled  equations  is  partitioned  into  smaller  subsys¬ 
tems  of  equations.  Each  subsystem  is  solved  separately 
under  the  assumption  that  the  variables  of  the  other 
subsystems  are  frozen  (temporarily)  (see  Ref.  [170]).  A 
staggered  solution  process  is  presented  in  Refs. 
[171,172]  to  analyze  the  coupling  of  incompressible 
and  compressible  fluid  flows  with  structural  motions. 

4.13.2 .  Coupled  solution  strategy 

The  multiple-field  problem  is  treated  as  an  indivisi¬ 
ble  whole.  The  discrete  models  of  the  different  fields 
are  tightly  coupled. 

4.14.  Sensitivity  analysis 

Sensitivity  analysis  refers  to  methods  of  calculating 
the  rates  of  change  of:  (a)  response  quantities  (e.g.,  dis¬ 
placements,  stresses,  vibration  frequencies  and  buckling 
loads)  with  respect  to  changes  in  the  structure  charac¬ 
teristics  (e.g.,  geometric  and  material  parameters  of  the 
structure);  and  (b)  the  optimum  design  variable  values 
with  respect  to  changes  in  the  structure  parameters 
(e.g.,  applied  loads  and  allowable  stresses).  The  two 
types  of  calculations  are  usually  designated  by  re¬ 
sponse  and  optimum  design  sensitivity  analysis,  and 
the  rates  of  changes  are  referred  to  as  sensitivity  coeffi¬ 
cients. 

A  number  of  techniques  have  been  developed  for 
evaluating  the  sensitivity  coefficients  of  response  quan¬ 
tities  using  either  the  governing  discrete  (e.g.,  finite  el¬ 
ement)  equations  or  continuum  equations  of  the 
structure.  The  techniques  used  with  the  discrete 
equations  can  be  grouped  into  three  categories:  ana¬ 
lytical  direct  differentiation  methods,  semi-analytical  or 
quasi-analytical  methods,  and  finite  difference  methods 
(see  Refs.  [173,174]).  To  avoid  the  subtractive  cancella¬ 
tion  errors  inherent  in  the  classical  finite  difference 
method,  complex  variables  have  been  used  to  estimate 
derivatives  of  real  functions  [175]. 

Methods  for  computing  sensitivity  coefficients  for 
linear  structural  response  have  been  developed  for  over 
twenty  years  [176,177].  However,  only  in  the  last  few 
years  have  attempts  been  made  to  extend  the  domain 
of  sensitivity  analysis  to:  (a)  nonlinear  structural  re¬ 
sponse  and  to  path-dependent  problems,  for  which  the 
sensitivity  coefficients  depend  also  on  the  deformation 
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history  (e.g.,  visco-plastic  response  and  frictional  con¬ 
tact  [178-181]);  and  (b)  structural  systems  exhibiting 
probabilistic  uncertainties. 

Because  of  the  importance  of  its  role  in  structural 
optimization  and  in  assessing  the  effect  of  uncertainties 
in  the  input  parameters  on  the  structural  response, 
some  commercial  software  systems  have  incorporated 
response  sensitivity  analysis  into  the  systems.  Also,  an 
automatic  differentiation  facility  has  been  developed 
for  evaluating  the  derivatives  of  functions  defined  by 
computer  programs,  exactly  to  within  machine  pre¬ 
cision.  The  facility  has  the  acronym  ADIFOR 
(Automatic  Differentiation  of  FORTRAN),  and  is 
described  in  Refs.  [182,183].  The  use  of  ADIFOR  to 
evaluate  the  sensitivity  coefficients  from  incremental/ 
iterative  forms  of  three-dimensional  fluid  flow  pro¬ 
blems  is  discussed  in  Ref.  [184]  and  the  additional  fa¬ 
cilities  needed  for  ADIFOR  to  become  competitive 
with  hand-differentiated  code  are  listed  in  Ref.  [183]. 

4.15 .  Integrated  analysis  and  design 

The  design  of  vehicular  and  propulsion  systems  for 
future  aerospace  missions  requires:  (a)  integration 
between  the  structures  discipline  and  other  tradition¬ 
ally  separate  disciplines  such  as  aerodynamics,  heat 
transfer,  chemistry,  materials  and  control;  (b)  inte¬ 
grated  system  analysis  to  couple  subsystems,  com¬ 
ponents,  and  sub-components  at  an  appropriate  level 
of  detail;  and  (c)  a  simulation  environment  that  pro¬ 
vides  a  user-friendly  interface  between  the  analyst  and 
the  multitude  of  complex  codes  and  computing  systems 
that  are  required  to  perform  the  simulations.  NASA 
Lewis  has  built  a  numerical  propulsion  system  simu¬ 
lator  (NPSS)  to  determine  the  system  attributes  such 
as  performance,  reliability,  stability  and  life  (see  Ref. 
[185]). 

4.16.  Strategies  and  numerical  algorithms  for  new 
computing  systems 

In  recent  years,  intense  efforts  have  been  devoted  to 
the  development  of  efficient  computational  strategies 
and  numerical  algorithms  which  exploit  the  capabilities 
of  new  computing  systems;  in  particular,  the  vector 
and  parallel  processing  of  the  powerful  high-perform¬ 
ance  computers  [14,186].  Efficient  direct  and  iterative 
numerical  algorithms  have  been  developed  for  solution 
of  large  sparse  linear  systems  of  equations. 

Most  parallel  strategies  are  related  to  the  ‘divide  and 
conquer’  paradigm  based  on  breaking  a  large  problem 
into  a  number  of  smaller  sub-problems  that  may  be 
solved  separately  on  individual  processors.  The  degree 
of  independence  of  the  sub-problems  is  a  measure  of 
the  effectiveness  of  the  algorithm  since  it  determines 
the  amount  and  frequency  of  communication  and  syn¬ 


chronization.  The  numerical  algorithms  developed  for 
structural  analysis  can  be  classified  into  three  major 
categories,  namely:  element-wise  algorithms,  node-wise 
algorithms,  and  domain-wise  algorithms. 

The  element-wise  parallel  algorithms  include  el¬ 
ement-by-element  equation  solvers  and  parallel  frontal 
equation  solvers.  The  node-wise  parallel  equation  sol¬ 
vers  include  node-by-node  iterative  solvers  as  well  as 
column-oriented  direct  solvers.  The  domain-wise  algor¬ 
ithms  include  nested  dissection-based  (substructuring) 
techniques  and  domain  decomposition  methods.  The 
first  two  categories  of  numerical  algorithms  allow  only 
small  granularity  of  the  parallel  tasks,  and  require  fre¬ 
quent  communication  among  the  processors.  By  con¬ 
trast,  the  third  category  allows  a  larger  granularity 
that  can  result  in  improved  performance  for  the  algor¬ 
ithm. 

Nested  dissection  ordering  schemes  have  been  found 
to  be  effective  in  reducing  both  the  storage  require¬ 
ments  and  the  total  computational  effort  required  of 
direct  factorization.  The  performance  of  nested  dissec¬ 
tion-based  linear  solvers  depends  on  balancing  the 
computational  load  across  processors  in  a  way  that 
minimizes  inter-processor  communication.  Several 
nested  dissection-ordering  schemes  have  been  devel¬ 
oped  which  differ  in  the  strategies  used  in  partitioning 
the  structure  and  selecting  the  separators.  Among  the 
proposed  partitioning  strategies  are:  recursive  bisection 
strategies  (e.g.,  spectral  graph  bisection,  recursive  coor¬ 
dinate  bisection,  and  recursive  graph  bisection 
[187,188];  combinatorial  and  design-optimization  based 
strategies  (e.g.,  simulated  annealing  algorithm,  genetic 
algorithm,  and  neural-network-based  techniques  [189]; 
heuristic  strategies  (e.g.,  methods  based  on  geometric 
projections  and  mappings;  and  algorithms  based  on 
embedding  the  problem  in  Euclidean  space).  For 
highly  irregular  and/or  three-dimensional  structures, 
the  effectiveness  of  nested  dissection-based  schemes 
may  be  reduced.  However,  this  is  also  true  for  most 
other  parallel  numerical  algorithms.  Scalable  parallel 
computational  strategies  for  nonlinear,  postbuckling 
and  dynamic  contact/impact  problems  are  presented  in 
Refs.  [190,191]. 

4.17 .  Model  generation  facilities 

It  has  long  been  recognized  that  for  complex  struc¬ 
tures  the  task  of  generating  the  finite  element  model  is 
both  tedious  and  error  prone.  Moreover,  the  cost  of 
the  analysis  directly  depends  on  the  size,  shape  and 
number  of  elements.  Extensive  research  has  been 
devoted  to  automatic  and  semi-automatic  generation 
of  finite  element  grids  [192,193].  The  techniques  pro¬ 
posed  for  model  generation  include  two-dimensional 
quadtree,  three-dimensional  octree,  triangulation  par¬ 
ameter  space  mapping,  and  substructuring.  Among  the 
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Fig.  7.  Virtual  structural  laboratory. 


recent  studies  on  model  generation  arc:  (a)  application 
of  knowledge-based  analysis  assistance  tools  which 
allows  a  simple  description  of  the  analysis  objectives 
and  generates  the  corresponding  discrete  models 
appropriate  for  these  objectives;  (b)  the  development 
of  a  solid  modeler-based  preprocessor,  CUBIT,  for  the 
automatic  generation  of  well-formed  quadrilateral  and 
hexadedral  finite  element  grids  (with  reasonably  small 
distortion  metric).  CUBIT  provides  a  combination  of 
techniques,  including  paving,  mapping,  sweeping,  and 
various  other  algorithms  for  discretizing  the  geometry 
into  a  finite  element  grid;  (c)  use  of  visual  object- 
oriented  technology  facilities;  (d)  development  of  colla¬ 
borative  model  generation  (Fig.  5)  (this  also  includes 
interactive  assembly  of  finite  element  component 
models  and  stock  parts);  and  (e)  real-time  model  gener¬ 
ation  using  immersive  technologies,  such  as  special 
gloves  and  VR  facilities  (Fig.  6).  Such  technologies 
enable  interaction  with  complete  or  incomplete  models, 
and  allow  interactive  feedback  to  the  model  generation 
process.  The  capability  is  particularly  useful  for  exam¬ 
ining  the  finite  element  topology  in  certain  spatial  lo¬ 


calities  where  the  automated  model  generation  facility 
may  have  produced  certain  complexities  or  anomalies. 

4.18.  Application  of  object-oriented  technology 

Because  of  the  increasing  size  and  complexity  of 
analysis  and  design  software  systems,  change  in  pro¬ 
gramming  paradigm  and  a  shift  in  software  design 
strategy  have  occurred  for  developing  easily  readable, 
expandable  and  maintainable  software  systems.  The 
change  is  from  procedure-oriented  to  object-oriented 
programming,  and  the  shift  is  towards  object-oriented 
system  development  methodologies.  The  use  of  object- 
oriented  technology  can:  (a)  lead  to  smaller  programs; 
(b)  provide  better  management  of  data  and  procedures; 
and  (c)  simplify  extensions  of  the  system  to  cope  with 
the  advances  in  analysis  methods,  new  materials  and 
structural  components  and  new  computer  architec¬ 
tures.  Some  of  the  recent  structural  and  dynamic  appli¬ 
cations  of  object-oriented  technology  are  reported  in 
Refs.  [1947201].  The  efficiency  issues  in  an  object- 
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Fig.  $  Microstress  ctyy  distribution  in  a  typical  cell  of  a  three  dimensional  short  fiber  reinforced  metal  matrix  composite  loaded  in 
the  direction  (courtesy  of  the  Mechanical  Engineering  Department,  University  of  California  at  Santa  Barbara). 


oriented  programming  environment  are  discussed  in 
Ref.  [202]. 

The  current  trend  is  to  move  from  object-oriented  to 
component-based  software  development  (CBD).  CBD 
allows  developers  to  use  and  reuse  code  in  applications 
that  are  written  in  any  language  and  that  run  on  any 
platform,  almost  anywhere  on  most  networks.  A  prere¬ 
quisite  for  the  success  of  CBD  is  a  standard  infrastruc¬ 


ture,  with  three  main  elements,  for  the  components. 
The  three  elements  are:  uniform  design  notation,  which 
can  be  achieved  by  using  a  uniform  modeling 
language,  UML;  a  standardized  interface,  which 
enables  any  application  (in  any  language)  to  access 
component  features  by  binding  to  the  component 
model  or  interface  definition  language;  arid  reposi¬ 
tories,  catalogues  of  available  components  with  a 
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description  of  the  features  that  enable  the  developer  to 
find  the  components  appropriate  for  an  application. 


5.  CST  at  universities  and  industry 

Through  their  dual  mission  of  teaching  and  research, 
universities  have  aided  CST  development.  Their  contri¬ 
butions  started  in  the  early  days  of  finite  element 
development  and  included  new  finite  elements,  numeri¬ 
cal  algorithms  for  solving  equations  and  extracting 
eigenvalues,  computational  strategies  for  contact/ 
impact,  large  deformation,  buckling,  postbuckling,  and 
dynamic  problems,  and  optimization  techniques.  Until 
recently,  however,  when  high-performance  computers 
and  advanced  workstations  became  widely  available  to 
university  researchers,  most  university  CST  research 
focused  on  fundamental  problems  and  did  not  involve 
very  large-scale  numerical  simulations. 

Universities  began  teaching  finite  element  courses  in 
the  mid-1960s;  since  then  a  variety  of  CST-related  and 
computer-aided  engineering  courses  have  been  added 
to  many  undergraduate  and  graduate  curricula.  CST 
can  significantly  enhance  structures  education  by 
allowing  students  to  apply  the  basic  principles  to  real 
(though  scaled-down)  structures.  It  can  also  provide  a 
virtual  experimental  facility  for  simulating  structural, 
dynamic  and  wind  tunnel  experiments.  Although  ob¬ 
servations  of  real  tests  and  experiments  are  invaluable, 
physical  insight  is  rarely  derived  from  a  single  exper¬ 
iment;  CST  provides  a  facility  in  which  the  student 
may  change  the  design  variables  and  study  such 
changes’  effects  on  the  response  characteristics  of  the 
structure.  University  of  Virginia  researchers  are  devel¬ 
oping  a  virtual  structural  laboratory  as  part  of  a  dis¬ 
tributed  learning  environment  (Fig.  7),  that  will  be 
internet-centric  and  web-based  with  a  virtual  reality 
modeling  language,  multimedia,  immersive  facilities 
and  multi-sensory  interfaces. 

Examples  of  university  studies  include  micromecha¬ 
nical  analysis  of  short-fiber  composites  (Fig.  8),  and 
thermomechanical  buckling  of  composite  panels  with 
cutouts  (Fig.  9).  The  second  example  showed  that, 
contrary  to  intuitive  expectations,  for  certain  boundary 
conditions  both  the  critical  load  and  critical  tempera¬ 
ture  can  increase  as  the  size  of  the  cutout  increases. 

In  industry,  recent  CST  activities  include  develop¬ 
ment  of  pre-  and  post-processors.  The  goal  of  this 
work  is  to  reduce  the  efforts  needed  for  creating  the 
finite  element  model  and  to  cut  the  time  required  for 
interpretation  and  visualization  of  results.  Also,  in- 
house  special-purpose  programs  have  been  developed 
for  detailed  analysis  of  structural  connections  and 
joints. 

Although  the  sophistication  of  computational 
models  in  industry  has  increased  in  the  last  decade,  the 


Fig.  10.  MSC/NASTRAN  model  of  GE  engine,  130,000 
degrees  of  freedom  (courtesy  of  GE  Aircraft  Engines). 


traditional  role  of  computational  structural  analysis 
has  not  changed  significantly  in  industry.  In  the  air¬ 
craft  industry,  computational  structural  analysis  is 
used  to  establish  load  paths  and  local  stress  levels. 
These  are  fed  into  separate  analyses,  or  component 
tests,  to  predict  strength,  life,  or  other  failure  modes, 
and  the  whole  process  is  then  validated  by  full-scale 
tests.  The  level  of  detail  in  the  finite  element  modeling 
currently  used  in  the  aircraft  and  automotive  industries 
is  provided  by  the  three  finite  element  models  shown  in 
Figs.  10-12  (GE-90  engine  model,  V-22  Osprey  tilt 
rotor  model,  and  car  model  used  in  crash  simulation). 


Fig.  11.  MSC/NASTRAN  finite  element  dynamics  modd  or 
the  V-22  Osprey  Tiltrotor,  134,982  degrees  of  freedom  (22,497 
grid  points),  44,006  elements  (courtesy  of  Bell-Boeing). 
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Fig.  12.  Crush  analysis  of  a  Taurus  car  model  performed  by  implicit  dynamic  finite  element  analysis  (corresponding  to  an  inc 
mental  static  solution).  A  rigid  plate  moving  at  10  mm/s  is  crushing  the  car  (courtesy  of  ADINA  R&D). 


Today  many  of  these  calculations  can  be  performed  on 
powerful  workstations  in  a  matter  of  hours. 


6.  A  look  at  die  future 

Economic  stresses  are  forcing  many  industries  to 
reduce  cost  and  time  to  market,  and  to  insert  emerging 
technologies  into  their  products.  This  trend  is  likely  to 
continue  and  will  require  engineers  to  design  faster, 
ever  more  complex  systems.  They  must  find  globally 
optimal  designs  that  take  uncertainties  and  risk  into 
consideration. 

The  realization  of  future  cost-effective  high-perform¬ 
ance  engineering  systems  requires:  (a)  technology 
advances  in  the  materials  and  structures  areas;  (b) 
computational  technologies  and  tools  for  solving  com¬ 
plex  problems  with  system  uncertainties  (e.g.,  compu¬ 
tational  intelligence  and  its  associated  tools,  also  called 


soft  computing);  and  (c)  distributed  integrated  vim 
environment  for  simulating  the  entire  life  cycle  of  t 
engineering  system,  from  concept  developma 
detailed  design  and  prototyping  to  qualification  testi 
and  operations  (see  Fig.  13).  The  environment  lin 
scientists,  design  teams,  manufacturers,  suppliers,  ai 
consultants  in  the  creation  and  operation  of  engine* 
ing  systems.  It  enables  a  seamless  integration  of  tean 
processes  and  disciplines. 

In  order  for  CST  to  play  a  significant  role  in  futu 
development  of  structures  technology,  as  well  as  in  1 
design  and  certification  of  future  engineering  systen 
major  advances  and  new  computational  tools  a 
needed  in  several  key  areas.  To  this  end  the  resean 
community  must  address  several  primary  pacing  iter 
and  related  tasks.  In  identifying  these  pacing  iteir 
researchers  must  consider  the  characteristics  of  futu 
engineering  systems  and  their  implications  for  CS* 
future  computing  paradigm  and  environment;  at 
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Fig.  13.  Intelligent  synthesis  environment  for  aerospace  sys¬ 
tems. 


Fig.  14.  Couplings  between  mechanical,  electric,  magnetic  and 

thermal  fields  in  smart  materials. 

2.  Development  of  innovative  materials  processing 
technologies  that  enable  low  cost  fabrication; 

3.  Development  of  novel  structural  concepts,  such  as 
structural  tailoring  and  intelligent/smart  structures, 
with  active  and/or  passive  adaptive  control  of 
dynamic  deformations;  and 

4.  Investigation  of  more  complex  phenomena  and 
interdisciplinary  couplings  such  as  fluid  flow/ 
acoustics/thermal/control/electromagnetic/optics  and 
structural  couplings  (see  Fig.  14). 


developments  in  (a)  other  technologies  that  can  impact 
CST  (e.g.,  virtual  product  development,  information 
technology  and  knowledge-based  engineering);  and  (b) 
other  fields  of  computational  science  and  engineering 
that  can  be  adapted  to  CST. 

6.1.  Characteristics  of  future  engineering  systems 

The  demands  that  future  high-performance  engineer¬ 
ing  systems  place  on  CST  will  differ  somewhat  from 
those  of  current  systems.  The  trend  toward  miniaturi¬ 
zation,  and  the  radically  different  and  more  unpredict¬ 
able  operational  environments  for  many  of  the  future 
systems,  are  two  reasons  for  this  difference.  Another  is 
the  stringent  design  requirements  for  economy,  high 
performance,  lightweight,  and  rapid  prototyping.  The 
twenty-first  century  will  see  engineering  systems  made 
from  computationally  designed  materials  at  the 
atomic/molecular  level  to  accomplish  a  variety  of  mis¬ 
sions.  Programmable,  multifunctional  materials  will  be 
able  to  adjust  their  shape  and  their  mechanical,  elec¬ 
tromagnetic,  optical  and  acoustic  properties  on 
demand.  The  technical  needs  for  future  systems  in  the 
materials  and  structures  areas  include: 

I .  Development  of  new  high-performance  material  sys¬ 
tems  such  as  smart/intelligent,  multifunctional  and 
bio-mimetic  material  systems; 


6.2 .  New  and  emerging  computing  paradigm  and 
environment 

Significant  advances  have  been  made  and  continue 
to  be  made  in  the  entire  spectrum  of  computing  and 
communication  technologies.  The  advances  included 
fast  microprocessors,  parallel  computer  architectures, 
high-speed,  high-capacity  optical  networks,  communi¬ 
cation  protocols,  distributed  software  structures  and 
security  mechanisms.  A  partial  list  of  some  the  recent 
and  projected  advances  in  computing  technology  are 
given  in  Refs.  [203,204].  The  impact  of  these  advances 
•  on  the  structures  technology  is  given  in  Ref.  [205],  and 
are  summarized  subsequently.  At  one  end  of  the  spec¬ 
trum  are  heterogeneous  meta-computers  and  meta-cen¬ 
ters.  Meta-computers  refer  to  an  integrated  (virtual) 
computing  environment  with  geographically  separated 
resources  connected  by  one  or  more  high-speed  inter¬ 
connectors.  The  middle-wire  (a  software  layer)  trans¬ 
forms  a  collection  of  independent  hosts  into  a  single, 
coherent  virtual  machine.  Use  of  meta-computers  has 
significantly  affected  CST  by  greatly  alleviating  the  size 
limitations  that  current  memory  capacities  impose  on 
numerical  simulations.  Moreover,  highly  parallel  sys¬ 
tems  and  meta-computers  have  achieved  sustained 
speeds  in  the  tera-flop  (trillion  floating-point  oper- 


22 


A.K.  Noor /  Computers  and  Structures  73  (1999)  2-31 


ations  per  second)  range.  The  meta-computer  hardware 
components  are  described  in  Refs.  [204,205]. 

At  the  other  end  of  the  computing  spectrum,  small 
systems  such  as  handheld  computers  (referred  to  as 
personal  digital  assistants),  and  wearable  computers 
have  emerged  with  cellular  technology  to  support  por¬ 
table  computing.  Also,  new  powerful  microprocessors 
such  as  Intel  500-MHz  Pentium  II  Katami,  Alpha 
21364,  AMD  K7,  Cyrix  Mil,  IBM  POWER3  and 
MIPS  R12000  processors  will  be  used  as  structural 
health  monitoring  systems  for  detecting  and  recording 
damage.  The  aforementioned  advances  have  resulted 
in:  (a)  an  explosive  growth  in  computer  power  and 
connectivity  which  is  reshaping  relationships  among 
researchers  and  organizations;  and  (b)  the  emergence 
of  the  new  paradigm  of  parallel ,  distributed ,  collabora¬ 
tive  ^  immersive  computing.  The  implications  of  the  new 
paradigm  for  engineering  practice  in  general,  and  for 
CST  in  particular,  are  immense.  The  new  paradigm, 
along  with  the  advances  in  modeling  and  simulation, 
virtual  product  development,  information  technology 
and  knowledge-based  engineering,  will  enable  dramatic 
changes  in  which  engineering  systems  are  designed, 
produced,  operated,  maintained,  and  disposed.  Future 
environments  will  allow  diverse,  geographically  dis¬ 
persed  teams  to  share  and  transform  information  into 
knowledge  by  combining  and  analyzing  it  in  new  ways. 
The  interactive  collaboration  among  experts  in  several 
disciplines  will  enable  them  to  attack  heretofore- 
intractable  multi-physics  problems  involving  phenom¬ 
ena  at  disparate  length  scales. 

Realizing  the  full  potential  of  new  computing  tech¬ 
nology,  however,  requires  new  approaches  for  human- 
machine  interfaces.  The  full  power  of  creative  artificial 
intelligence  research  should  be  brought  to  bear  on  the 
development  of  these  interfaces,  which  should  effec¬ 
tively  link  to  as  many  of  the  human  sensing  and  com¬ 
munication  mechanisms  as  possible. 

6.3.  Virtual  product  development  systems  and 
information  technology 

Current  virtual  product  development  (VPD)  systems 
have  embedded  simulation  capabilities  for  the  entire 
life  cycle  of  the  product.  A  description  of  the  capabili¬ 
ties  of  over  120  CAD  systems  (including  some  VPD 
systems)  is  given  in  Ref.  [206].  The  addition  of  intelli¬ 
gent  agents  and  networking  facilities  will  transform  the 
VPD  systems  into  knowledge-enriched  networked  VPD 
systems.  The  benefits  obtained  include  higher  pro¬ 
ductivity,  better  product  quality,  and  a  broader  design 
to  provide  an  integrated  system  solution. 

Information  technology  (IT)  is  concerned  with  the 
dissemination,  processing,  storage,  retrieval  and  use  of 
information  [207].  IT  will  change  product  development 
from  a  sequence  of  distinct  phases  into  a  continuous 


process  covering  the  entire  life  cycle  of  the  product 
with  full  interplay  of  information  from  beginning  to 
end  and  everywhere  throughout.  IT  will  also  be  an  im¬ 
portant  component  of  future  distributed  learning  en¬ 
vironments  used  for  engineering  training  and 
education. 

6.4.  Primary  pacing  items 

The  primary  pacing  items  for  CST  are:  (1)  high-fide¬ 
lity  modeling  of  the  structure  and  its  components;  (2) 
failure  and  life  prediction  methodologies;  (3)  hierarchi¬ 
cal,  integrated  methods  and  adaptive  modeling  tech¬ 
niques;  (4)  non-deterministic  analysis,  soft  computing 
and  risk  assessment;  (5)  validation  of  numerical  simu¬ 
lations;  and  (6)  multidisciplinary  analysis  and  design 
optimization.  For  each  of  the  aforementioned  items, 
attempts  should  be  made  to  exploit  the  major  charac¬ 
teristics  of  high-performance  computing  technologies, 
as  well  as  future  computing  environments.  The  six  pri¬ 
mary  pacing  items  are  described  subsequently.  Note 
that  some  of  the  tasks  within  the  pacing  items  are  of  a 
generic  nature.  Others  are  specific  to  either  certain 
components  of  future  engineering  systems  (e.g.,  propul¬ 
sion  systems  or  airframes  of  flight  vehicles). 

6.4.1.  High-fidelity  modeling  of  the  structure 

The  reliability  of  the  predictions  of  response,  failure 
and  life  of  structures  is  critically  dependent  on:  (a)  the 
accurate  characterization  and  modeling  of  material 
behavior;  (b)  high-fidelity  modeling  of  the  critical 
details  of  the  structure  and  its  components  (e.g.,  joints, 
damping,  and  for  large  deformations,  frictional  contact 
between  the  different  parts  of  the  structure).  The 
simple  material  models  used  to  date  are  inadequate  for 
many  of  the  future  applications,  especially  those  invol¬ 
ving  severe  environment  (e.g.,  high  temperatures). 
Needed  work  on  material  modeling  can  be  grouped  in 
two  general  areas:  (a)  modeling  the  response  and 
damage  of  advanced  material  systems  in  the  actual 
operating  environment  of  future  engineering  systems; 
and  (b)  numerical  simulation  of  manufacturing  (fabri¬ 
cation)  processes. 

Advanced  material  systems  include  functionally 
graded  materials  (FGMs),  multifunctional  materials, 
smart  materials,  bio-mimetic  materials,  textile  and 
high-temperature  composites  and  advanced  metallics. 
For  FGMs,  novel  processing  techniques  are  used  to 
produce  engineered,  gradual  transitions  in  microstruc¬ 
ture,  composition,  and  properties  to  satisfy  spatially 
varying  functional  performance  requirements  within  a 
single  component.  Use  of  FGMs  can  alleviate  the  high 
gradients  of  internal  stresses  and  strains  resulting  from 
the  different  local  deformation  fields  induced  when  dis¬ 
similar  materials  are  joined  to  form  a  component.  This 
technology  could  allow  researchers  to  develop  compli- 
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cated  structures  without  using  conventional  methods 
of  joining.  Besides  being  less  costly,  joint-less  gradient 
materials  are  much  more  robust  as  stresses  are  distrib¬ 
uted  throughout  the  volume  of  the  material  rather 
than  being  concentrated  at  the  joint.  Multifunctional 
materials,  in  addition  to  supporting  mechanical  loads, 
may  incorporate  sensors  to  detect  and  evaluate  loads 
or  failure,  and  to  interact  with  the  surrounding  electro¬ 
magnetic  environment.  By  contrast,  materials  as  we 
know  and  use  them  at  the  present  are  largely  ‘mono- 
functional’ . 

Bio-mimetic  technology  aims  at  producing  new  ma¬ 
terials  by  mimicking  the  synthesis,  processing,  and 
properties  of  materials  found  in  biological  systems. 
Among  the  unique  and  useful  characteristics  of  such 
systems  are  multi-functionality,  hierarchical  organiz¬ 
ation,  self-repair,  adaptability  and  durability. 
Moreover,  biological  structural  systems  do  not  dis¬ 
tinguish  between  materials  and  structures. 

The  length  scale  selected  in  the  model  must  be  ade¬ 
quate  for  capturing  the  response  phenomena  of  interest 
(e.g.,  micro-mechanics,  meso-mechanics,  and  macro- 
mechanics).  For  materials  used  in  high-temperature  ap¬ 
plications,  work  is  needed  on  the  modeling  of  damage 
accumulation  and  propagation  to  fracture;  modeling  of 
thermoviscoplastic  response,  thermal-mechanical 
cycling  and  ratcheting;  and  prediction  of  long-term 
material  behavior  from  short-term  data,  which  are  par¬ 
ticularly  important. 


6.4.2.  Failure  and  life  management  computational  tools 
and  methodologies 

Practical  numerical  techniques  are  needed  for  pre¬ 
dicting  the  life  as  well  as  the  failure  initiation  and 
propagation  in  structural  components  made  of  new, 
high-performance  materials  in  terms  of  measurable 
and  controllable  parameters.  Examples  of  these  ma¬ 
terials  are  electronic,  optical  and  smart  materials  for 
space  applications;  high-temperature  materials  for 
hypersonic  vehicles;  and  piezoelectric  composites.  For 
some  of  the  materials,  accurate  constitutive  descrip¬ 
tions,  failure  criteria,  damage  theories,  and  fatigue 
data  are  needed,  along  with  more  realistic  characteriz¬ 
ation  of  interface  phenomena  (such  as  contact  and  fric¬ 
tion).  The  constitutive  descriptions  may  require 
investigations  at  the  microstructure  level  or  even  the 
atomic  level,  as  well  as  carefully  designed  and  con¬ 
ducted  experiments.  Failure  and  life  prediction  of 
structures  made  of  these  materials  is  difficult  and  nu¬ 
merical  models  often  constructed  under  restricting 
assumptions  may  not  capture  the  dominant  and  under¬ 
lying  physical  failure  mechanisms.  Moreover,  material 
failure  and  structural  response  (such  as  instability) 
often  couple  in  the  failure  mechanism. 


6.4.3.  Hierarchical,  integrated  multiple  methods  and 
adaptive  modeling  techniques 

The  effective  use  of  numerical  simulations  for  pre¬ 
dicting  the  response,  life,  performance  and  failure  of 
future  engineering  structures  requires  strategies  for 
treating  phenomena  occurring  at  disparate  spatial  and 
time  scales,  using  reasonable  computer  resources.  The 
strategies  are  based  on  using  multiple  mathematical 
models  in  different  regions  of  the  structure  to  take  ad¬ 
vantage  of  efficiencies  gained  by  matching  the  model 
to  the  expected  response  in  each  region.  To  achieve  the 
full  potential  of  hierarchical  modeling,  there  should  be 
minimal  reliance  on  a  priori  assumptions  about  the  re¬ 
sponse.  This  is  accomplished  by  adding  adaptivity  to 
the  strategy.  The  key  tasks  of  the  research  in  this  area 
are:  (1)  simple  design-oriented  models  for  use  in  the 
early  stages  of  the  design  process;  (2)  rational  selection 
of  a  set  of  nested  mathematical  models  for  different 
regions,  and  discretization  techniques  for  use  in  con¬ 
junction  with  the  mathematical  models  (this,  in  turn, 
requires  the  availability  of  a  capability  for  holistic 
modeling  from  micro  to  structural  response  with  vary¬ 
ing  degrees  of  accuracy);  (3)  simulation  of  local 
phenomena  through  global/local  methodologies;  (4) 
automated  (or  semi-automated)  coupling  of  different 
mathematical/discrete  models;  (5)  error  estimation  and 
adaptive  modeling  strategies;  (6)  efficient  methods  for 
coupling  different  components  of  structures  (e.g.,  for 
flight  vehicles  coupling  the  engine,  airframe  and  rotor/ 
engine-frame);  and  (7)  sensitivity  analysis  to  assess  the 
sensitivity  of  the  response  to  each  of  the  parameters 
neglected  in  the  current  mathematical  model. 

A  variational  multiscale  method  was  presented  for 
solution  of  multiscale  problems  in  fluid  mechanics, 
acoustics  and  electromagnetics  [208,209].  The  method 
is  based  on  decomposing  the  solution  into  two  parts:  a 
course  scale  part  represented  by  finite  elements,  and  a 
fine  scale  part  represented  by  Green's  function.  The 
two  parts  may  overlap  or  be  disjointed,  and  the  fine 
scale  part  may  be  global  or  local.  Application  of  this 
method  to  structural  mechanics  problems  deserves 
attention. 

6.4.4.  N on-deterministic  analysis,  soft  computing  and 
risk  assessment 

The  novel  modes  of  computation  which  exploit  tol¬ 
erance  for  imprecision  and  uncertainty  in  geometry, 
material  properties,  boundary  conditions,  loading,  and 
operational  environment  to  achieve  tractability,  robust¬ 
ness,  and  low  cost  need  to  be  extended  to  structural 
design.  These  facilities  include  neuro-computing,  fuzzy 
logic  and  genetic  algorithms,  and  have  been  collectively 
referred  to  as  soft  computing  [210].  The  distinction 
between  expert  systems  (the  most  mature  and  resilient 
product  of  AI),  soft  computing  paradigms,  and  con¬ 
ventional  computational  methods  can  be  illustrated  by 
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Fig.  15.  Relationship  between  AI  expert  systems,  soft  comput¬ 
ing  paradigms  and  conventional  (hard)  computing. 


the  extent  to  which  they  use  nonnumeric  (symbolic) 
and  numerical  computations  (see  Fig.  15). 

The  ability  to  quantify  inherent  uncertainties  in  the 
response  of  the  structure  is  obviously  of  great  advan¬ 
tage.  However,  the  principal  benefit  of  using  any  of 
the  soft  computing  tools  consists  of  the  insights  into 
engineering,  safety  and  economics  that  are  gained  in 
the  process  of  arriving  at  those  quantitative  results  and 
carrying  out  reliability  analyses.  As  future  engineering 
structures  become  more  complicated,  modeling  of  fail¬ 
ure  mechanisms  will  account  for  uncertainties  from  the 
beginning  of  the  design  process,  and  potential  design 
improvements  will  be  evaluated  to  assess  their  effects 
on  reducing  overall  risk.  The  results,  combined  with 
economic  considerations,  will  be  used  in  systematic 
cost-benefit  analyses  (perhaps  also  done  on  a  non- 
deterministic  basis)  to  determine  the  structural  design 
with  the  most  acceptable  balance  of  cost  and  risk. 

6.4.5.  Validation  of  numerical  simulations 

In  addition  to  selecting  a  benchmark  set  of  struc¬ 
tures  for  assessing  new  computational  strategies  and 
numerical  algorithms,  a  high  degree  of  interaction  and 
communication  is  needed  between  computational 
modelers  and  experimentalists.  This  is  done  on  four 
different  levels,  namely:  (1)  laboratory  tests  on  small 
specimens  to  obtain  material  data;  (2)  component  tests 
to  validate  computational  models;  (3)  full-scale  tests  to 
validate  the  modeling  of  details;  and  for  flight  vehicles 
and  (4)  flight  tests  to  validate  the  entire  modeling  pro¬ 
cess.  At  each  level,  analysis  of  the  computational 
model  can  be  used  to  help  set  up  the  test,  and  the  test 
data  to  help  construct  a  more  accurate  computational 
model.  For  the  first  two  levels,  the  use  of  flexible 
multi-body  system  codes  allows  the  testing  machine  to 
be  included  in  the  analysis. 

6.4.6.  Multi-disciplinary  analysis  and  design 
optimization 

The  realization  of  new  complex  engineering  systems 
requires  integration  between  the  structures  discipline 
and  other  traditionally  separate  disciplines  such  as 
aerodynamics,  propulsion  and  control.  This  is  man¬ 


dated  by  significant  interdisciplinary  interactions  and 
couplings  that  need  to  be  accounted  for  in  predicting 
response,  as  well  as  in  optimal  design  of  these  vehicles. 
Examples  are  the  couplings  between  the  aerodynamic 
flow  field,  structural  heat  transfer,  and  structural  re¬ 
sponse  of  high-speed  aircraft  and  propulsion  systems; 
and  the  couplings  between  the  control  system  and 
structural  response  in  control  configured  aircraft  and 
spacecraft.  This  activity  also  includes  design  optimiz¬ 
ation  with  multi-objective  functions  (e.g.,  performance, 
durability,  integrity,  reliability  and  cost),  and  multi¬ 
scale  structural  tailoring  (micro,  local  and  global 
levels).  For  propulsion  systems  of  flight  vehicles  it  also 
includes  design  with  damping  for  high-cycle,  low-cycle, 
and  acoustic  fatigue. 

Typically,  in  the  design  process  questions  arise 
regarding  influence  of  design  variable  changes  on  sys¬ 
tem  behavior.  Answers  to  these  questions,  quantified 
by  the  derivatives  of  behavior  with  respect  to  the  de¬ 
sign  variables  or  by  parametric  studies,  guide  design 
improvements  toward  a  better  overall  system.  In  large 
applications  this  improvement  process  is  executed  by 
numerical  optimization,  combined  with  symbolic/AI 
techniques  and  human  judgment  aided  by  data  visual¬ 
ization.  Efficiency  of  the  computations  that  provide 
data  for  such  a  process  is  decisive  for  the  depth, 
breadth,  and  rate  of  progress  achievable,  and  hence, 
ultimately,  is  critical  for  the  final  product  quality. 

6.5.  Related  tasks 

For  CST  to  impact  the  design  process,  the  following 
tasks  need  to  be  addressed  by  the  research  community: 
(1)  adaptation  of  CST  software  to  the  emerging  paral¬ 
lel,  distributed,  collaborative,  immersive  computing 
paradigm.  This  includes  exploiting  the  existing  infra¬ 
structure  for  distributed  visual  problem  solving  en¬ 
vironments  (consisting  of  an  integrated  set  of  high 
level  facilities  and  tools  providing  intelligence  and 
expert  assistance  for  solving  problems  from  a  pre¬ 
scribed  domain);  and  development  of:  (a)  real-time  col¬ 
laborative  model  and  grid  generation  facilities;  (b) 
interfaces  between  CST  software  and  advanced  visual¬ 
ization  facilities  (e.g.,  multimedia  and  virtual  reality); 
and  (c)  infrastructure  for  component-based  software 
development  for  facilitating  the  integration  and  reuse 
of  diverse  codes;  and  (2)  development  of  intelligent 
software  agents  (simulation  advisors)  to  enable  the 
designers  to  use  the  CST  software  (embedded  in  the 
virtual  product  development  systems)  early  in  the  de¬ 
sign  process. 

CSTs  wide  acceptance  can  affect  the  design  and  op¬ 
eration  of  future  engineering  systems  and  structures  in 
three  ways.  It  can  provide  a  better  understanding  of 
the  phenomena  associated  with  response,  failure  and 
life,  thereby  identifying  desirable  structural  design 
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attributes.  CST  can  verify  and  certify  designs  and  also 
allow  low-cost  modifications  to  be  made  during  the  de¬ 
sign  process.  Finally,  it  can  improve  the  design  team’s 
productivity  and  allow  major  improvements  and  inno¬ 
vations  during  the  design  phase,  enabling  a  fully  inte¬ 
grated  simulation-based  design  environment.  Such  an 
environment  allows  computer  simulation  of  the  entire 
life  cycle  of  the  structure,  including  material  selection 
and  processing,  multidisciplinary  design,  automated 
manufacturing  and  fabrication,  quality  assurance,  cer¬ 
tification,  operation,  health  monitoring  and  control, 
retirement  and  disposal. 

The  outlook  for  CST  is  bright.  Innovative  structural 
concepts,  advanced  computational  material  models, 
intelligent  computational  tools  for  analysis  and  syn¬ 
thesis,  along  with  the  rapid  convergence  of  computing, 
communications,  and  information  technology  should 
significantly  enhance  CST  development  and  improve 
the  performance  of  engineering  systems. 
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SOME  FUTURE  DIRECTIONS  OF  COMPUTATIONAL 
STRUCTURES  TECHNOLOGY* 

Ahmed  K.  Noor 

Center  for  Advanced  Computational  Technology 
University  of  Virginia 
NASA  Langley  Research  Center 
Hampton,  VA  23681 

SUMMARY 

Some  of  the  research  areas  of  computational  structures  technology  (CST)  wluch  ^ve  high 
potential  for  meeting  the  needs  of  future  high-tech  engineering  systems  are  jdenu^  ^cuwm 
focuses  on  the  characteristics  of  fumre  engineenng^ 

opStSati’on  problems  associated  with  intelligent  and  modular  structures;  and  validation  of  numerical 
simulations. 

INTRODUCTION 


Computational  structures  technology  blends  the  insightful  modeling  of  ^ 

the  development  of  computational  methods  and  represents  one  of  the  most  significant  developments  in 
die  history  *of  the  structures  field.  Its  use  over  the  past  four  ^cades  has  Unformed  much  ^of 
theoretical  structural  mechanics  and  materials  science  into  pracucal  tools  that  affe  p 
design,  fabrication  and  testing  of  engineering  systems. 

Current  CST  activities  include  the  study  of  phenomena  occurring  at  dispamtesparial  andrime 
scales.  Length  scales  range  from  the  microscopic  level  to  the  structural  level  Today  no  importam 
design  can  be  completed  without  CST,  nor  can  any  new  theory  be  vahdated  without  it.  ConunercKd 
pro  Jams  for  structural  analysis  have  a  rich  variety  of  elements,  and  arc  widely  used  J°T 
structural  calculations  on  large  components  and/or  entire  structures.  CST  “PP^ons  cover^  too 
range  of  industries,  including  aerospace,  automotive,  electronic,  naval  and  nucleaj  indusmes.  Re  > 

of  recent  activities  in  the  U.S.  and  European  aerospace  industries  are  given  in  ^  r'c^  ^  descrited  ill 
Hopkins  and  Chamis  (1992),  and  AIAA  (1993).  Other  industrial  applications  of  CST  are  described 

Goudreau  (1994),  and  Argyris,  St.  Doltsinis.  Frik  and  Tenek  (1994). 

Although  CST  led  the  way  among  computational  mechanics  disciplines  until  the  1970  s, . 
emphasU  Kfoce  sKd to  oJr  computational  science  disciplines,  particularly  computauonal  flu^ 
dynamics.  However,  there  is  now  renewed  interest  m  CST.  There  are  three ^re  hi^h- 
for  vigorously  pursuing  CST  development:  the  radically  different  demands  that  future  hish 

performance 

♦Work  is  partially  supported  by  NASA  Cooperative  Agreement  NCCW-001 1,  and  by  Air  Force  Office 
of  Scientific  Research  Grant  AFOSR-F49 620-96- 1-0462. 
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•  special-purpose  computers  such  as  neural  networks  and  embedded  computers; 

•  infrastructure  for  collaborative  computing  among  geographically  dispersed  teams.  The 
Internet,  with  commercial  and  public  domain  software,  provides  the  communication  infrastructure 
between  analysis  and  design  teams  using  a  mixed  environment  of  hardware  and  operating  systems.  For 
very-large  scale  projects,  Intranets  (networks  within  individual  organizations)  arc  used  for 
communicating  design  information  among  members  of  each  organization,  and  Extranets  arc  used  to 
provide  secured  Internet  connections  between  Intranets.  The  next-generation  Internet  is  expected  to 
alleviate  the  performance  problems  associated  with  constricted  network  bandwidth; 

•  high-bandwidth  human-computer  interaction  facilities  including  multimedia,  immersive 
synthetic  environment  with  miniature  wearable  computing  devices  and  wireless  communications  (see 
Figs.  5  and  6).  Some  of  these  facilities  will  enable  a  shared  interactive  experience  in  which  multiple 
users  coexist  in  the  same  virtual  environment  and  in  which  users  can  actually  interact  with  and  modify 
the  environment  in  real  time. 


TRENDS  IN  CAD/CAM/CAE  SYSTEMS 


In  addition  to  new  modeling  functionality,  fundamental  changes  in  the  architecture  and  facilities 
of  CAD/CAM/CAE  systems  include: 

•  seamless  integration  of  structural  and  other  physics-based  analysis  codes  into  the  CAE  system, 
eliminating  data  transfers  and  interfaces  and  allowing  detailed  structural  and  other  analyses  to  be 
performed  from  within  the  CAD  system,  on  the  most  current  product  model  throughout  the  design 
process  (Fig.  7); 

•  incorporation  of  object-oriented  technology,  particularly  in  the  user  interface  and  databases  for 
the  CAE  system,  enabling  a  “plug-and-play”  capability  for  rapid  modeling.  “Plug”  refers  to  object- 
oriented  user  interface  for  the  rapid  assembly  of  component  models.  Model  generation  via  assembly 
and  resizing  of  parts  and  components  can  be  performed  rapidly.  “Play”  refers  to  immediately  available 
predictions  of  structural  and  other  response  characteristics; 

•  incorporation  of  Internet-enabling  software  allowing  structural  analysts  and  designers  to 
access  the  product  model  data  without  leaving  their  application  and  to  move  the  data  reliably  on  the 
Internet; 

•  incorporation  of  seamless  interface  (translation)  from  the  CAE  system  to  the  virtual 
environment  with  a  mathematically  correct  visualization  of  the  structural  model. 


FUTURE  RESEARCH  AREAS 


In  order  for  CST  to  play  a  significant  role  in  future  development  of  structures  technology,  as 
well  as  in  the  design  and  certification  of  future  engineering  systems,  major  advances  and  new 
computational  tools  are  needed  in  several  key  areas.  To  this  end  the  research  community  must  address 
several  primary  pacing  items  and  related  tasks.  In  identifying  the  pacing  items,  due  consideration  was 
given  to  the  factors  described  in  the  preceding  sections. 


Primary  Pacing  Items 


The  primary  pacing  items  for  CST  are:  high-fidelity  modeling  of  the  structure  and  its 
components;  failure  and  life  prediction  methodologies;  hierarchical,  integrated  methods  and  adaptive 
modeling  strategies;  nondeterministic  analysis,  soft  computing  and  risk  assessment  (Fig.  8);  and  frilly-  ; 

coupled  analysis  and  optimization  problems  associated  with  intelligent  and  modular  structures  (Fig.  9).  S 

For  each  of  the  aforementioned  items,  attempts  should  be  made  to  exploit  the  major  characteristics  of 
the  future  computing  environment  as  well  as  the  next-generation  CAD/CAM/CAE  systems.  The  five 
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nrimarv  pacing  items  are  described  in  Noor  (1996).  Note  that  some  of  the  tasks  within  the  pacing  items 
are  of  a  generic  nature.  Others  are  specific  to  either  certain  components  of  future  engineering  systems 
(e.g.,  propulsion  systems  or  airframes  of  flight  vehicles). 


Related  Tasks 


For  CST  to  impact  the  design  process,  the  following  two  tasks  need  to  be  addressed  by  the 
research  community:  a)  development  of  automated  or  semi-automated  model  (and  mesh)  generation 
facilities  including  real-time  model  generation;  use  of  advanced  visualization  technology  and  emerging 
visualization  paradigms,  including  multimedia,  virtual  reality  facilities,  interactive  visualiption  (real¬ 
time  visualization  and  simualtion),  and  computational  steering;  and  b)  adaptation  of  object-oriented 
technology  and  AI  tools  (knowledge-based/expert  systems  and  techniques  for  knowledge  discovery  in 
databases)  to  CST. 

The  outlook  for  CST  is  bright  Innovative  structural  concepts,  advanced  computational  material 
models,  intelligent  computational  tools  for  analysis  and  synthesis,  future  computing  environment  and 
CAE  systems  should  significantly  enhance  CST  development  and  improve  the  design  of  engineering 
systems. 
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Figure  1.  Intelligent  (thinking,  self-healing) 
structure. 


Figure  2.  Miniature  spacecraft. 


Figure  3.  Modular  aircraft. 


Figure  4.  Schematic  of  a  simulation  based  design 
environment  for  engineering  systems. 


Figure  6.  Integrated  virtual  reality  facilities. 
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Figure  7.  Concept  of  analysis-embedded 
CAD  system. 
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Figure  8.  Relationship  between  soft  computing,  AI 
and  conventional  (hard)  computing. 


Figure  9.  Couplings  between  mechanical,  electric, 
magnetic  and  thermal  fields  in  smart  materials. 
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Abstract 

A  postprocessing  procedure  is  presented  for  the  evaluation  of  the  transverse  thermal  stresses  in  laminated  plates.  The  analytical 
formulation  is  based  on  the  first-order  shear  deformation  theory  and  the  plate  is  discretized  by  using  a  single-field  displacement  finite 
element  model.  The  procedure  is  based  on  neglecting  the  derivatives  of  the  in-plane  forces  and  the  twisting  moments,  as  well  as  the  mixed 
derivatives  of  the  bending  moments,  with  respect  to  the  in-plane  coordinates.  The  calculated  transverse  shear  stiffnesses  reflect  the  actual 
stacking  sequence  of  the  composite  plate.  The  distributions  of  the  transverse  stresses  through-the-thickncss  are  evaluated  by  using  only  the 
transverse  shear  forces  and  the  thermal  effects  resulting  from  the  finite  element  analysis.  The  procedure  is  implemented  into  a  postprocessing 
routine  which  can  be  easily  incorporated  into  existing  commercial  finite  element  codes.  Numerical  results  are  presented  for  four-  and 
ten-layer  cross-ply  laminates  subjected  to  mechanical  and  thermal  loads.  Published  by  Elsevier  Science  S.A. 


1.  Introduction 

The  importance  of  interlaminar  stresses  in  predicting  the  onset  of  some  of  the  damage  mechanisms  in 
multilayered  composite  panels  has  long  been  recognized.  Therefore,  various  techniques  have  been  proposed  for 
the  accurate  determination  of  transverse  stresses  in  laminated  composites.  These  include  using:  (1)  three- 
dimensional,  or  quasi-three-dimensional,  finite  elements  (see  for  example  [1-4]);  (2)  two-dimensional  finite 
elements  based  on  higher-order  shear  deformation  theories  with  either  nonlinear  or  piecewise  linear  approxi¬ 
mations  for  the  displacements  in  the  thickness  direction  (see  for  example  [5-7]);  and  (3)  post-processing 
techniques,  used  in  conjunction  with  two-dimensional  finite  elements  based  on  the  classical  or  first-order  shear 
deformation  theory  (with  linear  displacement  approximation  through-the-thickness  of  the  entire  laminate). 

Experience  with  most  of  the  three-dimensional  finite  elements  and  two-dimensional  finite  elements  based  on 
higher-order  shear  deformation  theories,  has  shown  that  unless  the  three-dimensional  equilibrium  equations  are 
used  in  evaluating  the  thickness  distribution  of  the  transverse  stresses,  the  resulting  stresses  are  inaccurate  (see 
for  example  [5,8-11]).  Since  the  finite  element  models  based  on  the  first-order  shear  deformation  theory  are 
considerably  less  expensive  than  those  based  on  three-dimensional  and  higher-order  two-dimensional  theories, 
their  use  in  conjunction  with  postprocessing  techniques  has  received  increasing  attention  in  recent  years.  The 
postprocessing  techniques  proposed  for  the  evaluation  of  transverse  stresses  are  based  on  the  use  of:  (a) 
three-dimensional  equilibrium  equations  (see  [9,12-14]);  (b)  predictor-corrector  approaches  (see  [15]);  and  (c) 
simplifying  assumptions  [16,17]. 

Except  for  Noor  et  al.  [14],  which  considered  only  transverse  shear  stresses,  none  of  the  cited  references 
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considered  transverse  stresses  in  thermally  loaded  laminates.  The  present  study  focuses  on  the  accurate 
evaluation  of  both  the  transverse  shear  and  the  transverse  normal  stresses,  in  composite  panels  subjected  to 
mechanical  and  thermal  loads.  The  postprocessing  technique,  based  on  the  use  of  simplifying  assumptions  and 
presented  in  [16,17],  is  extended  herein  to  the  case  of  thermal  stresses.  The  effectiveness  of  the  proposed 
procedure  is  demonstrated  by  means  of  numerical  examples  of  cross-ply  panels. 


2.  Mathematical  formulation 

The  mathematical  formulation  is  based  on  the  first-order  shear  deformation  theory,  with  linear  displacement 
approximation  through-the-thickness  of  the  entire  laminate.  The  basic  assumptions,  equilibrium  equations  and 
thermoelastic  constitutive  relations  of  this  theory  are  summarized  in  Appendix  A.  The  sign  convention  for 
displacements,  stresses  and  stress  resultants  is  shown  in  Fig.  1. 

2.1.  Basic  idea 

The  present  method  has  in  common  with  other  postprocessing  techniques  (e.g.  [9,12-14]),  the  use  of 
three-dimensional  equilibrium  conditions  to  calculate  the  transverse  stresses  using  the  derivatives  of  the  in-plane 
stresses.  However,  in  contradistinction  to  other  approaches,  the  transverse  shear  stresses  are  expressed  in  terms 
of  the  shear  forces  and  the  first  derivatives  of  the  temperature  field  with  respect  to  the  in-plane  coordinates  only. 
This  results  in  saving  one  order  of  differentiation  of  the  shape  functions  compared  to  other  methods.  The  idea 
goes  back  to  Rohwer  [18]  who  introduced  the  following  two  simplifying  assumptions: 

(1)  the  effect  of  the  in-plane  stress  resultants  on  the  transverse  shear  stresses  is  neglected;  and 

(2)  a  cylindrical  bending  mode  is  assumed  in  each  direction. 

Because  of  the  reduction  in  the  order  of  differentiation,  the  present  method  can,  in  many  cases,  provide  a 
good  approximation  of  the  transverse  normal  stresses  using  only  eight-noded  finite  elements. 


Fig.  t .  Composite  panels  and  sign  convention  for  the  displacements,  stresses  and  stress  resultants. 
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22  Transverse  shear  stresses 

If  Eqs.  (A.1)-(A.3)  of  Appendix  A  are  used,  the  expression  for  the  transverse  shear  stresses  at  any  point 
distance  jc3  from  the  middle  surface  can  be  written  in  the  following  form: 

*-r  a) 

J  l~  - /i / 2 

where  C0_yp  are  the  generalized  plane-stress  stiffness  coefficients;  s°yp  and  Kyp  are  the  extensional  strains  and 
curvature  changes  of  the  middle  surface  of  the  laminate;  AT  is  the  temperature  change;  ayp  are  the  coefficients 
of  thermal  expansion;  £  is  the  distance  from  the  middle  surface;  the  range  of  the  Greek  subscripts  is  I,  2;  a 
repeated  subscript  denotes  summation;  and  (  )  „  denotes  derivative  with  respect  to  xa  (coordinates  in  the  middle 
plane).  Also,  because  of  the  possible  discontinuity  in  the  stiffness  coefficients  and  the  coefficients  of  thermal 
expansion  at  layer  interfaces,  piecewise  integration  is  used  in  the  evaluation  of  the  right-hand  side  of  Eq.  (1). 

If  the  laminate  properties  are  independent  of  xa  and  Eqs.  (A.10)  are  used,  a3p  can  be  expressed  in  terms  of  the 
stress  resultants  as  follows: 


fc.li 

K.JJ 


(-aPypGyp  ATa  d£ 


(2) 


where  Aypcv,  Bypev,  Dypstp  are  compliance  coefficients  of  the  panel  (see  Eq.  (A.  10));  Nsr,  MSf  are  the  extensional 
and  bending  stress  resultants;  and  N'^,  are  thermal  extensional  and  bending  stress  resultants  (see  Eq. 
(A.9)).  If  the  temperature  change  AT  is  linear  in  the  thickness  direction,  i.e.  if 


AT  =  T°  +  XjT1 

then,  the  expression  for  aip  takes  the  following  form: 


Vi?  ~ 


where 


■'afieip 


A 

£<pyp 

D 

,£<pyp 


and 


d£ 


(3) 

(4) 

(5) 

(6) 


The  quantities  a'*p  and  are  integrals  (over  part  of  the  laminate  thickness)  of  products  of  material  stiffnesses 
and  coefficients  of  thermal  expansion.  Therefore,  they  can  be  thought  of  as  partial  thermal  stiffnesses. 

In  order  to  simplify  the  calculation  of  the  transverse  shear  stresses  a-3p,  the  following  quantities  in  Eq.  (2)  (or 
its  equivalent — Eq.  (4))  are  neglected: 

(1)  Nyp  a 

(2)  1^22. i7  ^ \  1 .2’  ^12.1  2.2* 

If  the  equilibrium  equations  of  the  laminate  (Eqs.  (A.7))  are  used,  the  remaining  derivatives  of  the  bending  stress 
resultants  can  be  expressed  in  terms  of  the  transverse  shear  stress  resultants  Qa  as  follows: 

A/,,.,  =0,  <7> 

M22i  =  Q2  <8> 


Eqs.  (7)  and  (8)  represent  the  cylindrical  bending  assumptions  in  the  x,  and  x2  directions,  respectively. 
The  expression  for  a3p,  Eq.  (4),  reduces  to: 
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Ai 


=f.'PQa+[[G, 


(9) 


where  faf3  are  the  Fafiw  terms  multiplying  the  remaining  derivatives  of  Myf}. ,  and  Eqs.  (A.  12) — Appendix  A,  have 
been  used. 

Note  that  when  using  Eq.  (9)  in  a  finite  element  environment,  the  finite  element  code  must  only  provide  the 
transverse  shear  forces  Qa  and  the  first  derivatives  of  the  uniform  temperature  T°  and  temperature  gradient  Tl. 
These  derivatives  can  be  evaluated  by  using  only  bilinear  shape  functions  for  approximating  the  generalized 
displacements  and  the  temperature  distributions  T°  and  T\  Thus,  the  required  polynomial  order  is  one  lower 
than  that  of  the  standard  equilibrium  approach  which  uses  Eq.  (1).  Furthermore,  Eq.  (9)  allows  the  evaluation  of 
improved  transverse  shear  stiffnesses,  which  reflect  the  actual  stacking  sequence  of  the  composite  plate  [18]. 
Thus,  artificial  shear  correction  factors  are  no  longer  necessary. 


2.3.  Transverse  normal  stresses 


The  foregoing  methodology  can  also  be  applied  to  the  evaluation  of  transverse  normal  stresses.  Although  the 
constitutive  relations  used  in  the  FSDT  neglect  the  transverse  normal  stress  component,  this  component  can  be 
calculated  a  posteriori  using  the  third  equilibrium  equation  (Eq.  (A.4)).  If  Eq.  (9)  is  used,  the  expression  for  the 
transverse  normal  stress  can  be  written  in  the  following  form: 


* 
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(\b  f  iK 

.p  r <*PypJ  ^th  a«P  D°p\ /[r1  J 
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th 
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(10) 


(11) 


In  order  to  evaluate  the  transverse  normal  stress  on  element  level,  the  finite  element  program  must  only 
provide  the  first  derivatives  of  the  transverse  shear  forces  (Qa  p)  and  the  second  derivatives  of  the  temperature 
field  (T°a/9,  T]afi)  with  respect  to  the  in-plane  coordinates  x{  and  x2 .  This  can  be  accomplished  by  using 
biquadratic  shape  functions. 


2.4 L  Boundary  conditions 

The  boundary  conditions  for  all  transverse  stresses  at  the  top  and  bottom  surfaces  of  the  laminate  are 
automatically  satisfied  in  the  present  procedure.  This  is  demonstrated  in  the  subsequent  subsections. 

2.4. 1.  Transverse  shear  stresses 

At  the  bottom  surface  of  the  laminate,  x3  -  -hi 2,  the  coefficients  Gafiyp,  Fo0yp>  ax*0  and  are  all  zero  and, 
therefore 

aip\xy=-hf2  =  ® 

At  the  top  surface  of  the  laminate,  x3  =  h! 2,  the  coefficients  Fa^yp  and  GaPyp  are  obtained  by  setting  x3  =  hi 2  in 
Eq.  (5),  i.e. 
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r{  =  hfZ  _  At: 

\Papyp  ^apy(j\\.x^h/2  ~  _/|/2  £]&£  g 


A  tupyp  ^tupyp 

B  D 

*--*pyp  *:<f>y p 


=  -[/».„„  H  03) 

_Dc<pyp  Ue*yp  J 

Since  the  compliance  matrix  containing  A,  B,  6  is  the  inverse  of  the  stiffness  matrix  containing  A,  B  C ,  Eq.  (13) 
reduces  to 

\pa?yp  ^«Prp]lJ,j“*/2  =  —  \P«Pyp  ®] 

where  8aPyp  =  8oy8pp;  8’s  are  the  Kronecker  deltas  (8ay  =  1  if  a  =  y  and  8ay  =  0  if  a  #  y).  Inserting  Eq.  (14) 
into  Eq.  (9),  it  follows  that 

=(-4»,X  +  3lJC  -  0  05) 

i.e.  the  transverse  shear  stresses  vanish  at  the  upper  surface  of  the  laminate. 

2.4.2.  Transverse  normal  stress 

If  the  definition  of  Fafiyp  given  in  Eq.  (5)  is  used,  the  integrated  tensor  coefficients  F*fiyp  can  be  expressed  as 
follows: 

^apyp  55  ~~  s<t>yp  ^ apcjP c4>yp  O^) 

<17) 

a*Ptp  =  J{  _hn  a.Py.  ^  “  2  1  )(■*■!  ~~2^)  +  ”*.-l)  08) 

(,9) 

=  2  -  J*.)  -  ?  CX-.(i'3  OO) 

/■I  1  “  * 

where  aoPw  and  baf)yp  denote  the  partial  extension  and  coupling  stiffnesses  of  the  laminate,  respectively;  and  n 
is  the  total7  number  of  layers  in  the  panel.  The  stiffness  coefficients  Aaf>yp  and  Ba/jyp  are  obtained  by^setting  the 
upper  limit  of  the  integrations  in  Eqs.  (17)  and  ( 19)  to  f  =  hi 2.  The  values  of  the  coefficients  a  and  b  are  given 
by 

atfirJlxi ”/,/2  =  ~~2  ^  Capyp{h2j  ~  h/_j)  +  X  rapyp(hj  -  hi_i)hll  —  y  C apyp{h„  ~  hn_ ,) 


=  -4  i  -  A?-,)  +  h„t  C%yp(h,  -  *._,)=  -B^yp  +  M 


’afiyp  “n^apyp 


Since  the  middle  surface  is  assumed  to  be  the  reference  surface,  then 

-A 

“  2  ^afiyp  ^apyp 


n 

Xy*h/2  ~  2  Bapyp  Oa0yp 


(23) 
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If  Eqs.  (22)  and  (23)  are  used,  then 


^ a Pyi\xH~hl-  2  ^ape^e^yt*  2  ^nPe<i>^e4>yp  +  ^apyp 

Again,  it  has  been  taken  into  account  that  the  compliances  are  inverse  to  the  stiffnesses. 

Analogously,  G*fiyp  can  be  evaluated  at  the  top  surface. 

*  l  _  h  - 

G a Pyp\.Kj=hu  2  ^aPyP 

jjj 

The  expressions  for  the  integrals  of  the  partial  thermal  stiffnesses  are  similar  to  those  of  a  and  b — Eqs.  (22)  and 
(23),  viz. 


(24) 


(25) 
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1*3-*.  2 
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_ n  '•>  _  n»h 

<-»  n a  t/„o 


*oph|tj =A„  -  2  "«/5 

Therefore,  the  transverse  normal  stress  at  the  upper  surface  appears  as 

a3l\x} =  —  SapQa.P  ~{t~2  ^°PypAyp  +  KpypByp  +  ~2  ^afi  ~ 

-(- 1  <WC  +  WC + f  C  -  -  -Qa„ 


(26) 

(27) 


(28) 


Application  of  the  equilibrium  of  forces  at  the  upper  surface  (Eq.  (A.6))  yields 

<733ljcJ«A/2  =  ~P  (29) 

Therefore,  the  boundary  condition  is  exactly  satisfied.  The  boundary  condition  at  the  lower  surface  is  also 
satisfied  since  all  tensors  appearing  in  Eq.  (28)  vanish  at  jc3  =  —  hi 2. 


2.5.  Implementation 


The  present  method  is  implemented  into  the  finite  element  program  B2000  and  the  postprocessor  TRAVEST. 
The  B2000  is  a  common  research  tool  for  a  number  of  organizations,  including  NLR,  CIRA,  SMR,  DLR,  and 
some  universities  in  the  Netherland  and  Switzerland.  Within  B2000  a  standard  isoparametric  eight-node  element 
with  reduced  integration  (2  X  2)  is  used.  The  same  shape  functions  are  used  for  interpolating  the  temperature 
distribution.  Since  the  evaluation  of  transverse  stresses  requires  the  first  derivative  of  the  transverse  shear  forces 
(Qa  ^),  and  the  second  derivatives  of  the  temperature  field  (T°ttfi;  T]afi)9  then  second-order  derivatives  of  the 
shape  functions  are  required.  These  derivatives  can  be  evaluated  using  the  procedure  outlined  in  [11].  The 
values  for  Qa  ^  T°a0  and  T]afi  are  input  to  the  postprocessor  TRAVEST  which  calculates  all  quantities  that 
depend  on  the  transverse  coordinate  *3  only,  i.e.  the  tensors/^,  GaPyp>  F„Pyp,  a%,  b'*p,  A*p,  B%  and  D%,  and 
its  integrals  overx3  which  are  denoted  by  stars.  The  integrations  are  carried  out  analytically.  Thus,  no  additional 
numerical  errors  are  introduced.  If  the  material  properties  of  each  layer  are  uniform  (i.e.  independent  of  xa  and 
x3),  the  additional  computational  effort  is  small  since  the  aforementioned  tensors  have  to  be  evaluated  only 
once.  The  multiplications  with  Qa  T°Qp  and  Tlafi  (according  to  Eqs.  (9)  and  (10))  must  be  performed  at  each 
point  where  the  transverse  stresses  are  required. 


3.  Numerical  studies 

To  assess  the  effectiveness  of  the  foregoing  postprocessing  procedure  for  calculating  transverse  stresses  in 
composite  plates  several  multilayered  composite  panels  were  analyzed.  The  panels  were  subjected  to  transverse 
static  loading  or  to  a  thermal  loading,  in  the  form  of  either  a  constant  temperature  change  or  a  temperature 
gradient  in  the  thickness  direction.  Typical  results  are  presented  herein  for  a  ten-layered  symmetric  cross-ply 
laminate  ([0/90/0/90/0]sym)  and  a  four-layered  antisymmetric  laminate  ([0/90/0/90]),  with  the  fibers  of  the 
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top  layer  parallel  to  the  jc,  axis.  The  first  laminate  exhibits  no  bending-extensional  coupling,  and  the  second 
laminate  exhibits  a  strong  coupling.  Two  aspect  ratios  were  selected;  namely,  L,/L,  =  1  and  2.  Furthermore, 
two  different  thickness  ratios,  fc/L,  =0.05  and  0.1,  were  considered.  Each  of  the  transverse  loading,  uniform 
temperature  through  the  thickness,  and  the  temperature  gradient  through-the-thickness,  had  a  double  sinusoidal 
variation  in  the  xi  -  x2  plane.  The  amplitudes  of  the  transverse  loading,  uniform  temperature  and  temperature 
gradient  (p°,  T°,  T1)  were  chosen  to  be  one.  The  following  boundary  conditions  which  allow  an  exact 
three-dimensional  solution  to  be  obtained  [19,14,20],  were  selected: 

m,  =  0,  w  =  0,  <f>2  =  0,  cru-0  at  x,  =  0,  L, 

=  0,  w  —  0,  —  0,  (t22  ~  0  at  x2  =  0,  L2. 

The  three-dimensional  solution  was  used  as  the  standard  for  comparison.  Also,  transverse  stresses  were 
calculated  using  the  postprocessing  technique  based  on  the  full  three-dimensional  equilibrium  equations.  This 
provided  an  assessment  of  the  effect  of  neglecting  Nypa,  M22A,  Mu  2,  Mi2  l,  Ml  2  on  the  accuracy  of  the 
calculated  transverse  stresses.  The  material  properties  of  the  individual  layers  were  taken  to  be  those  typical  of 
high-modulus  fibrous  composites,  namely: 

EJEt  =  15,  Glt/Et  =  0.5,  G-ntE-T  =  0.3378,  vLT  =  0.3,  vn  =  0.48 
aL  =  0.139  X  10~6,  ar  =  9X10_# 


Fig.  2.  Through-the-thickness  distributions  of  transverse  shear  stresses  (fr,,  at  (L,,  LJ 2);  cry2  at  (t,/2,  L2)).  Four-layer  antisymmetric 
cross-ply  laminate  with  LJLX  -  1  subjected  to:  (a)  static  loading  p\  (b)  uniform  temperature  f°;  (c)  temperature  gradient  T*. 
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Typical  results  are  shown  in  Figs.  2-4  for  the  transverse  shear  stresses  and  in  Figs.  5  and  6  for  the  transverse 
normal  stresses.  The  results  are  discussed  subsequently. 

3.L  Effect  of  laminate  parameters  and  loading  on  the  magnitude  and  distribution  of  transverse  stresses 
through  the  thickness 

•  The  transverse  shear  and  normal  stresses  produced  by  the  transverse  loading  p  have  a  smooth  variation  in 
the  thickness  direction. 

•  The  relative  magnitudes  of  the  transverse  shear  stresses,  <x3I,  cr32,  and  of  the  transverse  normal  stresses,  <r33 , 
is  strongly  influenced  by  the  aspect  ratio  of  the  laminate.  For  square  laminates,  <r3I  and  <r32  have  almost 
equal  magnitudes,  but  opposite  signs;  and  <r33  is  very  small.  On  the  other  hand,  for  rectangular  laminates, 
the  magnitudes  of  <r3I  and  cr32  are  different  and  the  ratio  of  max  0*33  /max  cr3p  is  larger  than  that  for  square 
laminates  (see  Table  1). 

3.2  Accuracy  of  transverse  shear  stresses 

•  For  all  the  laminates  considered,  the  accuracy  of  the  transverse  shear  stresses,  a 3/5,  predicted  by  the 
foregoing  procedure,  was  at  least  satisfactory,  often  good  or  very  good.  The  accuracy  was  higher  for  the 
static  loading  case  than  for  the  thermal  loading  cases. 


Fig.  3.  Through-the-thickness  distributions  of  transverse  shear  stresses  (cr3l  at  LJ 2);  ay2  at  (Z.,/2,  L2)).  Four-layer  antisymmetric 
cross-ply  laminate  with  L2!L^  —  2  subjected  to:  (a)  static  loading  p\  (b)  uniform  temperature  Tn;  (c)  temperature  gradient  T'. 
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Fig.  4.  Through-the-thickness  distributions  of  transverse  shear  stresses  at  (L,,  LJ 2);  cry2  at  {LJ2,  L2)).  Ten-layer  antisymmetric 
cross-ply  laminate  with  L2/Li  =  1)  subjected  to:  (a)  static  loading  p;  (b)  uniform  temperature  7°;  (c)  temperature  gradient  T  . 

•  For  the  static  loading  case,  the  accuracy  of  was  insensitive  to  the  thickness  ratio  (h/Lx).  On  the  other 
hand,  for  the  thermal  loading  cases,  the  accuracy  increased  with  the  decrease  in  (hlLx). 

•  For  rectangular  plates,  the  larger  transverse  shear  stresses  are  predicted  more  accurately  by  the  foregoing 
procedure  than  the  smaller  ones. 

•  The  use  of  the  full  three-dimensional  equilibrium  equations  in  the  postprocessing  phase  improved  the 
accuracy  of  the  transverse  shear  stress  in  all  the  cases  considered.  The  improvement  was  more  noticeable 
for  the  four-layer  laminates. 

3.3.  Accuracy  of  transverse  normal  stresses 

•  The  accuracy  of  the  transverse  normal  stresses  predicted  by  the  foregoing  procedure  is  strongly  dependent 
on  the  relative  magnitudes  of  the  in-plane  and  bending  stress  resultants  (hNafi/Mafi),  and  the  relative 
magnitudes  of  cr33  and  cr^p  which,  in  turn,  are  dependent  on  the  loading,  the  lamination  and  the  geometric 
parameters  of  the  panel  (see  Table  1). 

•  For  the  static  loading  case,  the  accuracy  of  <r33  is,  for  all  the  panels  considered,  excellent.  The  accuracy  is 
insensitive  to  variations  in  both  (hlLx)  and  L2!LX. 

•  For  the  thermal  loading  cases,  the  accuracy  of  <r33  is  satisfactory  only  when  the  ratio  hNaplMafi  is  small 
and  the  ratio  (max  <733/max  cr^)  is  larger  than  0.01.  For  the  case  of  uniform  temperature  through-the- 
thickness,  the  accuracy  of  <r33  is  satisfactory  for  rectangular  four-layer  laminates,  and  is  not  satisfactory  for 
all  the  other  laminates  considered.  For  the  case  of  temperature  gradient  through-the-thickness,  the  accuracy 
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Fig.  6.  Through-the-thickness  distribution  of  transverse  norma!  stress  cr„  at  (L,/2,  LJ 2).  Ten-layer  symmetric  cross-ply  laminate  subjected 
to:  (a)  static  loading  p\  (b)  uniform  temperature  T”;  (c)  temperature  gradient  T\ 


of  cr33  ranged  from  good  to  excellent,  except  for  the  square  ten-layer  laminate,  where  was  less  than 
three  orders  of  magnitude  smaller  than 

•  The  use  of  the  full  three-dimensional  equilibrium  equations  in  the  postprocessing  phase  did  not  improve  the 
accuracy  of  the  transverse  normal  stresses  significantly  over  those  predicted  by  the  foregoing  procedure. 
For  the  cases  where  the  transverse  normal  stresses  predicted  by  the  foregoing  approach  were  unsatisfactory, 
the  corresponding  transverse  normal  stresses  calculated  by  using  the  full  three-dimensional  equations  were 
also  unsatisfactory.  For  these  cases,  there  is  a  need  for  another  approach,  such  as  the  predictor-corrector 
approach  presented  in  [15]. 
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Appendix  A.  Fundamental  equations  of  the  first-order  shear  deformation  theory  used  in  the  present 
study 

The  first-order  shear-deformation  thermoelastic  model  used  in  the  present  study  is  based  on  the  following 
assumptions: 

(1)  The  laminates  are  composed  of  a  number  of  perfectly  bonded  layers. 

(2)  The  strains  are  linear  in  the  thickness  direction,  i.e. 

£aP  =  £%+X  3Kafi  (A.1) 

where  e°o0  and  Kaj3  are  the  extensional  strains  and  curvature  changes  of  the  middle  surface;  x3  is  the  thickness 
coordinate,  and  the  range  of  the  Greek  indices  is  1,  2. 

(3)  Every  point  of  the  laminate  is  assumed  to  possess  a  single  plane  of  thermoelastic  symmetry  parallel  to  the 
middle  plane. 

(4)  The  material  properties  are  independent  of  temperature. 

(5)  The  extensional  stresses  aa/3  and  strains  e„p  are  related  by  the  plane  stress  constitutive  relations: 

=  Caf>yP(£yp  -  ayp  A1">  (A.2) 

where  Caf3yp  are  the  generalized  plane-stress  stiffness  coefficients,  ayp  are  the  coefficients  of  thermal  expansion, 
and  A T  is  the  temperature  change.  Henceforth,  a  repeated  Greek  index  denotes  summation  over  the  range  1,  2. 


A.L  Three-dimensional  equilibrium  equations 

In  the  absence  of  body  forces,  the  equilibrium  equations  can  be  written  in  the  following  form: 

aafi.a  +  ^3^.3  =  0  (A.3) 

+  0*33.3  =  0  (A.4) 

where  and  <j33  are  the  transverse  shear  and  transverse  normal  stresses,  respectively. 


A.2.  Equilibrium  equations  for  the  laminate 

The  force  and  moment  equilibrium  equations  for  the  laminate  are  given  by 


N0p,a  Pp  0 

(A.5) 

Qa.c  ~P=0 

(A.6) 

(A.7) 

where  Na0>  Qa  and  Map  are  the  extensional,  transverse  shear  and  bending  stress  resultants;  p p  and  p  are  the 
intensities  of  the  external  loadings  in  the  and  jc3  directions,  respectively. 

A.3.  Thermoelastic  constitutive  relations  for  the  laminate 


The  thermoelastic  constitutive  relations  of  the  laminate  are  given  by 


(A.8) 


where  the  A’s,  D’s  and  B's  are  the  extensional,  bending  and  bending-extensional  coupling  coefficients  of  the 
laminate;  and  and  are  thermal  extensional  and  bending  stress  resultants  given  by 
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A  7"  dr, 


(A.9) 


where  n  is  the  total  number  of  layers,  and  /»*_><  'h  are  the  distances  from  the  middle  surface  to  the  top  and 

bottom  faces  of  the  kth  layer  (see  Fig.  1). 

The  relations  between  the  middle  surface  strains  and  stress  resultants  are  given  by 


f _  Aaf3yp  Baftyp  f  j  + j^wll 

-Bapyp  1  MJ 


(A.  10) 


where  A  B  and  Daf)yp  are  the  compliance  coefficients  of  the  panel  (inverse  of  the  panel  stiffness 
coefficients^'  Note'that  the  constitutive  relations  for  the  transverse  shears  are  not  used  in  evaluating  the 
transverse  stresses. 

If  the  temperature  change  has  a  linear  variation  through-the-thickness,  viz. 

&T=T°  +  x3T' 

then  the  expressions  for  the  thermal  extensional  and  bending  stress  resultants  reduce  to 


(A.l  1) 
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(A.  12) 
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Analysis  of  Composite  Panels  Subjected  to 
Thermo-Mechanical  Loads 

By  Ahmed  K.  Noor1  and  Jeanne  M.  Peters2 


Abstract:  The  results  of  a  detailed  study  of  the  effect  of  cutout  on  the  nonlinear  response  of  curved  unstif¬ 
fened  panels  are  presented.  The  panels  are  subjected  to  combined  temperature  gradient  through-the-thickness 
combined  with  pressure  loading  and  edge  shortening  or  edge  shear.  The  analysis  is  based  on  a  first-order,  shear- 
deformation,  Sanders-Budiansky-type  shell  theory  with  the  effects  of  large  displacements,  moderate  rotations, 
transverse  shear  deformation,  and  laminated  anisotropic  material  behavior  included.  A  mixed  formulation  is  used 
with  the  fundamental  unknowns  consisting  of  the  generalized  displacements  and  the  stress  resultants  of  the 
panel.  The  nonlinear  displacements,  strain  energy,  principal  strains,  transverse  shear  stresses,  transverse  shear 
strain  energy  density,  and  their  hierarchical  sensitivity  coefficients  are  evaluated.  The  hierarchical  sensitivity 
coefficients  measure  the  sensitivity  of  the  nonlinear  response  to  variations  in  the  panel  parameters,  as  well  as 
in  the  material  properties  of  the  individual  layers.  Numerical  results  are  presented  for  cylindrical  panels  and 
show  the  effects  of  variations  in  the  loading  and  the  size  of  the  cutout  on  the  global  and  local  response  quantities 
as  well  as  their  sensitivity  to  changes  in  the  various  panel,  layer,  and  micromechanical  parameters. 


INTRODUCTION 

In  recent  years,  considerable  work  has  been  devoted  to  the 
study  of  nonlinear  and  postbuckling  responses  of  laminated 
composite  plates  and  shells  subjected  to  combined  mechanical 
and  thermal  loads.  Attempts  have  been  made  to  identify  the 
differences  between  the  isothermal  and  thermal  responses.  Re¬ 
views  of  recent  contributions  are  contained  in  two  survey  pa¬ 
pers  (Noor  and  Burton  1992;  Noor  and  Peters  1994)  and  two 
monographs  (Noor  1994;  Turvey  and  Marshall  1995).  Only  a 
few  of  the  reported  studies  considered  the  nonlinear  response 
of  curved  panels  subjected  to  temperature  gradient  through- 
the-thickness  (i.e.,  Librescu  et  al.  1995;  Librescu  and  Souza 
1993),  and  to  the  authors’  knowledge,  none  considered  bound¬ 
ary  conditions  other  than  simple  supports.  Since  curved  panels 
have  many  applications  in  aircraft  structures,  including  fuse¬ 
lage,  wing,  and  empennage  components  of  high-speed  aircraft, 
an  understanding  of  their  nonlinear  and  postbuckling  responses 
when  subjected  to  combined  temperature  gradient  through-the- 
thickness  and  mechanical  loading  is  desirable.  Moreover,  a 
study  of  the  sensitivity  of  the  nonlinear  and  postbuckling  re¬ 
sponses  to  variations  in  the  material,  lamination,  and  geometric 
parameters  of  these  panels  is  needed  to  provide  an  indication 
of  the  effects  of  changes  in  these  parameters  on  the  structural 
response. 

The  present  study  focuses  on  understanding  the  detailed 
nonlinear  response  characteristics  of  cylindrical  multilayered 
composite  panels  subjected  to  combined  temperature  gradient 
through-the-thickness  and  mechanical  loading.  Sensitivity  co¬ 
efficients  are  evaluated  which  measure  the  sensitivity  of  the 
various  response  quantities  to  variations  in  the  panel  stiff¬ 
nesses,  the  effective  layer  properties,  and  the  micromechanical 
parameters  of  the  individual  layers. 

The  unstiffened  panels  considered  in  the  study  consist  of 
a  number  of  perfectly  bonded  layers  and  are  symmetrically 
laminated  with  respect  to  the  middle  surface.  The  individual 
layers  are  assumed  to  be  homogeneous  and  anisotropic.  A 


‘Prof.,  Ctr.  for  Advanced  Computational  Technol.,  Univ.  of  Virginia, 
NASA  Langley  Research  Center,  Hampton,  VA  23681. 

2Sr.  Programming  Analyst.  Ctr.  for  Advanced  Computational  Technol., 
Univ.  of  Virginia,  NASA  Langley  Research  Center,  Hampton,  VA. 

Note.  Discussion  open  until  June  1,  1999.  To  extend  the  closing  date 
one  month,  a  written  request  must  be  filed  with  the  ASCE  Manager  of 
Journals.  The  manuscript  for  this  paper  was  submitted  for  review  and 
possible  publication  on  April  13,  1998.  This  paper  is  part  of  the  Journal 
of  Aerospace  Engineering,  Vol.  12,  No.  I,  January,  1999.  ©ASCE,  ISSN 
0893-1321/99/0001-0001  -0007/58.00  +  $.50  per  page.  Paper  No. 
18218. 


plane  of  thermoelastic  symmetry  exists  at  each  point  of  the 
panel,  parallel  to  the  middle  surface.  The  loading  is  selected 
to  simulate  that  of  a  typical  fuselage  panel  of  a  high-speed 
aircraft 


MATHEMATICAL  FORMULATION 

The  analytical  formulation  is  based  on  a  first-order,  shear- 
deformation,  Sanders-Budiansky-type  shell  theory  with  the  ef¬ 
fects  of  large  displacements,  moderate  rotations,  average  trans¬ 
verse  shear  deformation  through-the-thickness,  and  laminated 
anisotropic  material  behavior  included.  For  simplicity,  a  linear 
Duhamel-Neumann-type  constitutive  model  is  used  and  the 
material  properties  are  assumed  to  be  independent  of  temper¬ 
ature.  The  constitutive  relations  for  the  panel  are  given  in  Noor 
and  Peters  (1983).  A  total  Lagrangian  formulation  is  used  and 
the  panel  deformations,  at  different  values  of  the  applied  load- 


*9 


Vf  ■  .• 


Uvtf  PrgBgrtlgi 
tL  rn  137  2  a  Pa 
EfM2GPa 
Qtr.3.7«GPa 
Qrr-LMOPa 

nr- AS 
-  .*.«  m  io-?rc 
ar*27.»xio4rc 

NL.1* 

Flbar  Ortontatton  [t4IM0]h 
TNcfcnasa  of  fntftvMual  tayara 


•  1AHr«10-»ia 


FIG.  1.  Composite  Panels  Considered  in  Present  Study  and 
Sign  Convention  for  Generalized  Displacements  and  Streaa  Re¬ 
sultants 
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FIG.  2.  Loadings  and  Boundary  Conditions  Considered  in  Nu¬ 
merical  Studies 


ing,  arc  referred  to  the  original  undeformed  configuration.  The 
panel  is  discretized  by  using  two-field  mixed  finite-element 
models.  The  fundamental  unknowns  consist  of  the  nodal  dis¬ 
placements  and  the  stress-resultant  parameters.  The  stress  re¬ 
sultants  are  allowed  to  be  discontinuous  at  interelement  bound¬ 
aries  in  the  model.  The  sign  convention  for  the  generalized 
displacements  and  the  stress  resultants  for  the  model  are 
shown  in  Fig.  1.  The  external  loading  consists  of  a  uniform 
pressure  loading  p\  monotonically  increasing  edge  displace¬ 
ment  qt  (either  normal  or  tangential  to  the  edge);  and  a  tem¬ 
perature  gradient  through-the-thickness  qT  [linear  through-the- 
thickness  temperature  variation,  qT  =  (7,  —  Tb)lh ,  where  T,  and 
Tb  are  the  changes  in  the  top  and  bottom  surface  temperatures 
(see  Fig.  2)]. 


(2),  and  a  forward-rcduction/back-substitution  operation 
only  (no  decomposition  of  the  left-hand  side  matrix  is  re¬ 
quired). 


Evaluation  of  Transverse  Shear  Stresses 

The  transverse  shear  stresses  arc  evaluated  by  using  piece¬ 
wise  integration,  in  the  thickness  direction,  of  the  three-di¬ 
mensional  equilibrium  equations.  For  optimum  accuracy,  the 
transverse  shear  stresses  are  computed  at  the  numerical  quad¬ 
rature  points  and  then  interpolated  to  the  center  of  the  element. 
The  same  procedure  is  used  for  evaluating  the  thickness  dis¬ 
tributions  of  the  sensitivity  coefficients  of  the  transverse  shear 
stresses. 


FIG.  3.  Hierarchical  Sensitivity  Coefficients  for  Composite 
Panels 


Governing  Finite-Element  Equations 

The  governing  equations  for  the  response  vector  and  its 
first-order  sensitivity  coefficients  can  be  written  in  the  follow¬ 
ing  compact  form: 

{f(Z)}  =  [K]{Z}  +  {G(Z)}  -  />{Q0>}  -  9,{<n  -  tfrCQ'”}  =  0 

(1) 

[«•»]]©-[£ « 

where  [K]  =  global  linear  structural  matrix  including  the  flex¬ 
ibility  and  the  linear  strain-displacement  matrices;  {Z}  =  re¬ 
sponse  vector  including  both  unknown  (free)  nodal  displace¬ 
ments  and  stress-resultant  parameters;  {G(Z)J  =  vector  of 
nonlinear  terms;  /?,  q„  and  qT  are  the  magnitudes  of  the  internal 
pressure,  applied  edge  displacement,  and  temperature  gradient 
through-the-thickness;  {Qth},  {Ql2>},  {Q(3)}  are  normalized  vec¬ 
tors  corresponding  to  unit  values  of  p ,  qe  and  qT ,  and  X  = 
typical  parameter  of  the  sandwich  panel.  The  range  of  the  in¬ 
dices  7  and  J  is  1  to  the  total  number  of  degrees  of  freedom 
in  the  model;  and  {Qm}  and  are  assumed  to  be  indepen¬ 
dent  of  qT.  The  form  of  the  arrays  [K],  {G(Z)},  {Qm},  and 
{Qtt)}  are  given  in  Noor  et  al.  (1997). 

Eq.  (1)  is  nonlinear  in  {Z},  but  (2)  is  linear  in  {BZJdk}. 
Note  that  the  matrix  on  the  left-hand  side  of  (2)  is  identical 
to  that  used  in  the  Newton-Raphson  iterative  process.  There¬ 
fore,  if  the  Newton-Raphson  technique  is  used  in  generating 
the  nonlinear  response,  the  evaluation  of  the  sensitivity  coef¬ 
ficients  requires  the  generation  of  the  right-hand  side  of 
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FIG.  4.  Effect  of  Loading,  Hole  Diameter  on  Nonlinear  Re¬ 
sponse  of  Composite  Cylindrical  Panels  Subjected  to  Com¬ 
bined  Pressure  Loading,  Prescribed  Edge  Displacement,  and 
Temperature  Gradient  Through-the-Thickness 


Hierarchical  Sensitivity  Coefficients 

The  nonlinear  and  postbuckling  response  characteristics  of 
sandwich  panels  are  dependent  on  a  hierarchy  of  interre  ated 
parameters,  the  kinds  including  panel,  effective  layer,  and  mi- 
cromechanical.  A  study  of  the  sensitivity  of  the  response  to 
variations  in  each  of  these  parameters  provides  insight  into  the 
importance  of  the  parameters  and  helps  in  the  development  of 
materials  to  meet  certain  performance  requirements. 

Three  sets  of  sandwich  parameters  are  considered  herein— 
panel,  effective  layer,  and  micromechanical  parameters.  The 
panel  parameters  include  the  extensional;  bending-extensional; 
bending  and  transverse  shear  stiffnesses  (components  of  the 
matrices  [A],  [B],  [D],  and  [A,]— see  Fig.  3);  and  the  vectors 
of  thermal  effects  {Nr}  and  {Mr}  (see  Noor  et  al.  1997).  The 
effective  layer  parameters  include  the  individual  layer  prop¬ 
erties:  elastic  moduli  EL,  Ef,  shear  moduli  GLT,  Gn,  major 
Poisson’s  ratio  coefficients  of  thermal  expansion  aL,  otr; 
fiber-orientation  angle  8(°;  layer  thickness  h :  ,  where  sub¬ 
scripts  L  and  T  refer  to  the  longitudinal  (fiber)  and  transverse 
directions,  respectively.  The  micromechanical  parameters  refer 
to  the  fiber  and  matrix  material  moduli  Ey,  Ey,  Em,  GXy,  G„„ 
Poisson’s  ratios  vxv>  V23/.  coefficients  of  thermal  expansion 


ay,  a„,;  and  the  fiber  volume  fraction  vf.  The  subscripts/ 
and  m  denote  the  fiber  and  matrix  property,  respectively.  The 
three  sets  or  parameters  will  henceforth  be  referred  to  as 
Xjn,  X*"’  where  superscripts  p,  l,  and  m  refer  to  the  panel, 
effective  layer,  and  micromechanical  parameters,  respectively; 
and  the  indices  /,  j,  and  k  range  from  1  to  the  number  of 
parameters  in  each  category.  In  the  present  study,  the  Aboudi 
(1991)  cell  method  is  used  to  evaluate  the  effective  properties 

of  the  layers.  ,  ,  .  . 

The  computational  procedure  consists  of  evaluating  the 
sensitivity  coefficients  with  respect  to  each  of  die  panel  pa¬ 
rameters  {3Z/d\‘'”}  using  (2).  The  sensitivity  coefficients 
with  respect  to  the  effective  layer  parameters  {dZJdKj  ) 
and  micromechanical  parameters  {3Z/3X.*">)  are  then  obtained 
by  forming  linear  combinations  of  them  (see  Noor  et  al. 
1997). 


NUMERICAL  STUDIES 

Numerical  studies  were  performed  to  determine  the  effects 
of  variations  in  the  loading  and  the  diameter  of  the  cutout  on 
both  the  response  and  the  sensitivity  coefficients  of  composite 
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b)  Edge  shear 


Through-the-Thlckness  (Location  ot  Maximum  Values  Identified  by  Small  Solid  Circle) 


b)  Edge  shear 

FIG.  6.  Normalized  Contour  Plots  Depicting  Effect  of  Loading  and  Hole  Diameter  on  Total  Strain  Energy  Density  0and  Transverse 
Shear  Strain  Energy  Density  0mh  for  Sixteen-Layer  Composite  Cylindrical  Panels  Subjected  to  Combined  Pressure  Loading,  Pre¬ 
scribed  Edge  Displacement,  Temperature  Gradient  Through-the-Thickness  p  +  qm  +  qT  (Location  of  Maximum  Values  Identified  by 
Small  Solid  Circle) 


cylindrical  panels  with  circular  cutouts.  The  panels  considered 
have  sixteen  layers  and  quasi-isotropic  lamination.  The  mate¬ 
rial  properties  and  geometric  characteristics  for  the  panels  con¬ 
sidered  in  the  present  study  are  given  in  Fig.  1.  The  material 
properties,  the  fiber  orientation,  and  the  stacking  sequences 
selected  are  those  typical  of  composite  panels  considered 
for  high-speed  aircraft  applications.  The  loading  on  the 
panels  consisted  of  a  sequence  of  mechanical  and  thermal 
loadings:  uniform  pressure  loading  p  =  6.894  X  104Pa,  fol¬ 
lowed  by  monotonically  increasing  edge  displacement  q„  and 
then  a  temperature  gradient  through-the-thickness  qT  (linear 
through-the-thickness  temperature  variation,  qT  =  (T,  -  Th)/h, 
where  Tt  and  Tb  are  the  changes  in  the  top  and  bottom  surface 
temperatures).  The  value  of  Tb  was  zero  and  T,  was  increased 
to  137. 8°C.  Two  different  types  of  edge  displacements  were 
applied,  namely,  edge  shortening  and  edge  shear.  The  bound¬ 
ary  conditions  selected  for  the  cases  of  edge  shortening  and 
edge  shear  are  shown  in  Fig.  2.  In  each  loading  case,  the 
maximum  value  of  qe  was  selected  in  such  a  way  that  the 
maximum  principal  strains  on  the  surfaces  do  not  exceed 
0.005.  Four  different  values  of  the  cutout  diameter  are  consid¬ 
ered,  namely,  diL  =  0,  0.1,  0.3,  and  0.5.  For  each  problem, 
hierarchical  sensitivity  coefficients  are  evaluated  (see  Fig.  3). 
The  hierarchical  sensitivity  coefficients  are  the  derivatives  of 
the  different  response  quantities  with  respect  to  panel  stiff¬ 
nesses,  effective  material  parameters,  and  fiber  angles  of  the 
individual  layers — and  micromechanical  parameters  of  the 
layers. 

Mixed  finite-element  models  were  used  for  the  discretiza¬ 
tion  of  each  panel.  Biquadratic  shape  functions  were  used  for 
approximating  each  of  the  generalized  displacements,  and  bi¬ 
linear  shape  functions  were  used  for  approximating  each  of 
the  stress  resultants.  The  characieristics  of  the  finite-element 
model  are  given  in  Noor  and  Anderson  (1982).  For  each  panel, 


b)  Edg*  iImv 

FIG.  7.  Effect  of  Loading  and  Hole  Diameter  on  Distribution  of 
Transverse  Shear  Strain  Energy  Density  Through-the-Thick- 
ness,  at  Point  of  Maximum  Transverse  Shear  Strain  Energy  Den¬ 
sity  0mh  (See  Fig.  6);  Cylindrical  Panels  Subjected  to  Combined 
Pressure  Loading,  Prescribed  Edge  Displacement,  Temperature 
Gradient  Through-the-Thickness 


the  multiple-parameter  reduction  methods  described  in  Noor 
and  Peters  (1983a,  b;  1992)  were  used  in  generating  the  non¬ 
linear  response  and  in  evaluating  the  sensitivity  coefficients. 
Results  with  an  increasing  number  of  elements  were  obtained 
to  insure  convergence  of  the  solutions  presented.  Typical  re- 
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suits  arc  presented  in  Figs.  4—7  for  the  response  studies 
and  in  Figs.  8-10  for  the  sensitivity  coefficients.  The  numer¬ 
ical  results  presented  show  a  complex  interplay  between  the 
panel  stiffnesses,  effective  layer  and  micromcchanica!  param¬ 
eters,  and  the  loading.  The  effect  of  each  of  the  individual 
parameters  on  the  response  cannot  be  easily  delineated.  How¬ 
ever,  some  observations  about  the  response  and  sensitivity 
studies  presented  in  Figs.  4-7  and  8-10  are  described  sub¬ 
sequently. 

Response  Studies 

Plots  of  the  edge  displacement  qt  versus  the  total  edge  force 
f[t  and  the  total  strain  energy  U ,  are  shown  in  Fig.  4  for  the 
four  panels  with  d!L  =  0,  0.1, 0.3,  and  0.5.  Normalized  contour 
plots  for  the  transverse  displacement  w  at  the  end  of  each  of 
the  three  loading  stages — p .  p  +  q„p  +  q*  +  for  panels 
with  and  without  cutouts — are  shown  in  Fig.  5.  Normalized 
contour  plots  for  the  total  strain  energy  density  (?,  and  the 
transverse  shear  strain  energy  density  Osh$  for  panels  with  and 
without  cutouts  after  the  application  of  the  total  load  p  +  qt 
+  qTy  are  shown  in  Fig.  6.  The  thickness  distributions  of  the 
transverse  shear  strain  energy  density  per  unit  volume  0fh ,  at 
the  location  of  maximum  0 ^  for  the  panels  with  and  without 
cutouts,  are  shown  in  Fig.  7.  In  Figs.  4-7  the  two  cases  of 
edge  shortening  and  edge  shear  are  shown.  The  response  stud¬ 
ies  can  be  summarized  as  follows: 


b)  effective  layer  properties 


c)  mlcromechanJcat  properties 


FIG.  8.  Effect  of  Loading  and  Hole  Diameter  on  Normalized 
Sensitivity  Coefficients  of  Total  Strain  Energy  tf  with  Respect  to 
Panel  Stiffnesses,  Effective  Layer  Properties,  Micromechanical 
Properties;  Cylindrical  Panels  Subjected  to  Combined  Pressure 
Loading,  Edge  Shortening,  Temperature  Gradient  Through-the- 
Thlckness 


a)  panel  attffneasea 
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b)  effective  layer  properties 


c)  micromechanical  properties 


FIG.  9.  Effect  of  Loading  and  Hole  Diameter  on  Normalized 
Sensitivity  Coefficients  of  Total  Strain  Energy  tfwith  Respect  to 
Panel  Stiffnesses,  Effective  Layer  Properties,  Micromechanical 
Properties;  Cylindrical  Panels  Subjected  to  Combined  Pressure 
Loading,  Edge  Shear,  Temperature  Gradient  Through-the-Thlck- 
ness 


•  For  panels  with  small  or  no  cutout,  dJL  ^  0.1,  the  defor¬ 
mation  pattern  changes  significantly  after  the  application 
of  p  +  qe  (end  shortening  case)  from  that  generated  by  p. 
As  d!L  increases,  the  change  becomes  less  pronounced 
(see  Fig.  5). 

•  The  effects  of  the  cutout  on  the  global  and  local  response 
characteristics  of  the  panel  are  very  different.  The  pres¬ 
ence  of  a  small  cutout,  dJL  <  0.1,  reduces  slightly  the 
total  edge  force  ft  and  total  strain  energy  (/,  and  increases 
the  strain  energy  density  per  unit  volume  0sh  (see  Fig.  7). 
As  dJL  increases,  e.g.,  dlL  £=  0.3,  the  reductions  in  ft  and 
U  become  more  pronounced  (see  Fig.  4). 

•  The  size  of  the  cutout  has  a  strong  influence  on  the  value 
of  qet  at  which  a  maximum  strain  emM  of  0.005  is  reached. 
That  value  of  q*  decreases  rapidly  as  d!L  increases  from 
0.1  to  0.3,  and  then  decreases  slowly  as  d!L  becomes 
larger  than  0.3. 

•  For  the  case  of  edge  shear  displacement,  the  maximum 
values  of  0  and  0^  occur  at  the  edges  of  the  panel,  ir¬ 
respective  of  the  value  of  dJL .  By  contrast,  for  the  case 
of  edge  shortening,  the  locations  of  the  maximum  values 
of  0  and  0 *  shift  to  the  cutout  for  panels  with  dJL  =  0.3. 
For  panels  with  diL  =  0.5,  the  maximum  values  of  0  shift 
back  to  the  edges  (see  Fig.  6). 

•  The  maximum  transverse  shear  strain  energy  density 
per  volume  0*  is  dominated  by  the  contributions  of  q* 
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a)  Edge  shortening 


FIG.  10.  Normalized  Contour  Plots  Depicting  Effect  of  Loading  on  Largest  Sensitivity  Coefficients  of  Strain  Energy  Density  Q\  Cylin¬ 
drical  Panels  Subjected  to  Combined  Pressure  Loading,  Prescribed  Edge  Displacement,  Temperature  Gradient  Through-the-Thick- 
ness  (Location  of  Maximum  Values  Identified  by  Small  Solid  Circle;  Contour  Plot  of  Each  Sensitivity  Coefficient  Divided  by  Maximum 
Absolute  Value  of  that  Sensitivity  Coefficient) 


for  the  edge  shortening  case,  and  by  the  contribution  of 
p  for  the  edge  shear  case.  In  the  latter  case,  the  contri¬ 
bution  of  qt  to  increases  with  the  increase  in  d/L  (see 
Fig.  7). 

Sensitivity  Studies 

Plots  of  the  edge  displacement  qt  versus  the  sensitivity  co¬ 
efficients  of  the  total  strain  energy  U  with  respect  to  panel 
stiffnesses,  effective  layer,  and  micromechanical  parameters 
are  shown  in  Figs.  8  and  9  for  panels  with  d/L  =  0,  0.1,  0.3, 
and  0.5.  Normalized  contour  plots  for  the  maximum  sensitivity 
coefficients  of  the  total  strain  energy  0  with  respect  to  each 
of  the  three  sets  of  parameters  for  panels  with  and  without 
cutouts,  after  the  application  of  the  total  load  p  +  qr  +  qT> 
are  shown  in  Fig.  10.  The  sensitivity  studies  can  be  summa¬ 
rized  as  follows: 

•  For  a  given  value  of  the  edge  displacement  q„  the  sen¬ 
sitivity  coefficients  of  the  total  strain  energy  U  decrease 
with  the  increase  in  d/L.  The  decrease  becomes  more  pro¬ 
nounced  for  d/L  at  0.3. 
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•  In  the  third  loading  phase,  temperature  gradient  through- 
the-thickness,  the  total  strain  energy  becomes  very  sen¬ 
sitive  to  variations  in  some  of  the  parameters,  such  as  the 
effective  transverse  layer  properties  Er,  atT,  and  the  matrix 
micromechanical  parameters  Em  vm,  ctm. 

•  The  location  of  the  maximum  values  of  the  sensitivity 
coefficients  of  the  total  strain  energy  density  depends  on 
both  the  loading  and  boundary  conditions,  as  well  as  on 
the  size  of  the  cutout.  For  the  edge  shortening  case,  the 
location  of  the  maximum  values  of  bO/bEL  and  dO/Bvf 
shift  from  the  edges  to  the  cutout  for  panels  with  0  < 
d/L  ss  0.3  (see  Fig.  10).  The  maximum  values  shift  back 
to  the  edges  for  panels  with  d/L  =  0.5.  By  contrast, 
for  the  edge  shear  case,  the  maximum  values  of  BD/BEl 
and  dO/Bvj  occur  at  the  edges,  regardless  of  the  value  of 
d/L 
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Abstract 

A  two-phase  approach  and  a  computational  procedure  are  presented  for  predicting  ‘^  variability  in  the  nonpar 
composite  structures  associated  with  variations  in  the  geometric  and  material  parameters  of  the  structure.  In  the  fast  Ph^c.hcr 
chicaTsensitivity  analysis  is  used  to  identify  the  major  parameters,  which  have  the  most  effect  on  the  response  quantities  of  interest  In 
£ Ion?  phi.  th/major  parameters  are  taken  to  be  fuzzy  parameters,  and  a  fuzzy  set  analysis  is  used  » ^ 
variation  of  the  response,  associated  with  preselected  variations  in  the  major  parameters.  The  effectiveness  of  he  procedure  ,s  dcm 
onstrated  by  means^of  a  Numerical  exampleofa  cylindrical  pane,  with  four  T-shaped  stiffeners  and  a  e.rcular  cutout.  ©  1999  Elsevier 

Science  S.A.  All  rights  reserved.  _ 
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matrices  of  the  extensional.  coupling,  bending  and  transverse  shear  stiffnesses  of 
the  panel,  see  Eqs.  (A.10)  and  (A.11)  —  Appendix  A  . 

coefficients  relating  laminate  stiffnesses  to  effective  properties  of  individual  plies, 
and  micromcchanical  (constituent)  properties,  respectively  -  sec  Eqs.  (3)  and  (4) 
coefficients  relating  effective  ply  properties  to  the  micromcchanical  properties  - 
see  E(j.  (4) 

effective  elastic  moduli  of  the  individual  plies  in  the  direction  of  fibers  and 
normal  to  it,  respectively 

elastic  moduli  of  the  fibers  in  the  longitudinal  and  transverse  directions 
elastic  modulus  of  the  matrix 

linear  flexibility  matrix  of  the  panel,  see  Eq.  (B.2)  -  Appendix  B 
effective  shear  moduli  of  the  individual  plies  in  the  plane  of  the  fibers  and 
normal  to  it,  respectively 
shear  moduli  of  the  fibers  and  matrix 

vector  of  nonlinear  terms  of  the  panel,  see  Eq.  (1)  V  3/k  J 

vector  of  stress-resultant  parameters  1 

distances  from  the  top  and  bottom  surfaces  of  the  /th  ply  to  the  middle  surface 

total  thickness  of  the  skin 

global  linear  structural  matrix,  see  Eq.  (1) 

side  lengths  of  the  panel  in  the  x,  and  x2  coordinate  directions 

bending  stress  resultants 


’Corresponding  author.  Tel.:  +1-757-864-1978;  fox:  +1-757-864-8089;  c-mail:  a.k.noor@larc.nasa.gyv 


CMA  2199 


2 


l _ I 

A.K  Noor  el  al.  1  Comput  Methods  Appl  Mech.  Engrg.  000  (1999)  000-000 


{M(X,Xe)}, 

{NCH.X.X*)} 

Nt 

NuN2,Na 

NL 

P 

Cl.  02 
{q<3>> 

?c  l'«  ‘ 

<7r 

R 

IS,].  [S2J 


r„7*b 

u 

tAkini  ^flange?  t/fib 


0 

0* 

Us  h 

Wj,M2,W 

{X} 

{Xc} 

*li*2,*3 

{Z} 

alfia2f 


ai»ar 


a  m 
{«} 


w 

to 

to) 

to 

>1 

vl2fi  V23f 
VLT 

Vm 


subvectors  of  nonlinear  terms,  Eq.  (B.3)  -  Appendix  B 

total  axial  force  on  the  curved  panel 
in-plane  (extensional)  stress  resultants 
total  number  of  layers  in  the  panel 

vectors  of  in-plane  and  bending  stress  resultants,  see  Eq.  (A.1)  -  Appendix  A 

vectors  of  thermal  forces  and  moments  in  the  panel,  see  Eq.  (A.l)  -  Appendix  A 

intensity  of  uniform  pressure  loading 

transverse  shear  stress  resultants 

vector  of  transverse  shear  stress  resultants* 

vectors  of  normalized  mechanical  loads,  mechanical  strains  and  thermal  strains, 
see  Eq.  (1) 

matrices  of  the  extensional  and  transverse  shear  stiffnesses  of  the  /th  ply 

(referred  to  the  jC|,jr2,x3  coordinate  system) 

applied  edge  displacement 

thermal  strain  parameter  associated  with  {Q(3)} 

radius  of  curvature  of  the  reference  surface  of  the  panel 

linear  strain  displacement  matrices  associated  with  the  free  nodal  displacements 

{X},  and  the  constrained  (prescribed  nonzero)  edge  displacements  ?C{XC} 

top  and  bottom  surface  temperature  changes 

total  strain  energy  of  the  panel 

total  strain  energy  in  the  panel  skin,  the  stiffener  flanges  (including  adjacent 
skin)  and  the  ribs 

strain  energy  density  (energy  per  unit  surface  area)  of  the  panel 
transverse  shear  strain  energy  density  per  unit  surface  area 
transverse  shear  strain  energy  density  per  unit  volume 
displacement  components  in  the  coordinate  directions,  sec  Fig.  1 
fiber  volume  fraction 

vector  of  free  (unknown)  nodal  displacements 

normalized  vector  of  constrained  (prescribed  nonzero)  edge  displacements 
orthogonal  coordinate  system  (jc3  is  normal  to  the  reference  surface  of  the  panel) 
response  vector  of  the  panel 

coefficients  of  thermal  expansion  of  the  fibers  in  the  longitudinal  and  transverse 
directions 

effective  coefficients  of  thermal  expansion  of  the  individual  plies  in  the  direction 
of  the  fibers  and  normal  to  it,  respectively 
coefficient  of  thermal  expansion  of  the  matrix 

vector  of  coefficients  of  thermal  expansion  of  the  /th  ply  of  the  panel  (referred  to 
the  X|,jc2,X3  coordinate  system) 

vector  of  transverse  shear  strain  components  of  the  panel,  see  EqJ(A.l)  - 

Appendix  A  •  1 

vector  of  extensional  strain  components  of  the  panel,  see  Eq.  (A.1)  -  Appendix 

A 

thermal  strain  subvector,  see  Eq.  (B.5)*-  Appendix  B 
fiber  orientation  angles  of  the  individual  plies 

vector  of  bending  strain  components  of  the  panel,  see  Eq.  (A.1)  -  Appendix  A 

typical  panel,  laminate,  effective  ply  or  micromechanical  parameter 

Poisson’s  ratios  of  the  fibers 

effective  major  Poisson’s  ratio  of  the  individual  plies 

Poisson’s  ratio  of  the  matrix 

rotation  components  of  the  middle  surface  of  the  panel 
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to  the  total  number  of  degrees  of  freedom  (free  nodal  displacements  and  stress- 
resultant  parameters)  in  the  model 

to  the  total  number  of  stress-resultant  parameters  in  the  model  (components  ot 

the  vector  {H})  . 

to  the  total  number  of  free  nodal  displacement  components  in  the  model 

(components  of  the  Vector  {X}) 

direction  of  fibers 

to  the  total  number  of  plies,  NL 

to  the  total  number  of  laminate  parameters 

to  the  total  number  of  ply  parameters 

to  the  total  number  of  micromechanical  parameters 

fiber 

matrix 

transverse  direction 
thermal 
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Superscripts 
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denotes  laminate  property 
denotes  micromechanical  property 
denotes  ply  (layer)  property 
denotes  transposition 
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1.  Introduction 

A  significant  numerical  /inflation  capability  now  exists  for  studying  the  various  phenomena  associated 
with  the  response,  failure  and  performance  of  multilayered  composite  panels  and  shells^Thc  phenomena 
involved  cover  a  wide  range  of  length  scales  from  local  to  global  structural  response.  The  modeling  ap¬ 
proaches  used  for  multilayered  panels  can  be  divided  into  four  different  categories:  detailed  micromc- 
chanical  models,  three-dimensional  continuum  models;  quasi-three-dimensional  models,  and.  a  t 
dimensional  plate  and  shell  models.  Within  each  category  fcawvsteed  a  number  of  models v with UgXSgL 
levels  of  sophisticationi-Thc  four  categories  are  described  in  review  paper,  [1 ,2]  and  monographs  [3  ]. 
Recent  applications  to  composite  panels  subjected  ^.variety  of  mechanical  \and  thermal  loadings  arc  re- 

POsTndcencurrent  mlasurement  technology  does  not  allow  the  accurate  determination  of  the  material  pa¬ 
rameters  that  are  used  in  the  analytical  models,  stochastic  models  and  probabilistic  analysis  methods  have 
been  proposed.  These  methods  assume  random  variations  of  the  material  parameters  and  require  new  codes, 
to  be  developed.  The  present  study  aims  at  assessing  the  effects  of  vanability  of  composite  materia! 
properties  on  the  response  and  failure  of  composite  structures.  An  attempt  is  made  to  develop  a  too  kit,  in 
the  form  of  pre-  and  post-processors,  that  can  be  attached  to  any  deterministic  analysis  program  to  gen¬ 
erate  the  bounds  of  variation  of  response  functions  and  quantities  governing  failure  initiation  This  ap¬ 
proach  is  demonstrated  in  the  present  paper  by  analyzing  composite  cylindrical  panels  subjected  to 

mechanical,  thermal  and  pressure  loads.  , 

The  cylindrical  panels  considered  in  the  present  paper  have  a  number  of  T-shapcd  stiffeners.  The  p 
skin  flange  and  rib  of  each  stiffener  consist  of  a  number  of  perfectly  bonded  plies  (layers).  The  individual 
plies’  arc  assumed  to  be  homogeneous  and  anisotropic.  A  plane  of  thcrmoelastic  symmetry  exists  at  each 
point  of  the  skin  and  the  stiffener  section^  parallcdj  to  the  reference  surface  of  the  section. 
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2.  Basic  idea  of  proposed  approach 

The  proposed  approach  for  uncertainty  analysis  consists  of  two  major  phases.  In  the  first  phase,  hier¬ 
archical  sensitivity  analysis  is  used  to  evaluate  the  sensitivity  coefficients  with  respect  to  a  hierarchy  of 
parameters,  ranging  from  micromechanical  to  component  parameters,  and  to  identify  the  major  parameters 
for  the  response  quantities  of  interest.  It  is  also  used  to  identify  the  major  parameters  for  the  quantities 
governing  failure  initiation.  In  the  second  phase,  the  major  parameters  are  taken  to  be  fuzzy  parameters, 
and  a  fuzzy  set  analysis  is  used  to  determine  -the  range  of  variation  of  the  response  quantities  of  interest, 
associated  with  preselected  variations  of  the  fuzzy  parameters. 

A  brief  description  of  the  fuzzy  set  analysis  is  given  in  Appendix  C.  The  approach  can  be  implemented  by 
developing  pre-  and  post-processors  that  can  be  attached  to  any  deterministic  analysis  program  to  generate 
the  bounds  of  variation  of  response  functions,  as  well  as  of  quantities  governing  failure  initiation  (sec  Fig. 
16). 


3.  Mathematical  formulation 

3. 1.  Finite  element  equations  governing  the  response 

The  analytical  formulation  is  based  on  a  first-order  shear  deformation  type  theory  for  each  clement  of 
the  stiffened  panels,  with  the  effects  of  large  displacements,  moderate  rotations,  average  through-thc- 
thickness  transverse  shear  deformation,  and  laminated  anisotropic  material  behavior  included.  For  sim¬ 
plicity,  a  linear  Duhamel-Neumann  type  constitutive  model  is  used  and  the  material  properties  are  assumed 
to  be  independent  of  temperature.  The  thermoelastic  constitutive  relations  used  in  the  present  study  arc 
given  in  Appendix  A.  The  skin  and  each  section  of  the  stiffeners  are  discretized  by  using  two-field  mixed 
finite  element  models.  The  fundamental  unknowns  consist  of  the  nodal  displacements  and  the  stress  re¬ 
sultant  parameters.  The  stress  resultants  are  allowed  to  be  discontinuous  at  interelement  boundaries  in  the 
model.  The  sign  convention  for  the  generalized  displacements,  stress  resultants  and  transverse  stresses,  is 
shown  in  Fig.  1.  The  external  loading  consists  of  a  uniform  pressure  loading  p,  monotonically  increasing 
edge  displacement  qc  (cither  end  shortening  or  end  extension),  and  a  through-thc-thickness  temperature 
gradient  qr  (with  piecewise  linear  variation  through  the  skin  and  flange  thicknesses,  and  the  stiffener  blades, 
qT  —  (T,  -  rb)//;,  where  Tx  and  71,  are  the  changes  in  the  top  and  bottom  surface  temperatures,  sec  Fig.  2). 
The  skin  and  each  section  of  the  stiffener  are  modeled  as  two-dimensional  shell  elements. 

The  governing  finite  element  equations  describing  the  nonlinear  response  of  the  panel  can  be  written  in 
the  following  compact  form  , 

{f(z)}  =  [K]{z}  +  {G(zj}  -/7{Q(,)}  -  ?c{Q(2)}  -  ?r{Q(3)}  =  0,  (1) 

where  [K]  is  the  global  linear  structural  matrix  which  includes  the  flexibility  and  linear  strain-displacement 
matrices;  {Z}  is  the  response  vector  which  includes  both  unknown  (free)  nodal  displacements  and  stress- 
resultant  parameters;  (G(Z)}  is  the  vector  of  nonlinear  terms;  /?,  qc  and  qr  arc  the  magnitudes  of  the  in¬ 
ternal  pressure,  applied  edge  displacement  and  through-the-thickness  temperature  gradient; 
{Q(,)MQ(2,MQ(3)  }  are  normalized  vectors  corresponding  to  unit  values  of  p,  qc  and  qT .  The  form  of  the 
arrays  {K},  (G(z)},  {Q(2)}  and  {Q(3)}  is  given  in  Appendix  B.. 

The  standard  approach  for  the  solution  of  Eq.  (1)  is  to  fix  the  value  of  two  of  the  three  parameters  /?,  qc 
and  qT  and  to  vary  the  third,  or  to  choose  a  functional  relationship  between  the  three  parameters  which  is 
dependent  on  a  single  parameter  q.  In  either  case,  the  solution  corresponding  to  the  chosen  combination  of 
py  qt  and  qr  (which  is  effectively  dependent  on  a  single  parameter)  constitutes  a  curve  on  the  equilibrium 
surface  of  the  panel. 
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F5g.,.  Pane,  considered*  the  present  study  and  sign  convention  for  genera, 
stresses. 

3.2.  Governing  equations  for  the  sensitivity  coefficients 

The  sensitivity  coefficients  arc  the  derivatives  ^y^Tbe  used’ to  study  the  sen- 

different  material,  lamination  and  geometric  parameter  f  *  P  ^  the  different  parameters.  The  gov- 

parameter  X.  The  resulting  linear  algebraic  equations  have  the  following  fo 
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,  .  ...  7  j  7  :c  i  to  the  total  number  of  degrees  of  freedom  in  the  model;  and 

where  the  range  of  the  indices  /  and  J  is  1  to  the  total  n  Qn  ^  left-hand  side  of  Eq.  (2) 

jqW)  and  {Q<2>}  arc  assumed  to  be  independent  of  .  THprpfnre  if  the  Newton-Raphson 

is  identical  to  that  used  in  the  Newton^a^s™  ^  Qf  the  sensitivity  coefficients  requires 

"  (2),Pand  OPerali°n  ^ 

(no  decomposition  of  the  left-hand  side  matnx  is  required).  The  form  of  the  array 
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Pressure  loading  Temperature  gradient 


Skin 

Tt«  155.6  °C 
Tb»  149.3  °C 
Stiffener 
T|  =  149.3  °C 
Tb«  0  eC 


t  =.2032  m 
b  =  .0381  m 
hr  =  .0508  m 
h  °  .00223  m 


Fig.  2.  Loading  conditions  considered  in  the  numerical  studies. 


is  given  in  Appendix  B. 

3.3.  Evaluation  of  the  transverse  shear  stresses 

The  transverse  shear  stresses  are  evaluated  by  using  piecewise  integration,  in  the  thickness  direction,  of 
the  three-dimensional  equilibrium  equations.  For  optimum  accuracy,  the  transverse  shear  stresses  are 
computed  at  the  numerical  quadrature  points  and  then  interpolated  to  die  center  of  the  clement.  The  same 
procedure  is  used  for  evaluating  the  thickness  distributions  of  the  sensitivity  coefficients  of  the  transverse 

shear  stresses. 

3.4.  Hierarchical  sensitivity  coefficients 

The  nonlinear  response  of  composite  structures  is  dependent  on  a  hierarchy  of  interrelated  geometric 
and  material  parameters  at  five  different  levels,  namely: 

•  component  (e.g.,  fuselage  barrel  section); 

•  subcomponent  (e.g.,  stiffened  panel); 

•  laminate; 

•  ply  (layer); 

•  micromechanical  (constituents  -  fiber,  matrix,  interface/interphase).  .... 

A  study  of  the  sensitivity  of  the  response  to  variations  in  the  parameters  at  each  level  provides  insight  into 
the  importance  of  the  parameters  and  helps  in  the  development  of  materials  to  meet  certain  performance 
requirements.  In  the  present  study  only  the  last  four  levels  are  considered.  The  subcomponent  parameters 
include  geometric  characteristics  such  as  stiffener  spacing  /,  stiffener  dimensions  b  and  h„  dimensions  of 
cutouts  and  other  discontinuities  (e.g.,  diameter  of  the  circular  cutout  d),  and  material  characteristics  such 
as  skin  and  stiffener  stiffnesses.  The  laminate  parameters  include  the  extensional,  bending-cxtensional, 
bending  and  transverse  shear  stiffnesses  (components  of  the  matrices  [A],  [B],  [DJ  and  [A,J  -  see  Eqs.  (A-1®) 
and  (A.ll),  Appendix  A);  and  the  vectors  of  thermal  effects  {Nr}  and  {Mr}  -see  Eq.  (A.  12),  Appendix  A. 
The  ply  parameters  include  the  effective  properties  of  individual  plies:  elastic  moduli  EL,  ET;  shear  moduli 
Glt,  Gn\  major  Poisson’s  ratio  vLT;  coefficients  of  thermal  expansion  aL,  ar;  ply  thickness  h  ;  and  fiber- 
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orientation  angle  0®  where  subscripts  L  and  T  refer  to  the  longitudinal  (fiber)  and  transverse  directions 
respectively  The  micromechanical  parameters  refer  to  the  liber,  matrix  and  interfacetateiphasc  mater 

(layer)  and  micromcchanical  parameters,  respectively;  and  the  indices  i,  j  and  g 

°r  ^^computational  SSmc  consists  of  evaluating  the  sensitmiy  coefficient  with  respeotto^ch  of  the 
1  •  nLmpirrc  laz/8;(,U  using  Eq  (2).  The  sensitivity  coefficients  with  respect  to  the  effective  ply 

obtained  by  forming  the  following  linear  combinations: 


{#}-?“#! ' ' 

re  /  V 

-(a  • 

f,'={sri};c, 

c={^}-Ev, 


The  a,  coefficients  relate  the  laminate  stiffnesses  to  the  effective  properties  of  thetodMduri 1 
obtained  from  lamination  theory.  The  bJk  coefficients  relate  thee  echve  p  y  rejate  thc  pancj 

nroDerties  and  are  obtained  from  thc  micromechanical  model,  an  '*  j 

stiffnesses  to  the  micromechanical  properties  (see  Fig.  3)  If  the  iaminatc  stiffnesscs  are  unif  ^ 
constitutive  relations  of  thc  laminate,  ply,  and  the  constituents  arc  linear,  then  atJ,  bA,*catShnm* 
constants  and  need  to  be  generated  only  once  for  each  panel,  even  when  the  response  is  nonlinear. 


4.  Numerical  studies  t  '( 

Numerical  studies  were  performed  to  assess'  the  effectiveness  of  the  proposed  computational  procedure 

Thc  material  properties  and  geometric  characteristics  for  the  panel  are  given  m  Fg.  • 

LopTi«  ffic  fer  orientation  and  the  tucking  sequence  selected  for  the  panel  and  sttOeners  are there 

typical  of  fuselage  panels  considered  Tor  high-speed  aircraft  applieauons.  The  loa^"8  0"J^f“  “2 
sisted  of  a  sequence  of  mechanical  and  thermal  loads:  uniform  pressure  6^'^r;  “XT, 

by  monotonically  increasing  edge  displacement  qt,  and  then  a  throug  P 

Z  Zcar  temperature  variation  through  the  skin,  and  through  the  sultaer  flange  and  tb, -  Wh 
whe^  and  £  arc  the  changes  in  the  top  and  bottom  surface  temperatures  and  *  ts  the  d, stance  between 
the  top  and  bottom  surfaces  -  see  Fig.  2).  Two  different  types  of  edge  displacements  were  applied,  nam  y. 
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1  end  shortening  and  end  extension.  The  boundary  conditions  selected  for  the  cases  of  end  shortening  and 
^extension  arc  shown  in  Fig.  2.  The  transverse  displacement  w  is  set  equal  to  zero  at  x\  =  Lj/4  and  3Li/4 
simulating  the  presence  of  frames  at  these  locations.  For  each  load  case,  the  maximum  value  of  qt  was 
selected  in  such  a  way  that  the  magnitude  of  the  maximum  principal  strains  on  the  surfaces  do  not  exceed 
0.005.  For  each  load  case,  global  and  detailed  response  quantities  were  generated.  In  addition,  the  hier¬ 
archical  sensitivity  coefficients  arc  evaluated.  The  hierarchical  sensitivity  coefficients  arc  derivatives  of  the 
different  response  quantities  with  respect  to  subcomponent  parameters,  laminate  stiffnesses,  material  pa¬ 
rameters  and  fiber  angles  of  the  individual  plies,  and  the  micromechanical  parameters. 

Mixed  finite  element  models  were  used  for  the  discretization  of  the  skin  and  each  section  of  the  stiffener 
sections.  Biquadratic  shape  functions  were  used  for  approximating  each  of  the  generalized  displacements, 
and  bilinear  shape  functions  were  used  for  approximating  each  of  the  stress  resultants.  The  characteristics 
of  the  finite  element  model  are  given  in  Ref.  [8].  For  each  panel,  the  multiple  parameter  reduction  methods 
described  in  Refs.  [9-11]  were  used  in  generating  the  nonlinear  response  and  evaluating  the  sensitivity 
coefficients.  Typical  results  are  presented  in  Figs.  4-8  for  the  response  studies,  in  Figs.  9-1 1  for  the  sen¬ 
sitivity  studies,  and  in  Figs.  12-15  for  the  variability  of  the  nonlinear  response,  and  are  described  subse¬ 
quently. 


4.1.  Response  studies 


\ 

0 


The  global  and  detailed  response  characteristics  of  the  panel  are  shown  in  Figs.  4-8.  Plots  of  the  total 
strain  energy  U  and  the  total  axial  force  Nt  versus  the  applied  end  shortening  or  extension  qt  are  shown  in 
Fig.  4.  The  total  strain  energy  obtained  by  the  present  model  is  in  close  agreement  with  that  obtained  by  the 
STAGS  general  shell  analysis  code  [12].  The  variations  of  the  strain  energy  in  the  skin,  stifTener  flanges 
(including  adjacent  skin)  and  ribs,  and  their  ratios  to  the  total  strain  energy  of  the  panel;. with  loading1  arc 
shown  in  Fig.  5.  Typical  contour  plots  for  the  transverse  displacement  w  and  the  strain  energy  density  0  in 
the  skin  and  stiflcncr  flanges,  after  each  loading  stage,  are  shown  in  Fig.  6.  Through-the-thickncss  distri- 
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F,„  4  Qfcct  or  Mint  o-U»»  00  the  efs—d  *£  *“ 

foad  end  shortening  or  extension  and  through-.he-thickness  temperature  grad.ent. 


2800  r  *!"•"**  u*» 

2100  - 


W  1400  m/ 


U*_  5s 

1  1 U  t  / 


End  shortening,  r=-1 
End  extension,  v=+1 


°0 - 500 - 1000  1500  2000  O  0.25  0.5  0.75 

...  Strain  energy  ratios 

ULj/(Erh) 

adjacent  to  (above)  each  flange  is  considered  to  be  part  of  the  flange, 
butions  of  the  transverse  shear  strain  energy 

locations  of  tnaxhnun,  0*.  is  shown  in  Fig.  8.  An  exand- 

nation  of  Figs.  4-8  reveals:  „«nrmce  and  the  edge  displacement  qe  has  the 

’  •  F^‘  rand'5!,By  cSn.rns,  the  ,e^,pn™t„rc  arndicn,  has  0«  ntosh  cfTnc. 

on  the  transverse  shear the  skin  (not  including  the  section  adja- 
2.  For  the  pressure  load,  over  78 /.  of  the  total  s  &  second  loading  stage  <p  +  *).  the  rat,os 

cent  to  the  flanges),  i.e  U^U>  0™.  „  **  f  thc  end  shortening  case  and  0.50,  0.21,  0.29  for 
U^ngt/U  and  U^/U  arc  .  ,  .  ,  •  loading  stage  {p  +  qc  +  ?r) 

^dtortening  and  end  extension  cases,  respec- 

lively.  'I  ,  '  -  _  fir<:t  to  the  second  and  third  loading  stages 

3-  L°r;h+CrPVt  ^T).  Ho^rSsSuon  of  the  strain  energy,  dennty  0  in  the  panel  changes 
signdicanVly7 after  Sre  application  of  each  of  the  second  and  th,rd  load.ngs. 


Urt/Er  at  point  1 


Uah/Er  atpoint2. 


Fig.  7.  EfTcct  of  loading  conditions  on  the  through-the-thickness  distributions  of  the  transverse  shear  strain  energy  density  (per  unit 
volume)  t/,h  at  the  location  of  the  maximum  Uth  (transverse  shear  strain  energy  per  unit  surface  area).  Stiffened  cylindrical  panel  with 
circular  cutout  subjected  to  combined  pressure  load,  end  shortening  or  extension  and  through-the-thickness  temperature  gradient. 


4.  The  maximum  strain  energy  density  occurs  at  the  cutout.  For  the  end  shortening  case,  tfmaK  is  associated 
with  the  p  +  qc  +  qT  loading  condition.  By  contrast,  for  the  end  extension  case,  Q^x  is  associated  with 
the  p  +  ge  loading  condition. 
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x10*  I  End  shortening 


I  End  extension] 


i 


0.25  0J5  0.75 

V«, 


0.25  0.5  0*75 

V*. 


shortening  or  extension  and  through-the-thickness  temperature  gradient. 


,  »  / 

.  1  »  /'  b 

2100  -  H  \i /  // 
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✓  «  hr 


4® 


(/  ' 

#./  'y 


JUl.Y*, 


/X  *4 


- End  shortening,  y=-1 

- End  extension,  y=+1 


X3U/9X  Lj/(Erh4) 

through-the-thickness  temperature  gradient. 

5.  The  maximum  0.  for  .he  end  shortening  ease  m  ."heham^n'd  h 

transverse  shear  strain^  «, for  the  end 
shortening  case  is  almost  two  orders  of  magnitude  larger  than  that  for  the  end  extension  ca  . 

4.2.  Sensitivity  studies 

Sensitivity  studies  were  conducted  to  identify  which  of  the  aubeompon^tjmmmemrs.  la™^.- 

™pic7;e^sho£^ 
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|  End  shortening! 


I  End  extension! 
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a)  skin  stiffnesses 


15  -10  -5 

X3U/3XLJ/(Erh4) 


Fig.  10.  Effect  of  loading  conditions  on  the  normalized  sensitivity  coefficients  of  the  total  strain  energy  U  with  respect  to  skin,  flange 
and  rib  stiffnesses.  Stiffened  cylindrical  panel  with  circular  cutout  subjected  to  combined  pressure  load,  end  shortening  or  extension  and 
through-thc- thickness  temperature  gradient.  The  skin  section  adjacent  to  (above)  each  flange  is  considered  to  be  part  of  the  flange. 


efficients  of  U  with  respect  to  the  fiber  angles  of  the  skin,  flange  and  rib,  the  effective  material  properties  of 
individual  plies  and  the  micromcchanical  parameters  arc  shown  in  Fig.  11. 
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End  snortemn 


End  extension 


rib  skin 


X3U/9XL1AErh4) 

X  3U/3X  L,  /(Er  h4) 

a)  fiber  angles 

N.L,  .1500 


X  du/ax  L,  /(EJ.h4)  *  au/9x  Va  AErh  J 

b)  effective  ply  properties 


x  au/ax  Lj/fEyh4)  *  *■*  /<Erh  > 

c)  micromechanical 

:ig.  11.  Effect  of  loading  conditions  on  the  normalized  sensitivity  coefficients  with  respect  to  fiber  angles,  effective  ply  and  micro- 
icchanical  parameters.  Stiffened  cylindrical  pane!  with  circular  cutout  subjected  to  combined  pressure  load,  end  shortening  or  ex- 
ension  and  through-the-thickness  temperature  gradient.  The  skin  section  adjacent  to  (above)  each  flange  is  considered  to  be  part  of  the 

lange. 


An  examination  Figs.  9  and  1 1  reveals:  .  .  . 

For  the  pressure  loading,  the  total  strain  energy  U  is  considerably  more  sensitive  to  variations  m  the 
stiffener  spacing  /  than  to  variations  in  the  other  parameters.  After  application  of  qc,  U  becomes  consid¬ 
erably  more  sensitive  to  variations  in  the  stiffener  dimensions  £>  and  ht  than  to  variations  in  /  and  d.  The 
same  is  true  after  application  of  the  temperature  gradient  qT. 

The  total  strain  energy  U  is  considerably  more  sensitive  to  variations  in  A\\  for  the  skin  than  to  varia¬ 
tions  in  the  other  cxtcnsional  stiffnesses  for  the  skin,  stiffener,  ribs  and  flanges.  The  sensitivity  of  U  to 
variations  in  the  bending  stiffness  Dn  of  the  skin  is  more  pronounced  than  that  for  variations  in  other 
bending  stiffnesses.  V  ' 
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I  End  shortening!  <End  extension  I 


UL2/(Erh3 4)  U 1,  /  (Er  h4) 

Fig.  12.  Effect  of  variability  in  the  subcomponent  parameters  b  and  h,  on  the  total  strain  energy  U  of  stiffened  cylindrical  panel  with 
circular  cutout  subjected  to  combined  pressure  load,  end  shortening  or  extension  and  through-the-thickness  temperature  gradient 


UL,/(Erh4)  U  Lj / (Er  h4) 

Fig.  1 3.  Effect  of  variability  in  the  micromechanical  parameters  vr  and  E,  on  the  total  strain  energy  U  of  stiffened  cylindrical  panel  with 

circular  cutout  subjected  to  combined  pressure  load,  end  shortening  or  extension  and  through-the-thickness  temperature  gradient 

3.  The  sensitivity  of  U  to  variations  in4„  increases  with  the  increase  in  qe.  The  addition  of  the  temperature 

gradient  docs  no  change  the  sensitivity  with  respect  to  An,  but  increases  the  sensitivity  with  respect  to 
Z?22-  l.’s 

4.  The  total  strain  energy  is  considerably  more  sensitive  to  variations  in  the  following  parameters  than  to 
each  of  the  other  parameters  in  the  same  category:  (a)  the  effective  elastic  moduli  of  the  individual  plies 
El  and  Et,  and  the  effective  coefficient  of  thermal  expansion  aT ;  (b)  the  fiber  angles  +45°  and  -45°;  and 
(c)  the  micromechanical  parameters  vr,  En,  am,  Em,  vm  and  ara.  The  sensitivity  of  U  with  respect  to  EL, 
fiber  angles  +45°,  —45°,  t>(  and  En  increases  with  the  increase  in  qe.  For  the  end  shortening  case,  the  ad- 
ditiortpof  qT  increases  the  sensitivity  to  variations  in  aT,  £>,  fiber  angles  +45°,  -45°,  am,  £m,  vm  and  otn, 
and  slightly  decreases  the  sensitivity  with  respect  to  EL,  vf  and  En.  For  the  edge  extension  case,  the  ad¬ 
dition  of  qr  has  an  opposite  effect  to  that  described  for  edge  shortening. 
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IS 


U^/E,.  at  point  1  Uill/E1.atpoint2 


extension  and  through-thc-thickness  temperature  gradient. 


U*  /Er  at  point  1  Urt/Eratpoint2 


Fie.  15.  Effect  of  variability  in  the  micromechanical  parameters  vf  and  Fit  on 
shear  strain  energy  density  Stiffened  cylindrical  panel  with  circular  cutout 
extension  and  through-thc-thickness  temperature  gradient. 


the  through-the-thickness  distribution  of  the  transverse 
subjected  to  combined  pressure  load,  end  shortening  or 


4.3.  Variability  of  response 

Studies  were  conducted  to  assess  the  effect  of  variation  of  two  major  parameters  at  each  of  the  sub¬ 
component  and  micromechanical  levels  (b,  h.)  and  (t>r,  Ex r)  on  the  total  steam  enCTgyjo  P 
the  transverse  shear  strain  p*r  unit  vohunetf*  -  “f^“  — 

Each  pair  of  parameters  (b  M  and  (r,  if)  hanged  by  ±io%,  and  the  nominal  values  of  v(  and 

with  loading  due  to  variations  in  each  pair  of  parameter^  (b,  ht)  and  (or,  tr),  arc  s  own 


16 


CMA  2199 

A.K.  Noor  et  al  /  Comput.  Methods  Appl  Mech.  Engrg.  000  (1999)  000-000 


respectively.  The  corresponding  variations  of  the  through-the-thickness  distributions  of  the  upper  and 
lower  bounds  of  (at  the  location  of  the  maximum  £/, h)  are  shown  in  Figs.  14  and  15.  For  the  end 
shortening  case,  the  variations  in  b  and  hx  resulted  in  less  than  2%  change  in  the  values  of  U  and  Nx  (from 
their  values  associated  with  the  nominal  b  and  hT  after  the  application  of  p  4-  qc  +  <Jt )*  The  variations  in  Vf 
and  £if  resulted  in  changes  of  (-9%,  +10%)  and  (+22%,- 19%)  in  the  magnitudes  of  the  same  two  response 
quantities.  For  the  end  extension  case,  the  corresponding  changes  in  the  values  of  U  were  qpl .  1%  and 
(-16%,  +18%),  and  in  the  values  of  Nt  were  =pl%  and  (—26%,  +29%). 

The  changes  in  the  maximum  values  of  17,*  resulting  from  the  variations  in  (6,  hx)  and  (uf,  £jr)  were  less 
than  (+5%,  -8%)  and  (+15%,- 17%)  for  the  end  shortening  case.  The  corresponding  changes  for  the  end 
extension  case  were  less  than  ±10%  and  (+42%,-34%). 


5.  Concluding  remarks 

A  two-phase  computational  procedure  is  presented  for  studying  the  effects  of  variability  of  composite 
material  properties  on  the  response  and  failure  of  composite  structures.  In  the  first  phase,  hierarchical 
sensitivity  analysis  is  used  to  identify  the  major  parameters  for  the  response  quantities  of  interest,  as  well  as 
for  the  quantities  governing  failure  initiation.  In  the  second  phase,  the  major  parameters  are  taken  to  be 
fuzzy  parameters,  and  a  fuzzy  set  analysis  is  used  to  determine  the  range  of  variation  of  the  response 
quantities  of  interest,  associated  with  preselected  variations  of  the  fuzzy  parameters.  The  approach  can  be 
implemented  by  developing  a  tool  kit,  in  the  form  of  pre-  and  post-processors  that  can  be  attached  to  any 
deterministic  analysis  program  to  generate  the  bounds  of  variation  of  response  functions  as  well  as  of 
quantities  governing  failure  initiation. 

The  procedure  was  applied  to  a  composite  cylindrical  panel  with  four  T-shaped  stiffeners  and  a  circular 
cutout.  The  external  loads  applied  to  the  panel  consisted  of  a  uniform  pressure  load,  monotonically  in¬ 
creasing  edge  displacement  (either  edge  shortening  or  edge  extension),  and  a  through-the-thickness  tem¬ 
perature  gradient.  The  panel  skin,  flange  and  rib  of  each  stiffener  consisted  of  a  number  of  perfectly  bonded 
layers  and  were  modeled  as  two-dimensional  shell  elements. 

Both  the  geometrically  nonlinear  response  of  the  panel  as  well  as  the  hierarchical  sensitivity  coefficients 
are  generated.  The  hierarchical  sensitivity  coefficients  measure  the  sensitivity  of  the  different  response 
quantities  to  variations  in  three  sets  of  interrelated  parameters;  namely,  panel  and  stiffener  stiffnesses,  ef¬ 
fective  ply  properties;  and  micromcchanical  parameters.  The  effect  of  variation  of  two  major  subcomponent 
parameters  and  two  major  micromcchanical  parameters  on  the  variability  of  the  total  strain  energy,  and  the 
transverse  shear  strain  energy  per  unit  volume  for  the  panel  fire  Studied. 

)  tA)t<(c \.{  .  |  j 
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Appendix  A.  Thermoelastic  constitutive  relations  for  the  laminate 

The  thermoclastic  model  used  in  the  present  study  is  based  on  the  following  assumptions: 

1.  The  laminates  are  composed  of  a  number  of  perfectly  bonded  plies  (skin,  stiffener,  flange  and  blade). 

2.  The  Aboudi  cell  method  is  used  to  evaluate  the  effective  properties  of  the  individual  layers  [13]. 

3.  The  reference  surfaces  for  the  skin  and  the  stiffener  flange  are  chosen  to  be  the  bottom  surface  of  the 
skin.  The  reference  surface  for  the  stiffener  is  chosen  to  be  its  middle  surface. 

4.  Every  point  of  the  laminate  is  assumed  to  possess  a  single  plane  of  thermoelastic  symmetry  parallel  to 
the  reference  surface  of  the  laminate. 

5.  The  material  properties  are  independent  of  temperature. 
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6.  The  constitutive  relations  for  the  laminate  are  described  by  lamination  theory  and  can  be  written  in  the 
following  compact  form: 

[A]  [B]  0  (e)  f  NT  ] 

[B] '  [D]0  k  -  MT  ,  (A.l) 

o  o  (A,]  [yj  {  o  J 

where  {N},  {M},  {Q},  {«},  {k},  {y},  {NT}  and  {MT}  are  the  vectors  of  extensional,  bending  and  transverse 
shear  stress  resultants,  strain  components  and  thermal  effects  of  the  panel,  and  are  given  by. 

(A.2) 


and 


{N}1  =  [N\  N2  Nn ] 

{M}‘  =  [M\  M2  Mm\ 
{Q}*  =  [e.  Qi\ 

{«}'  =  [E|  «2  2£|2] 

{*}'  =  [K|  Ki  2kT|2] 

{y}'  =  [2e3i  2E32] 

{Nt}'  =  [Nn  Nn  Nn2] 
{Mt}'  =  \Mtx  Mn  Mm) 


(A.3) 

(A.4) 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

(A.9) 


The  matrices  [A],  [B],  [D]  and  [A,]  contain  the  extensional,  coupling,  bending  and  transverse  shear  stiffnesses 
of  the  panel  which  can  be  expressed  in  terms  of  the  effective  ply  stiffnesses  as  follows: 

[|A)[BJ[DJ]  -  ££ [Of  [[I]5j[l|x>)![l]]  <•«>  ' 


**  NL  rht 

iaj-E/  ®Jl)dx" 


(A.10) 


(A.11) 


where  [Q](,)  and  [Q,](,)  are  the  extensional  and  transverse  shear  stiffnesses  of  the  /th  ply  (referred  to  the 
x,,jC2,*3  coordinate  system);  [I]  is  the  identity  matrix;  h,  and  A,_i  are  the  distances  from  the  top  and  bottom 
surfaces  of  the  /th  ply  to  the  middle  surface;  and  NL  is  the  total  number  of  plies  in  the  laminate.  The 
expressions  for  the  different  coefficients  of  the  matrices  [Q](l*  and  [Q,]  j  in  terms  of  the  material  and  geo¬ 
metric  properties  of  the  constituents  of  the  composite  face 'sheets  (fiber  and  matrix)  are  given  in  Refs. 
[14,15]. 

The  vectors  of  thermal  effects,  {Nr}  and  {Mr},  are  given  by:  ? 


NL  rh,  ■/  'I 

[{Nr)  {Mr})  =  £  /  iQf  {«)<l,|l!r)|rd»„ 
J=1  •/*/-!  j 


(A.12) 


•  t 

where  {a}(l)  is  the  vector  of  coefficients  of  thermal  expansion  of  the  /th  ply  (referred  to  the  coordinates  - 
JC1.JT2.Jf3;  sec,  for  example.  Refs.  [16,17]). 


Appendix  B.  Form  of  the  arrays  in  the  governing  discrete  equations  of  the  panel 

The  governing  discrete  equations  of  the  panel,  Eq.  (1),  consist  of  both  the  constitutive  relations  and  the 
equilibrium  equations. 

The  response  vector  {Z}  can  be  partitioned  into  subvectors  of  stress-resultant  parameters  {H},  and  free 
(unconstrained)  nodal  displacements  {X},  as  follows: 
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{Z}  = 


(BO 


The  different  arrays  in  Eqs.  (1)  and  (2)  can  be  partitioned  as  follows: 


(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

(B.7) 

(B.8) 


where  [F]  is  the  linear  flexibility  matrix;  [Si]  and  [Sj]  are  the  linear  strain-displacement  matrices  associated 
with  the  free  nodal  displacements_  {X},  and  the  constrained  (prescribed  nonzero)  edge  displacements 
?c{Xc};  {M(X,Xe)}  and  {N(H,X,XC)}  are  the  subvectors  of  nonlinear  terms;  {cr}  is  the  subvector  of 
normalized  thermal  strains;  0  is  a  null  matrix  or  vector;  and  superscript  t  denotes  transposition.  The  explicit 
form  of  {er}  is  given  in  Ref.  [18]. 

For  the  purpose  of  obtaining  analytic  derivatives  with  respect  to  lamination  parameters^/e.g.,  fiber 
orientation  angles  of  different  layers),  it  is  convenient  to  express  0[F]/02  in  terms  of  S[F]_I/04'd[F]_,/a>l  as 
follows:  ; 


02  [F]  02 


IF]- 


(B.9) 


The  explicit  forms  of  0[F]_l/02  and  {0cr/ 32}  are  given  in  Ref.  [18]. 

Analytic  expressions  are  given  in  Ref.  [19]  for  the  laminate  stiffnesses  [A],  [B],  [D]  and  [A*],  the  vectors  of 
thermal  effects  {NT}  and  (Mr),  and  their  derivatives  with  respect  to  each  of  the  material  properties  of  the 
individual  plies  and  fiber  orientation  angles. 


Appendix  C.  Fuzzy-set  analysis 

Concepts  of  fuzzy  logic  that  are  pertinent  to  the  present  work  are  briefly  reviewed  herein.  Detailed  re¬ 
views  of  the  subject  can  be  found  in  monographs  (e.g..  Ref.  [20]). 

Variability  (fuzziness)  in  a  parameter  2  is  introduced  by  specifying  a  membership  function  (possibility 
distribution)  /i(2).  For  convenience,  the  membership  functions  of  the  fuzzy  parameters  are  assumed  to  be 
triangular,  as  shown  schematically  in  Fig.  1 6.  The  response  quantities  are  also  fuzzy.  The  analysis  used  in 
the  present  study  aims  at  constructing  possibility  distributions  of  the  fuzzy  response  quantities  by  using  the 
"vertex”  method  [21]  to  numerically  implement  the  extension  principle. 

The  membership  functions  of  all  fuzzy  parameters  2,(/=  1,2,...,  V)  are  discretized  by  a  number  of  01- 
cuts.  An  a-cut  of  a  fuzzy  variable  2  denotes  the  interval  in  which  the  possibility  of  2  is  at  least  equal  to  a  (sec 
Fig.  16).  Different  binary  combinations  arc  formed  by  the  left  and  right  end  points  of  the  a-cut  intervals  for 
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all  the  fuzzy  material  parameters  [21].  For  the  triangular  membership  functions  of  Fig.  16,  the  number  of 
these  combinations  per  a-  cut,  Nc/a ,  is: 


xr  f  2N  forO<a<l; 
^'=\l  for  a  =  1 , 


(C.1) 


where  N  is  the  number  of  fuzzy  parameters.  These  combinations  will  be  referred  to  henceforth  as 

C*jU  “  ^ » 2, .  . .  ,  Nc/a)*  /ll  1  \  u 

For  an  output  response  quantity  //  which  is  a  function  of  the  fuzzy  parameters,  q  =  F(A( ,  a2,  . . . ,  a*),  tne 

corresponding  a-cut  interval  is  then  obtained. 


Fig.  17.  -  Flou'  CW \  \w  |U 

r> (’  -|V. 
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=  [min  b  {^(CW)}»max  |w  {F(CW)}]; 

£>«;./=  1,2,...,^.  (C.2) 

The  possibility  distribution  of  t j  is  constructed  by  applying  Eq.  (C.2)  to  a  sweep  of  a-cuts  at  different 
possibility  levels.  The  accuracy  of  the  distribution  is  directly  proportional  to  the  number  of  a-cuts.  The 
procedure  for  numerical  implementation  of  the  vertex  method  is  summarized  by  the  flow  chart  in  Fig.  17. 
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Abstract 

A  two-stage  computational  procedure  is  presented  for  the  accurate  determination  of  transverse  normal  stresses  in  sandwich  panels 
subjected  to  thermomechanical  loadings.  The  procedure  involves  the  use  of  a  first-order  shear  deformation  model  in  the  first  stage,  and 
an  iterational  process  for  successive  improvement  of  the  accuracy  of  the  displacement  and  stress  fields  in  the  second  stage.  The  ef¬ 
fectiveness  of  the  procedure  is  demonstrated  by  means  of  numerical  studies  of  thin  and  moderately  thick  flat  rectangular  sandwich 
panels.  Two  sets  of  boundary  conditions  are  considered;  namely,  one  with  all  edges  simply  supported,  and  the  other  with  two  opposite 
edges  simply  supported  and  the  remaining  two  clamped.  The  displacement  components  and  the  transverse  shear  and  normal  stresses 
obtained  by  the  proposed  computational  procedure  are  found  to  be  in  close  agreement  with  the  solutions  of  the  three-dimensional 
(3-D)  continuum  models.  Published  by  Elsevier  Science  S.A. 


1.  Introduction 

Considerable  work  has  been  devoted  to  the  development  of  computational  models  for  studying  the 
various  phenomena  associated  with  the  response,  failure  and  performance  of  sandwich  panels  and  shells. 
The  phenomena  involved  cover  a  wide  range  of  length  scales  from  local  behavior  to  global  structural  re¬ 
sponse.  Within  each  category  has  evolved  a  number  of  models  with  several  levels  of  sophistication,  for  each 
of  the  core,  face  sheets,  and  adhesive  layers,  as  well  as  for  the  entire  sandwich  panel.  The  modeling  ap¬ 
proaches  used  for  sandwich  panels  can  be  divided  into  four  categories:  detailed  models;  three-dimensional 
(3-D)  continuum  models;  2-D  plate  and  shell  models;  and  simplified  models.  The  four  categories  are  de¬ 
scribed  in  three  survey  papers  [3,5,13]  and  two  monographs  [10,20].  The  detailed  models  and  3-D  con¬ 
tinuum  models  are  computationally  expensive,  and  the  simplified  models  are  inadequate  for  the  accurate 
determination  of  transverse  normal  stresses.  Since  transverse  shear  and  normal  stresses  are  important  for 
predicting  the  onset  of  some  of  the  damage  mechanisms  in  sandwich  panels,  accurate  determination  of 
these  stresses  is  needed.  Experience  with  higher-order  2-D  models  has  shown  that  unless  the  3-D  equilib¬ 
rium  equations  are  used  in  evaluating  the  thickness  distribution  of  the  transverse  stresses,  the  resulting 
stresses  are  inaccurate  (see,  for  example,  Refs.  [8,11,16]).  Because  the  finite  element  models  based  on  the 
first-order  shear  deformation  model  are  considerably  less  expensive  than*  those  based  on  higher-order  2-D 
models,  their  use  in  conjunction  with  post-processing  techniques  has  received  increasing  attention  in  recent 
years  (see  Refs.  [6,12,14,15,17,18]).  However,  none  of  the  cited  references  considered  transverse  normal 
stresses  in  thermally  loaded  sandwich  panels. 
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In  the  present  paper,  the  predictor-corrector  computational  procedure  presented  by  Noor  et  al.  [14]  is 
extended  to  the  determination  of  transverse  normal  stresses  in  sandwich  panels  subjected  to  mechanical  and 
thermal  loads.  The  procedure  uses  an  iterational  process  to  correct  the  through-thickness  variation  of 
displacements  obtained  by  the  first-order  shear  deformation  model.  The  effectiveness  of  the  proposed 
procedure  is  demonstrated  by  means  of  numerical  examples  of  rectangular  sandwich  panels  with  composite 
face  sheets.  The  basis  of  comparison  is  taken  to  be  the  solutions  obtained  by  using  3-D  continuum  models 
for  the  core  and  each  of  the  face  sheet  layers. 


2.  Basic  idea  of  the  computational  procedure 

The  geometry  of  a  sandwich  panel,  coordinate  axes  and  sign  convention  for  various  response  quantities 
are  shown  in  Fig.  1.  The  basic  equations  of  the  first-order  shear  deformation  theory  are  given  in  Appendix 
A.  A  flow  chart  of  the  two-stage  computational  procedure  used  herein  is  shown  in  Fig.  2.  The  procedure  is 
based  on  a  posteriori  generation  of  through-the-thickness  coordinate  functions  for  the  displacement 
components  and  then  the  determination  of  their  amplitudes  by  the  Rayleigh-Ritz  technique.  In  the  first 
stage,  a  first-order  shear  deformation  model  is  used  to  calculate  the  displacements,  strains,  and  in-plane 
stress  components.  Subsequently,  the  transverse  stresses  are  determined  by  through-the-thickness  inte¬ 
gration  of  3-D  equilibrium  equations.  In  the  second  stage,  the  transverse  strains  are  determined  by  using  the 
3-D  constitutive  relations.  The  transverse  strains  are  then  integrated  in  the  thickness-direction  to  generate 
through-the-thickness  distributions  of  the  three  displacement  components.  Numerical  experiments  have 
shown  that  the  through-thickness  shapes  of  the  displacement  components  so  obtained  resemble  the  shapes 
of  the  corresponding  components  obtained  by  the  3-D  model.  The  differences  can  be  significantly  reduced 
by  adjusting  the  amplitudes  and/or  adding  a  linear  function  in  the  thickness  direction.  Consequently,  the 
coordinate  functions  for  each  displacement  component  are  generated  by  decomposing  the  corresponding 
through-the-thickness  distributions  into  four  components:  (a)  uniform,  (b)  linear  antisymmetric,  (c)  non¬ 
linear  symmetric  and  (d)  nonlinear  antisymmetric,  where  the  symmetry  and  antisymmetry  of  these  com¬ 
ponents  is  defined  with  respect  to  the  middle  plane  of  the  panel  (see  Fig.  3).  The  amplitudes  of  the 
coordinate  functions  are  determined  by  using  the  Rayleigh-Ritz  technique.  The  resulting  displacement  field 
is  used  in  conjunction  with  the  3-D  kinematic  and  constitutive  equations  to  calculate  more  accurate  in¬ 
plane  stresses.  The  transverse  stresses  are  then  calculated  using  the  3-D  equilibrium  equations.  The  second 


Fig.  1.  Sandwich  panel:  geometry,  coordinate  axes,  and  sign  convention  for  generalized  displacements,  stresses  and  stress  resultants. 
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Fig.  2.  Flow  chart  of  the  computational  procedure. 


placement  components. 


stage  of  the  computational  procedure  is  repeated  until  convergence  of  the  transverse  normal  stresses  is 
achieved  to  the  desired  accuracy. 

3.  Numerical  studies 

To  assess  the  effectiveness  of  the  foregoing  computational  procedure  for  calculating  the  transverse 
normal  stresses,  several  sandwich  panels  with  composite  face  sheets  were  analyzed.  The  panels  were  sub¬ 
jected  to  transverse  static  loading  or  to  a  thermal  loading,  in  the  form  of  either  a  uniform  temperature 
change  or  a  temperature  gradient  in  the  thickness  direction.  Solutions  obtained  by  the  foregoing  procedure 
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were  compared  with  those  obtained  by  using  3-D  continuum  models  for  each  of  the  face  sheet  layers  and 
the  core.  Typical  results  are  presented  herein  for  two  problem  sets  of  flat  rectangular  panels.  These 
problems  are:  (1)  panels  with  all  edges  simply  supported  and  (2)  panels  with  two  opposite  edges  simply 
supported  and  the  other  two  clamped.  Henceforth,  the  two  sets  of  panels  will  be  referred  to  as  SSSS  and 
SCSC  panels.  Each  panel  had  a  honeycomb  metallic  core  with  hexagonal  cells  and  an  eight-layer  cross-ply 
face  sheet  laminate.  The  face  sheet  layers  are  arranged  such  that  the  sandwich  is  symmetric  with  respect  to 
the  middle  plane  and  the  90°  layers  are  adjacent  to  the  core.  The  effective  physical  properties  of  the  face 
sheet  layers  and  core  are  given  in  Table  1.  The  shear  correction  factors  used  in  conjunction  with  the  first- 
order  shear  deformation  models  are  calculated  assuming  cylindrical  bending  in  each  of  the  *i  and  j c2  di¬ 
rections  ([7,19]).  The  face  sheet  thickness  ratio  for  the  panels,  hf/h,  is  selected  to  be  0.1.  Two  aspect  ratios, 
h/L i  =  1  and  2,  and  two  thickness  ratios,  hjL\  =0.1  and  0.2,  are  considered. 

Each  of  the  transverse  loading,  uniform  temperature  through  the  thickness,  and  temperature  gradient 
through  the  thickness  had  a  double  sinusoidal  variation  in  the  xx  -  x2  plane,  namely. 


P 

AT0 


>  = 


AT, 


.  7BC I  .  7DC2 

sin—  sin—. 
L\ 


(i) 


In  the  presence  of  both  A7o  and  A7j,  the  total  temperature  change  is  given  by 
AT  =  A7o  +  *3  A 7] . 


(2) 


The  selected  loading,  boundary  conditions,  and  face  sheet  laminations  allowed  exact  analytic  or  semi- 
analytic  solutions  to  be  obtained  for  the  governing  differential  equations  of  the  problems  considered.  The 
numerical  discretization  for  the  semi-analytic  solutions  was  performed  by  the  differentia]  quadrature 
method  (Refs.  [2,4]).  Convergence  studies  were  performed  for  the  differential  quadrature  solutions  to  insure 
that  the  displacements  and  stresses  presented  are  the  converged  values. 

The  coordinate  functions  of  each  displacement  component  were  obtained  by  decomposing  its  through- 
the-thickness  distributions  into  four  components.  A  total  of  twelve  coordinate  functions  were  needed  for 
the  SSSS  panels.  In  case  of  the  SCSC  panels,  a  set  of  twelve  coordinate  functions  were  generated  at  each 
discrete  point  in  the  ^-direction  of  the  panel. 

Typical  results  for  the  SSSS  and  SCSC  panels  are  presented  in  Figs.  4  and  5  for  the  displacements;  in 
Figs.  6  and  7  for  the  transverse  shear  stresses;  and  in  Figs.  8-10  for  the  transverse  normal  stresses.  The 
following  designation  is  used  for  the  curves  in  these  figures.  The  designation  3-D  refers  to  the  solutions 
obtained  from  the  3-D  continuum  model  for  the  face  sheets  and  the  core.  RRM-1  and  RRM-2  refer  to  the 


/ 


Table  1 


Effective  properties  of  the  core  and  face  sheet  layers* 


Physical  property 

Core 

Face  sheet  layer 

Units 

Ey 

0.4328 

137.2  x  10J 

MPa 

E2 

0.2864 

8.618  x  103 

MPa 

2396.8 

8.618  x  103 

MPa 

^23 

393.62 

2.892  x  103 

MPa 

521.19 

3.758  x  103 

MPa 

Oa 

7.9205 

3.758  x  103 

MPa 

V23 

0.37  x  10-4 

0.49 

Vi? 

0.56  x  10-4 

0.32 

Vl2 

1.23 

0.32 

*1 

0.91  x  10-5 

-0.34  x  10-‘ 

/SC 

at2 

0.91  x  10-5 

0.28  x  10-4 

rc 

0.91  x  10-5 

0.28  x  10-4 

lsC 

a  Ey  G  —  Effective  elastic  and  shear  moduli;  v,  at  =  Effective  Poisson  ratios  and  coefficients  of  thermal  expansion.  Subscripts  1, 2, 3  refer 
to  directions  xux2,.u  (see  Fig.  1);  c,/ refer  to  core  and  face  sheets. 
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Fig.  4.  Through-the-thickness  variation  of  displacement  components  in  an  SSSS  panel  for  (a)  mechanical,  (b)  7o,  and  (c)  7}  loadings; 
the  variations  of  the  displacement  components  w,  u\ ,  and  are  at  points  1,  2,  and  3,  respectively.  (Z2/Z.1  —  = 

h/L\  =  0.2,  Xp  =  E)c/{poh),Ao  =  102jET3<ra3r7o/A,  A,  =  103£va;kT|.) 


response  quantities  obtained  after  one  and  two  applications  of  the  Rayleigh-Ritz  technique.  The  desig¬ 
nation  RRM-0  refers  to  the  response  quantities  obtained  at  the  end  of  Stage  I.  In  Figs.  4  and  5,  the  FSDT 
values  are  the  displacement  components  obtained  from  the  first-order  shear  deformation  model,  and  the 
RRM-0  values  are  the  through-thickness  displacement  distributions  from  which  coordinate  functions  are 
generated  for  the  first  application  of  the  Rayleigh-Ritz  technique.  The  results  presented  in  Figs.  4-10  are 
discussed  subsequently. 

3.1.  Through-the-thickness  variation  of  the  displacement  components 

An  examination  of  the  through-thickness  variations  of  the  displacement  components  shown  in  Figs.  4 
and  5  reveals  the  following: 

1.  The  displacements  obtained  by  the  FSDT  model  are  significantly  different  from  those  obtained  by  the 
3-D  model  both  in  magnitude  and  through-the-thickness  variations. 

2.  In  almost  all  cases,  the  shapes  of  the  through-thickness  displacement  distributions,  shown  by  the  RRM- 
0  curves,  are  close  to  the  corresponding  distributions  obtained  by  the  3-D  model.  The  RRM-0  in-plane 
displacement  components  for  the  mechanical  and  the  T\  loadings  and  the  RRM-0  transverse  compo¬ 
nents  for  the  T0  loading  differ  from  the  corresponding  3-D  components  by  a  multiplier  and/or  a  linear 
function.  The  RRM-0  transverse  displacements  for  the  mechanical  and  the  T\  loadings  differ  from  the 
3-D  components  by  a  multiplier.  Although  the  shapes  of  the  RRM-0  and  3-D  curves  of  the  in-plane 
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(c)  Xmi  X1U2  Xiw 


Fig.  5.  Through-the-thickness  variation  of  displacement  components  in  an  SCSC  panel  for  (a)  mechanical,  (b)  T0,  and  (c)  Tx  loadings; 
the  variations  of  the  displacement  components  wf  wj,  and  w2  are  at  points  1,  2,  and  3,  respectively.  (Li/Li  =  1,  A//A  =  0.1, 
/r/Ij  =  0.2,  A,,  =  -  102£3Cav7'0/A,A|  =  lO^a^Fi.) 

displacement  components  for  the  To  loading  are  very  similar  in  the  face  sheet  regions,  the  differences  in 
the  core  region  are  noticeable. 

3.  The  observations  concerning  the  differences  between  the  through-thickness  shapes  of  the  RRM-0  and 
3-D  displacement  components  provide  the  rationale  for  generating  the  coordinate  functions  by  de¬ 
composition  of  the  through-thickness  displacement  distributions  as  illustrated  in  Fig.  3.  With  the  ex¬ 
ception  of  the  in-plane  displacement  components  for  the  To  loading,  the  displacement  components 
obtained  after  the  first  application  of  the  Rayleigh-Ritz  technique,  i.e.,  the  RRM-1  solutions,  are 
in  close  agreement  with  the  corresponding  3-D  displacement  components.  The  second  application 
of  the  Rayleigh-Ritz  technique  yields  RRM-2  displacements  which  are  almost  indistinguishable  from 
the  3-D  displacements. 

3.2 .  Through-the-thickness  variation  of  the  transverse  shear  stresses 

An  examination  of  Figs.  6  and  7  reveals  that  the  RRM-0  transverse  shear  stresses  are  grossly  in  error, 
particularly  in  the  core  of  the  panels.  Since  the  transverse  shear  stresses  are  obtained  by  the  integration  of 
the  3-D  equilibrium  equations,  the  accuracy  of  these  stresses  is  directly  linked  with  those  of  the  in-plane 
stresses.  When  the  accuracy  of  the  in-plane  stresses  is  improved  in  the  second  stage  of  the  computational 
procedure,  highly  accurate  transverse  shear  stresses  are  obtained. 


A.K.  Noor,  M.  Malik  I  Comput.  Methods  Appl.  Mech.  Engrg.  178  (1999)  431-443 


437 


Fig.  6.  Through-the-thickness  variation  of  transverse  shear  stresses  in  an  SSSS  panel  for  (a)  mechanical,  (b)  r0>  and  (c)  T,  loadings;  the 
variations  of  the  stress  components  au  and  <ta  are  at  points  2  and  3,  respectively.  (lijU  =  \,hf/h  =  Qi.\,h/L\  =0.2, 

Xp  =  l/po,Xo  =  l/(^3f*3r^tl)>^l  =  l/(^3f33c7'l^)-) 


3.3.  Through-the-thickness  variation  of  the  transverse  normal  stresses 
An  examination  of  Figs.  8-10  reveals  the  following: 

1  por  the  case  of  the  mechanical  loading,  there  is  no  noticeable  difference  between  the  RRM-0  and  3-D 
predictions  of  the  transverse  normal  stresses.  This  can  be  attributed  to  the  compensating  errors  in  the 
RRM-0  values  of  the  transverse  shear  stresses  cr|3  and  o2y,  see  Figs.  6(a)  and  7(a).  Therefore,  for  mechan¬ 
ical  loading  the  second  stage  of  the  computational  procedure  is  not  needed. 

2.  For  the  thermal  loadings  T0  and  T\,  the  RRM-0  transverse  normal  stresses  are  considerably  in  error. 
However,  the  application  of  the  Rayleigh-Ritz  technique  in  the  second  stage  improves  the  accuracy 
of  the  transverse  normal  stresses.  This  is  demonstrated  by  the  close  agreement  between  the  RRM-1 
and  RRM-2  solutions  and  the  predictions  of  the  3-D  model. 

On  the  basis  of  the  numerical  studies  conducted,  two  observations  can  be  noted.  First,  the  through- 
thickness  shapes  of  the  displacement  components  do  not  vary  throughout  the  panel.  This  is  obviously  true 
for  the  SSSS  panels,  and  is  also  true  for  the  SCSC  panels.  Second,  the  through-thickness  shapes  for  the 
corresponding  displacement  components  of  the  SSSS  and  SCSC  panels  are  similar  (see  Figs.  4  and  5).  These 
two  observations  indicate  the  possibility  that  the  coordinate  functions  generated  for  the  SSSS  panels  can  be 
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Fig.  7.  Through-the-thickness  variation  of  transverse  shear  stresses  in  an  SCSC  panel  for  (a)  mechanical,  (b)  To,  and  (c)  Tx  loadings;  the 
variations  of  the  stress  components  and  a2 3  are  at  points  2  and  3,  respectively.  (L2/L\  =  1  hf/h  =  0  1  h/h  =0  2 
a,  =  l/pb,^o  =  1/iE^TolM  *  mEicZicTth).) 


used  for  the  SCSC  panels,  and  possibly,  for  panels  with  other  types  of  boundary  conditions.  However, 
investigation  of  this  possibility  was  beyond  the  scope  of  the  present  study. 


4.  Concluding  remarks 

A  two-stage  computational  procedure,  based  on  a  posteriori  determination  of  the  shape  of  the  dis¬ 
placement  variation  in  the  thickness  direction,  is  described  for  the  accurate  determination  of  transverse 
normal  stresses  in  sandwich  panels  subjected  to  thermomechanical  loadings.  In  the  first  stage,  a  first-order 
shear  deformation  theory  is  used  for  evaluating  the  average  through-the-thickness  displacements  and 
strains  as  well  as  the  in-plane  stress  components.  The  3-D  equilibrium  equations  are  then  used  to  evaluate 
the  transverse  shear  and  normal  stresses.  In  the  second  stage,  the  transverse  normal  and  shear  strains  are 
calculated,  and  are  integrated  to  obtain  the  distributions  of  the  displacement  components  in  the  thickness 
direction  which,  in  turn,  are  used  to  generate  the  coordinate  functions.  The  Rayleigh-Ritz  technique  is 
applied  to  determine  the  amplitudes  of  the  coordinate  functions.  The  in-plane  stresses  are  calculated  and 
the  transverse  shear  and  normal  stresses  are  determined  from  the  equations  of  equilibrium.  The  second 
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Fig.  8.  Through-the-thickness  variation  of  transverse  normal  stresses  in  an  SSSS  panel  for  (a)  mechanical,  (b)  T0 ,  and  (c)  T\  loadings; 
the  variation  of  the  stress  component  <r33  is  at  point  1.  (Z^/Z-i  =  \,hf/h  =  0.1,  A,,  =  1/po,  Aq  =  lOVl^k-a^To),  A,  =  10 7(£jc«*T|/00 


stage  is  repeated  until  convergence  of  the  transverse  normal  stresses  is  achieved.  All  the  calculations  in  the 
second  stage  are  carried  out  using  solely  the  3-D  elasticity  equations. 

The  effectiveness  of  the  procedure  is  demonstrated  by  means  of  numerical  examples  of  flat  rectangular 
sandwich  panels  with  composite  face  sheets.  The  panels  have  two  opposite  edges  simply  supported  and  the 
other  two  either  simply  supported  or  clamped.  The  panels  are  subjected  to  transverse  mechanical  loading 
and  thermal  loadings  in  the  forms  of  uniform  temperature  change  and  temperature  gradient  through  the 
thickness.  The  results  obtained  by  using  the  foregoing  computational  procedure,  with  a  single  application 
of  Rayleigh-Ritz  technique,  were  found  to  be  in  close  agreement  with  those  obtained  by  using  the  3-D 
continuum  models  for  each  of  the  face  sheet  layers  and  the  core. 

The  computational  procedure  can  be  extended  to  provide  an  adaptive  shape  function  refinement  strategy 
for  the  finite  element  analyses  of  the  sandwich  structures.  In  the  present  work,  due  to  the  particular  type  of 
laminates  chosen  for  the  composite  face  sheets,  the  types  of  boundary  conditions  considered,  and  the  forms 
of  the  loading  functions  selected,  the  coordinate  functions  were  only  needed  at  a  limited  number  of  points 
in  the  plane  of  the  panel.  For  more  complicated  panel  geometries,  boundary  conditions,  and  loadings, 
coordinate  functions  may  have  to  be  generated  at  a  larger  number  of  points  in  the  plane  of  the  panel. 
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Fig.  9.  Through-the-thickness  variation  of  transverse  normal  stresses  in  an  SCSC  panel  for  (a)  mechanical,  (b)  r0,  and  (c)  F,  loadings; 
the  variation  of  the  stress  component  (733  is  at  point  L  (L2/L  |  =  lthf/h  -  0.1,a,  =  =  103/ (£*•«>  To),  Aj  =  10'/ (£*.*3,.  7}  A).) 


However,  in  practical  analysis  of  sandwich  panels  with  complex  geometry,  the  accurate  determination  of 
interlaminar  stresses  is  needed  only  in  the  critical  zones  of  the  structure.  This  can  be  done  effectively  by 
using  as  starting  values  the  coordinate  functions  from  the  displacement  field  of  a  panel  with  simple  types  of 
boundary  conditions  (e.g.,  simply  supported  edges). 
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Appendix  A.  Fundamental  equations  of  the  first-order  shear  deformation  theory  used  in  the  present  study 

The  first-order  shear  deformation  model  used  in  the  present  study  is  based  on  the  following  assumptions: 

1.  The  panels  are  composed  of  a  number  of  perfectly  bonded  layers  (face  sheet  layers  and  core). 

2.  A  honeycomb  core  with  hexagonal  cells  is  used. 
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3.  The  Aboudi  cell  method  ([1])  is  used  to  evaluate  effective  properties  of  the  face  sheet  layers,  and  an 
upper-bound  energy  approach  is  used  to  evaluate  the  effective  core  properties  ([5,9]). 

4.  Every  point  of  the  panel  is  assumed  to  possess  a  single  plane  of  thermoelastic  symmetry  parallel  to  the 

middle  surface  of  the  panel. 

5.  The  strains  are  linear  in  the  thickness  direction,  i.e. 

-  _-0  +r,ic0  (3) 

S/l  —  £i/j  +  xi  'S/I’ 

where  and  tcn%ll  are  extensional  strains  and  curvature  changes  of  the  middle  surface. 

6.  The  material  properties  are  independent  of  temperature. 

7.  The  temperature  change  has  a  linear  variation  in  the  thickness  direction  as  given  by  Eq.  (2). 

g”  The  extensional  stresses  <r3/t  and  strains  ej/f  are  related  by  the  generalized  plane  stress  constitutive 

relations 


Cj/j  —  (fi;(>  Xy  AT) 


(4) 


442 


A.K.  Noor .  M.  Malik  /  Comput.  Methods  AppL  Mevh.  Etigrg .  178  (1999)  431-443 


where  are  the  generalized  plane-stress  stiffness  coefficients,  avp  are  the  coefficients  of  thermal  expan¬ 
sion,  and  a  repeated  index  denotes  summation  over  its  range  (1,  2). 

The  constitutive  relations  for  the  panel  are  described  by  the  lamination  theory,  and  can  be  written  in  the 
following  compact  form: 
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where  the  A' s,  D’s,  and  B's  with  Greek  subscripts  are  the  extensional,  bending,  and  bending-extensional 
coupling  coefficients  of  the  panel;  Axij 53  are  the  transverse  shear  coefficients  of  the  panel;  and  N§  and  are 
thermal  extensional  and  bending  stress  resultants  given  by: 
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where  n  is  the  total  number  of  layers  of  the  panel  (including  both  face  sheet  layers  and  core)  and  A*-i ,  hk  are 
the  distances  from  the  middle  surface  to  the  top  and  bottom  faces  of  the  kxh  layer. 
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SUMMARY 


A  computational  procedure  is  presented  for  the  accurate  determination  of  transverse  normal  stresses  in  hybrid 
laminatedtpanal^consisting  of  fibre-reinforced  composite  and  piezoelectric  layers,  and  subjected  to  mechanical, 
thermal  ancrelectrical  loadings.  The  three  key  elements  of  the  procedure  are:  (a)  using  through-the-thickness 
distributions  of  die  response  quantities  of  a  simpler  problem  to  effect  a  dimensional  reduction  in  the  given 
problem,  (b)  adaptive  improvement  of  the  thickness  distributions  of  the  response  quantities  through  successive 
applications  of  the  Rayleigh— Ritz  technique,  in  conjunction  with  the  three-dimensional  electro-thermo-elasticity 
equations  for  each  layer,  and  (c)  using  three-dimensional  divergence  equations  for  evaluating  the  transverse 

.stresses  and  the. .transverse  component  of  the  electric-  field.  . 

The  effectiveness  of  the  procedure  is  demonstrated  by  means  of  two  numerical  examples  of  rectangular,  hybrid 
laminated  panels.'  The  panels  had  two  opposite  edges  clamped  and  the  other  two  either  simply  supported  or 
clamped.  In  both  cases,  the  simpler  panels  were  the  panels  of  the  same  lamination  and  geometry  as  the 
example  problems-  but  with  all  cdecs  simply  supported.  Published  in  2000  by  John  Wiley  &  Sons,  Ltd.  This 
article  is  a^U.S.  government  ^orkjand  isJn  the  public  domain  in  the  United  States. 

^iivsen  S+Ct  mserT  jiWd ore 

KEY  WORDS:  interlaminar  transverse  stresses;  hybrid  composite  piezoelectric  panels;  smart  structures;  differential 
quadrature  method 


1.  INTRODUCTION 


The  potential  of  combining  piezoelectric  layers  and  fibre-reinforced  composite  structures  to  al¬ 
ter  the  structural  response  through  sensing,  actuation  and  control  has  stimulated  interest  in  the 
development  of  theories  and  computational  models  for  hybrid  panels  consisting  of  fibre-reinforced 
composite  and  piezoelectric  layers.  Some  of  the  computational  models  developed  for  the  hybrid^ 
panels  are  similar  to  those  used  for  laminated  composite  panels,  and  include:  ^^three-dimensional 
piezoelasticity  models  [1,  2],  and  two-dimensional  models,  which  can  be  classified  into:  (a)  global 
through-the-thickness  approximation  models  [3-Sj^and  (b)  discrete-layer  models  based  on  piece- 
wise  displacement/stress  approximations  in  the  thickness  direction  [9-11], 
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Figure  1.  Hybrid  panel:  geometry,  co-ordinate  axes,  and  sign  convention  for  displacements,  stresses,  and  electric  response 

quantities 

The  use  of  three-dimensional  models  for  predicting  the  electroelastic  response  characteristics  of 
panels  with  complicated  geometiy  and  loadings  is  computationally  expensive  and,  therefore,  may 
not  be  feasible  for  practical  problems.  Experience  with  two-dimensional  models  has  shown  them 
to  be  inadequate  for  the  accurate  determination  of  transverse  response  quantities,  which  are  used 
for  predicting  the  onset  of  some  of  the  damage  mechanisms  in  multilayered  structures.  This  is 
particularly  true  for  the  models  based  on  lower-order  approximations  of  the  response  quantities 
in  the  thickness  direction.  Several  post-processing  techniques  have  been  proposed,  in  conjunction 
with  two-dimensional  models,  for  the  accurate  determination  of  transverse  stresses  in  multilayered 
composite^  panels  which  can  be  applied  to  hybrid  panels  as  well.  These  are  based  on  the  use 
of:  (a)  three-dimensional  equilibrium  equations  [12-14],  (b)  simplifying  assumptions  [15,  16],  and 
(c)  predictor-corrector  approaches  [17-19].  Although  accurate  transverse  shear  stresses  can  be 
generated  by  the  first  two  techniques,  the  accuracy  of  the  transverse  normal  stresses  generated  by 
these  techniques  is  not  adequate.  This  is  particularly  true  for  thermal  loadings,  see,  for  instance  [16]. 

The  objective  of  this  work  is  to  present  a  computational  procedure  for  the  accurate  determination 
of  transverse  normal  stresses  in  hybrid  panels,  having  perfectly  bonded  fibre-reinforced  composite 
and  piezolectric  layers,  and  subjected  to  mechanical,  thermal,  and  electrical  loadings.  The  procedure 
proposed  herein  has  evolved  from  the  ideas  presented  in  an  earlier  work  of  the  present  authors  [19]. 
The  effectiveness  of  the  proposed  procedure  is  demonstrated  by  means  of  numerical  examples.  The 
geometry  of  a  hybrid  panel  and  the  sign  convention  of  the  displacements,  stresses,  and  electric 
response  quantities  are  shown  in  Figure  1. 
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DETERMINATION  OF  TRANSVERSE  NORMAL  STRESSES  3 

2.  BASIC  IDEA 

The  basic  idea  of  the  proposed  computational  procedure  is  to  generate  the  response  of  a  given 
pane!  through  successive  improvements  of  the  response  of  a  simpler  panel,  having  the  same 
lamination  as  the  given  panel,  but  simpler  boundary  conditions,  loading  distribution,  and/or 
geometry.  It  is  convenient  to  select  the  simpler  panel  such  that  exact,  analytical,  semianalyt- 
ical.  or  inexpensive  numerical  solutions  can  be  obtained  for  the  three-dimensional  continuum 
equations.  The  three  key  elements  of  the  procedure  are:  (a)  using  through-the-thickness  distri¬ 
butions  of  the  response  quantities  of  a  simpler  problem  to  effect  a  dimensional  reduction  in  the 
given  problem,  (b)  adaptive  improvement  of  the  thickness  distributions  of  the  response  quantities 
through  successive  applications  of  the  Rayleigh-Ritz  technique,  in  conjunction  with  the  three- 
dimensional  electro-thermo-elasticity  equations  for  each  layer^and  (c)  using  three-dimensional  di¬ 
vergence  equations  for  evaluating  the  transverse  stresses,  and  the  transverse  component  of  the 
electric  field.  \  lASS.f'  CO^/aiv, 

The  rationale  of  the  above  idea  is  that  extensive  numerical  studies  have  demonstrated  that 
through-the-thickness  distributions  of  the  displacement  components  and  electric  potential  in  hybrid 
composite/piezoelectric  panels  are  more  sensitive  to  the  lamination  parameters  and  loading  type 
than  to  the  boundary  conditions  and  geometry  of  the  panel.  This  is  particularly  true  in  the  interior 
of  the  panel.  To  verify  this  observation,  each  of  the  thickness  distributions  of  the  three  displace¬ 
ments  ui,U2,W3  and  the  electric  potential  <f> ,  obtained  from  the  full  three-dimensional  solutions, 
are  decomposed  into  four  components:  uniform,  linear  antisymmetric,  non-linear  symmetric,  and 
non-linear  antisymmetric  (where  the  symmetry  and  antisymmetry  are  defined  with  respect  to  the 
middle  plane  of  the  panel).  Each  of  the  components  is  normalized  by  dividing  by  its  maximum 
value.  Henceforth,  these  normalized  components  will  be  referred  to  as  (through-the-thickness)  co¬ 
ordinate  functions.  The  non-linear  symmetric  and  antisymmetric  co-ordinate  functions  of  mj,m2,  u3 
and  <p  at  different  (xi,.x2)  locations  of  a  fully  clamped  panel  with  four  cross-ply  layers  and  one 
piezoelectric  layer  are  shown  in  Figure  2  along  with  the  corresponding  co-ordinate  functions  of  a 
simply  supported  panel.  The  panels  are  subjected  to  transverse  loading  with  sinusoidal  variations 
in  both  the  x\-  and  ^-directions. 

An  examination  of  Figure  2  reveals  that,  with  the  exception  of  the  non-linear  antisymmet¬ 
ric  m2  and  symmetric  M3  components,  the  remaining  non-linear  co-ordinate  functions  of  the  dis- 
placements  and  electric  potential  of  the  clamped  panel  are  similar  to  those  of  the  simply  sup¬ 
ported  panel.  The  distributions  of  the  non-linear  co-ordinate  functions  for  the  thermal  and  elec¬ 
tric  loadings  were  found  to  be  similar  to  those  of  Figure  2  for  mechanical  loading.  Therefore, 
it  is  reasonable  to  use  the  co-ordinate  functions  of  the  displacements  and  electric  potential  of 
a  simply  supported  panel  to  effect  a  dimensional  reduction  in.  a  panel  with  different  boundary 
conditions. 

For  thin  and  medium-thick  panels,  the  amplitudes  of  the  uniform  and  linear  antisymmetric 
co-ordinate  functions  of  M|,m2, M3  and  are  found  to  be  larger,  by  an  order  of  magnitude  or 
more  than  those  of  the  non-linear  co-ordinate  functions.  This  justifies  the  use  of  first-order  shear 
deformation  theory  for  predicting  the  global  response  characteristics  ot  thin  and  medium-thick 
panels.  However,  the  non-linearities  of  the  co-ordinate  functions  of  the  displacement  components 
in  Figure  2  can  have  significant  effect  on  the  transverse  stresses,  and  possibly  on  the  in-plane 
stresses,  in  the  panel.  This  is  particularly  true  for  the  thermal  loadings.  As  to  be  expected,  the 
amplitudes  of  the  non-Iinear^co-ordinate  functions  increase,  and  subsequently,  their  effect  on  the 
overall  state  of  stresses,  vvjth.  increase  in  the  panel  thickness. 
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Figure  3.  Flowchart  of  the  computational  procedure 


3.  THE  COMPUTATIONAL  PROCEDURE 

A  flow  chart  of  the  computational  procedure  for  evaluating  the  transverse  stresses  is  shown  in 
Figure  3.  The  procedure  can  be  conveniently  divided  into  two  distinct  phases: 

(a)  Initial  phase :  This  phase  consists  of  the  following  steps. 


I-  Generation  of  through-the-thickness  distributions  of  the  displacements  and  electric  potential 
for  a  simpler  panel,  having  the  same  lamination  as  the  original  panel,  but  with  simpler 
boundary  conditions,  loading  distributions,  and/or  geometry. 

2.  Generation  of  approximation  functions  for  the  displacement  components  and  electric  poten¬ 
tial,  by  multiplying  each  o£tfhrough-the-thickness  co-ordinate  functions  of  the  simpler  panel 
by  the  functions  of  the  in-plane  co-ordinates,  which  satisfy  the  boundary  conditions  of  the 
original  panel. 
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(b)  Successive  improvement  phase:  This  phase  consists  of  the  following  steps. 

1.  Determination  of  the  amplitudes  of  the  co-ordinate  functions  by  using  the  Ravleigh-Ritz 
technique  in  conjunction  with  the  three-dimensional  equations  of  electro-thermo-elasticity 
(see  the  appendix). 

2.  Determination  of  the  in-plane  stresses  and  in-plane  electric  displacements  using  three- 
dimensional  constitutive  relations. 

3.  Evaluation  of  transverse  stresses  and  transverse  component  of  electric  displacement  using 
the  three-dimensional  divergence  equations. 

4.  Generation  of  improved  through-the-thickness  distributions  of  the  displacements  and  electric 
potential  from  the  three-dimensional  gradient  relations  for  successive  applications  of  the 
Rayleigh-Ritz  technique. 


4.  NUMERICAL  STUDIES 


To  assess  the  effectiveness  of  the  foregoing  computational  procedure  for  calculating  the  transverse 
normal  stresses,  several  flat,  rectangular,  hybrid  composite/piezoelectric  laminated  panels  were 
analysed.  The  panels  analysed  consisted  of  four  graphite-epoxy  cross-ply  layers  with  fibre  orien¬ 
tations  [90°/0o/90o/Q°]  and  one  PZT-5A  piezoelectric  layer  at  the  top.  The  effective  properties 
for  the  fibre-reinforced  and  piezoelectric  layers  are  given  in  Table  I.  Two  aspect  ratios.  Lz/L\  =  1 
and  2.  and  two  thickness  ratios,  A/Li=0-1  and  0-2,  are  considered.  The  layers  are  assumed  to 
have  equal  thicknesses.  Each  of  the  panels  is  subjected  to  four  types  of  loadings,  namely,  ( 1 ) 
transverse  static  load  (p)  at  the  bottom  surface,  (2)  uniform  temperature  change  (A7q)  through 
the  panel  thickness,  (3)  linear  temperature  gradient  through  the  panel  thickness  (ATi),  and  (4) 
electric  potential  at  the  bottom  surface  (</>).  Henceforth,  these  loadings  are  referred  to  as  /?-,  r0-, 
Tr  and  ^-loadings,  respectively.  Each  of  these  loadings  has  a  sinusoidal  variation  in  both  the  xr 
and  .^-directions,  namely. 
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Typical  results  are  presented  herein  for  two^ots’^fpanels,  namely:  (1)  panels  with  two  edges 
simply  supported  arid  the  other  two  clamped^ahd  (2)  panels  with  all  edges  clamped.  For  both  sets 
of  panels,  the  simpler  panel  is  taken  to  be  the  corresponding  panel  with  the  same  lamination  and 
geometry,  but  with  all  edges  simply  supported.  Henceforth,  the  two  sets  of  panels  and  the  simpler 
panel  will  be  referred  to  as  SC,  CC  and  SS  panels,  respectively. 

The  individual  layers  of  each  panel  are  assumed  to  be  homogeneous  orthotropic  with  the  prin¬ 
cipal  material  directions  coincident  with  the  co-ordinate  directions.  For  the  selected  loading,  full 
three-dimensional  solutions  were  obtained  for  the  simpler  (SS)  panel.  For  the  SC  and  CC  panels, 
numerical  discretization,  using  the  differential  quadrature  method  [20,  21].  had  to  be  used  in  the 
*2-  and  (.V|,.r2)-directions,  respectively.  A  set  of  16  co-ordinate  functions  were  generated  at  each 
discrete  point  in  the  .^-direction  for  the  SC  panel,  and  at  each  discrete  point  in  the  (.ti,.t2)-plane 
for  the  CC  panel.  The  standard  of  comparison  in  each  case  was  taken  to  be  the  solution,  obtained 
using  the  differential  quadrature  method,  for  the  full  three-dimensional  continuum  models  of  each 
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Table  I.  Material  properties  of  the  graphite-epoxy  and  the  PZT-5A 
layers  used  in  the  present  study 

Physical  constant  Graphite-epoxy  layer  PZToA  layer 

Ei  (lO’Pa)  181-0  61  0 

Ez  ( 1 09  Pa )  10-3  610 

r  /»a9d.v  10*1  53*2 


£,  ( 1 09  Pa ) 
£;  (109  Pa) 
£3  ( 109  Pa) 
C,:  ( 109  Pa) 
Cri3  ( 109  Pa) 
Cz 3  ( 109  Pa) 


1810 

10-3 

10*3 

7*17 

7*17 

2*87 

0*28 


» I. 

I'M 

0-28 

0*38 

1  1J 

V;3 

0*33 

'  0*38 

do-yc) 

rl 

O 

6 

1*5 

s-  (K>-6/°C) 

22-5 

1*5 

x3J  (IO-6/°C) 

22*5 

2*0 

rfm  (10_IJ  m/V) 

0 

—  171*0 

d™  (10-I2m/V) 

0 

—  171*0 

d-M  (10- 12  m/V) 

0 

374*0 

di n  (10- 12  m/V) 

0 

584*0 

dJi3  (10-,2m/V) 

0 

584*0 

Ku  (10~*  Farad/rh) 

1-53 

1*53  ~  “ 

k'22  (10-8  Farad/m) 

1*53 

1*53 

kjj  (10-8  Farad/m) 

1*53 

1*50 

rj  (Coulumb/m2/°C) 

0 

0*0007 

Note:  The  crystal  class  of  the  PZTA-5A  layer  is  orthorhombic  mnrfflerein^ 
only  the  non-zero  values  of  the  various  material  properties  are  tabulateo'^^ 

1  delete.  A  f 


a 


.<U  ptt 


of  the  composite  and  piezoelectric  layers.  Convergence  studies  were  performed  to  insure  that  the 

response  characteristics  presented  are  the  converged  values.  .  . 

-  Typical  results  for  the  displacements  in  the  SC  and  CC  panels  are  presented  in  Figures  4  and 
5;  in  Figure  6  for  the  electric  response  quantities,  namely,  the  electric  potential  and  transverse 
components  of  the  electric  field  and  electric  displacement;  in  Figures  7  and  8  for  the  transverse 
shear  stresses;  and  in  Figures  9-11  for  the  transverse  normal  stresses.  The  following  designation 
is  used  in  these  figures;  3-D  refers  to  the  solutions  obtained  using  the  full  three-dimensional 
models*  RR-1  RR-2  ...,RR-4  refer  to  the  predictions  of  the  proposed  computational  procedure 
obtained  after’one.  two,....  four  applications  of  the  Rayleigh-Ritz  technique.  As  to  be  expected, 
the  convergence  of  the  response  quantities,  obtained  by  the  foregoing  procedure,  in  the  interior 
of  the  panel  was  faster  than  that  for  the  corresponding  quantities  near  the  boundaries.  The  results 
presented  in  Figures  4-1 1  are  discussed  subsequently. 


4.1.  Throiujh-the-thickness  variation  of  the  displacement  components 

An  examination  of  the  through-thickness  variations  of  the  displacement  components  shown  in 
Figures  4  and  5  reveals: 
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Figure  4.  Through-the-thickness  variations  of  displacement  components  **j,  1/2,  and  M3  at  |hq  points  1.  2,  and  3,  respectively, 
in  an  SC  panel  subjected  to  (a)  p-  ,  (b)  7o-  ,  (c)  Ti-^and  (d)  ^-loadings;  ap  =  10“-£^.'(p0H  *0  —  !02/r. 

/.)  =  !  O2  /( 7"  1 ).  /.0  =  lOf(d*i}tf>0)  (Superscript  p  denotestfre  values  of  physical  constants  for  the  piezoelectric  layer.) 
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CC  PANEL 
L2/L1  =  1,  h/L,  =  0.1 


Figure  5.  Through-the-thickness  variations  of  displacement  components  u\,  an<J  M3  at(“^  points  1.  2,  and  3,  respectively, 
in  a  CC  pane!  subjected  to  (a)  p-  ,  (b)  7o-  ,  (c)  7V;and  (d)  ^-loadings;  /. p  =  10~'£\p  {p$h\  ✓.<)  =  I  O^A/ ( *33  To  )• 
/I  =  !02,.(23p3r,),  /.*  =  10/(rfP3 fa ^Superscript  p  deno\p  the  values  of  physical  constants  for  the  piezoelectric  layer.) 
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1.  In  almost  all  cases,  a  single  application  of  the  Rayleigh— Ritz  technique  yields  displacement 
components  (RR- 1 )  very  close,  in  both  magnitude  and  shape,  to  the  corresponding  components 
of  the  full  three-dimensional  model.  The  displacements  obtained  after  the  second  application 
of  the  Rayleigh-Ritz  technique  (RR-2)  are  almost  indistinguishable  from  that  of  the  3-D 
components. 

2.  For  p-  and  ^-loadings,  the  variations  of  the  displacement  component  1/3  in  the  thickness 
direction  is  considerably  smaller  than  the  corresponding  variations  in  the  thermal  loading 
cases.  The  scales  selected  in  Figure  ^amplify  the  differences  between  the  1/3  predicted  by 
the  foregoing  procedure  and  those  predated  by  the  full  3-D  model.  As  an  example,  tor  the 
case  of  p-loading,  the  RR-1.  RR-2  and‘|RR-4  values  of  u3  differ  by  less  than  1-2,  0*7  and 
0  02  per  cent,  respectively,  from  the  3-D  values. 

Udde  co‘r*»* 

4.2 .  Throuyh-the-thickness  variations  of  electric  response  quantities 

An  examination  of  the  through-thickness  variations  of  the  electric  response  quantities  shown  in 
Figure  6  reveals:  / T7\JU 

1.  In  all  cases,  one  or  two  applications  of  the  RayleigjHRjtz  technique  result  in  through-the- 
thickness  distributions  of  electric  response  quantities  ^vhicj)  are  almost  indistinguishable  from  _ 
the  corresponding  distributions  of  the  three-dimensional  models. 

2.  The  shapes  of  through-thickness  distributions  of  the  electric  response  quantities  for  the  SC 
and  CC  panels  are  similar.  For  /^-loading,  the  magnitudes  of  electric  potential  (f>  are  different 
in  the  SC  and  CC  panels,  and  for  both  mechanical  and  thermal  loadings,  the  magnitudes  of 
the  electric  displacement  £>3  differ  in  the  two  panels. 

a<U.  S  7 

4.3.  Through-the-thickness  variatiorTof  the  transverse  shear  stresses 

An  examination  of  Figures  7  and  8  reveals  that  the  proposed  computational  procedure  yields 
transverse  shear  stresses  sufficiently  close  to  those  obtained  by  the  three-dimensional  model  after 
two  applications  of  the  Rayleigh-Ritz  technique. 

S  7 

4.4 .  Through-the-thickness  variatiorTof  the  transverse  normal  stresses 


An  examination  of  Figures  9-1 1  reveals: 

1.  For  the  case  of  the  mechanical  loading,  one  application  of  Rayleigh-Ritz  technique  yields^ 
transverse  normal  stresses  tvhfch  are  very  close  to  those  obtained  by  the  fuirThree-dimensiona]_ 

model.  T'axT 

2.  For  the  thermal  and  electric  loading"  the  transverse  normal  stresses  obtained  after  one  ap¬ 

plication  of  the  Rayleigh-Ritz  technique  may  be  considerably  in  error.  However,  one  more 
application  of  the  Rayleigh-Ritz  technique  results  in  significant  improvement  in  the  accuracy 
of  the  transverse  normal  stresses.  In  all  the  cases  shown  in  Figures  9—11.  the  transverse  nor¬ 
mal  stresses  obtained  after  two  applications  of  the  Rayleigh-Ritz  technique  (RR-2)  solutions 
are  within  2  per  cent  of  those  obtained  by  the  fulf  3-D.  model. _ , — - - 
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Figure  7.  Through-the-thickness  variations  of  transverse  shear  stresses  ffu  and  <Tu  at  Cho^points  1  and  2.  respectively,  in  an 
SC  panel  subjected  (a)  p-  ,  (b)  To-  ,  (c)  7j-jand  (d)  ^-loadings;  ip  =  l/po.  io  =  102/(£j’*jj7o),  i-i  =  7jA). 

i^  =  lO^A, (Ef d^ji^o^f^uperscript  p’Senotes  the  values  of  physical  constants  for  the  piezoelectric  layer.) 

T  I  •  4* 
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"'V?  Ccm^ 

Pen*) 

l.  i  ^Artrt  L..  n/:t  o.  c _  r  .  i  .  r  . .  I  t.,*U  r..  .....  1*7  firm  AAA  /IfUlAi 


Published  in  2000  by  John  Wiley  &  Sons,  Ltd. 


Ini.  J.  Numer.  \L'th.  Empuj.  47,  000-000  <2000) 


NME780 


14 


M.  MALIK  AND  A.  K.  NOOR 


SC  PANEL 

|  h/L,  =  0.1 

ML,  =  1 

|  h/L,  =  0.2 

Figure  9.  Through-the-thickness  variation  of  transverse  normal  stress  <733,  at  (he, point  I,  in  SC  panels  subjected  to  (a) 

P-,  (b)  T0-.  (c)  T,-. and  (d)  ./.-loadings;  >p  =  l//>o.  /-o  =  102  AE^^To).  =  lOr!{E'i'JTlh).  =  lOJA/(£'Vf,j./>o)0 

y*  (Superscript  p  denotes  the  values  of  physical  constants  for  the  piezoelectric  laver. ) 
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CC  PANEL 

WL,  =  0.1  | 

M-,  =  i 

|  h/L,  =  0.2 

Figure  10.  Through-the-thickness  variation  of  transverse  normal  stress  <733,  at /thef point  t,  in  CC  panels  subjected  to  (a) 
p -  ,  (b)  To*  ,  (c)  7*i*  and  (d)  (^-loadings;  ).p  =  \/po,  “  102. (E£ z£j7*o),  /-!  =  lO-/{EyiyyT\h)%  *  \0*h/( 

(Superscript  p  denotes  the  values  of  physical  constants  for  the  piezoelectric  layer.)  *U 
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Figure  11.  Through-the-thickness  variation  of  transverse  normal  stress  <733.  at(th^oint  1,  in  CC  panels  subjected  to  (a) 
p -  ,  (b)  To- .  (c)  Ti-^and  (d)  ^-loadings;  ).p  ~  1/po.  *0  —  1 02,  (£3*2^3  7o).  /|  “  lOMfj  x^T\h),  /.+  =  lO3^  (£yJ^<f>o)0 
(Superscript  p  denotes  the  values  of  physical  constants  for  the  piezoelectric  layer.) 
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5.  CONCLUDING  REMARKS 

A  computational  procedure  is  presented  for  the  accurate  determination  ot  transverse  normal  stresses 
in  hybrid  laminated  panels  consisting  of  fibre-reinforced  composite  and  piezoelectric  layers,  sub¬ 
jected  to  mechanical,  thermal  and  electrical  loadings.  The  basic  idea  of  the  procedure  is  to  generate 
the  response  of  the  panel  through  successive  improvements  of  the  response  of  a  simpler  panel, 
having  the  same  lamination  as  the  given  panel,  but  simpler  boundary  conditions.  loading  distribu- 
,  tion.  and/or  geometry.  The  computational  procedure  can  be  conveniently  divided  into  two  distinct 
^  phases:  (a  pJ\n  initial  phase,  in  which  through-the-thickness  distributions  of  the  response  quantities 
of  the  simpler  panel  are  used  to  effect  a  dimensional  reduction  of  the  original  problem,  and  to  gen¬ 
erate  approximation  functions  for  the  response  quantities  of  the  original  panel,  and  (b)  successive 
^  <  improvement  phase,  which  involves  adaptive  improvement  of  through-the-thickness  distributions 
xjZTlCi  A' 0f  t^e  reSp0nse  quantities  through  successive  applications  of  the  Rayleigh-Ritz  technique  in  con- 
>  junction  with  the  three-dimensional  electro-thermo-elasticity  equations  for  each  layer;  and  use  of 

I  the  three-dimensional  divergence  equations  for  evaluating  the  transverse  stresses  and  the  transverse 

component  of  the  electric  displacement. 

The  effectiveness  of  the  procedure  is  demonstrated  by  means  of  numerical  studies  on  two  types 
|  of  flat  rectangular  hybrid  panels:  panels  having  two  opposite  edges  simply  supported  and  the  other 

/  two  clamped,  and  panels  with  all  edges  clamped.  In  each  case,  the  simpler  problem  is  taken  to  be  a 

panel  with  all  edges  simply  supported.  The  panels  are  subjected  to  transverse  mechanical  loading, 

(  thermal  loadings  in  the  forms  of  uniform  temperature  change  and  temperature  gradient  through  the 

|  thickness,  and  electric  loading  due  to  an  applied  electric  potential.  The  results  obtained  by  using 

the  foregoing  computational  procedure,  with  one  or  two  applications  of  Rayleigh-Ritz  technique, 
I  were  found  to  be  in  close  agreement  with  those  obtained  by  using  the  three-dimensional  models 

l  for  each  of  the  composite  and  piezoelectric  layers. 

*  The  co-ordinate  functions  used  in  conjunction  with  the  Rayleigh-Ritz  technique  were  generated 

by  integrating  numerically  the  three-dimensional  gradient  relations,  and  were  defined  in  terms  of 
|  their  values  at  discrete  points  in  the  thickness  direction.  The  computational  procedure  can  be 

I  extended  to  provide  adaptive  refinement  strategies  of  the  shape  function  in  the  other  co-ordinate 

directions. 


APPENDIX 

LI  Fundamental  equations  of  three-dimensional  electro-thermo-elasticity 

The  equations  of  steady-state  linear  electro-thermo-elasticity  can  be  grouped  into  three  cate¬ 
gories  of  equations,  namely,  divergence  equations,  gradient  relations,  and  constitutive  relations,  as 
follows  [22]: 


1.  Divergence  equations : 

°ij.i  ~  0 

(2) 

A.»  =  0 

(3) 

2.  Gradient  relations : 

%  =  +«/.») 

(4) 

E,  =  -<h 

(5) 
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3.  Constitutive  relations: 


M  MALIK  AND  A.  K.  NOOR 


*^1/  —  Ctjk/  0’A/  dmk/  Fm  %k/  t\T) 
Dm  =:  C/A/  tlmhf  L|/'  "1"  t^mn  l~it  "F  G» 


In  equations  (2)-(7).  <7,,  is  the  stress  tensor,  u,y  the  strain  tensor,  C,y*/  the  elastic  constitutive 
tensor,  m,  the  elastic  displacement  vector,  £>,  the  electric  displacement  vector,  F}  the  electric  field 
vector,  dijk  the  piezoelectric  tensor,  fCy  the  permittivity  tensor,  x,y  the  thermal  expansion  coefficients 
tensor,  r,  the  pyroelectric  coefficients  vector,  and  AT  the  temperature  change.  The  range  of  indices 
is  I,  2,  3.  * 

Note  that  only  partial  coupling  is  considered  since  the  coupling  between  the  electric,  thermal,  and 
elastic  fields  is  included  only  in  the  constitutive  relations.  The  functional  used  in  the  Rayleigh-Ritz 
technique  is 


where 


n“/  HdV  -  J (rij  <Jij  Uj  +  rij D-,  <p)dS 


H  —  CiJkA  1  &ij  &ki  dmjk  Fm  t\j  tij  y.kf  iX7*)  ^  ^  A.  7* 


and,  V  is  the  volume,  S  the  surface  area,  and  ns  is  unit  outward  normal. 
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An  Assessment  of  Five  Modeling  Approaches  for  Thermo-mechanical 

Stress  Analysis  of  Laminate^  Composite  Panels 

\ 

Ahmed  K.  Noor  and  Moinuddin  Malik 
Center  for  Advanced  Computational  Technology 
University  of  Virginia 
NASA  Langley  Research  Center 
Hampton,  VA  23681 

Abstract  A  study  is  made  of  the  effects  of  variation  in  the  lamination  and  geometric 
parameters,  and  boundary  conditions  of  multi-layered  composite  panels  on  the  accuracy 
of  the  detailed  response  characteristics  obtained  by  five  different  modeling  approaches. 
The  modeling  approaches  considered  include  four  two-dimensional  models,  each  with 
five  parameters  to  characterize  the  deformation  in  the  thickness  direction,  and  a 
predictor-corrector  approach  with  twelve  displacement  parameters.  The  two-dimensional 
models  are  first-order  shear  deformation  theory,  third-order  theory;  a  theory  based  on 
trigonometric  variation  of  the  transverse  shear  stresses  through  the  thickness,  and  a 
discrete  layer  theory.  The  combination  of  the  following  four  key  elements  distinguishes 
the  present  study  from  previous  studies  reported  in  the  literature:  a)  the  standard  of 
comparison  is  taken  to  be  the  solutions  obtained  by  using  three-dimensional  continuum 
models  for  each  of  the  individual  layers;  2)  both  mechanical  and  thermal  loadings  are 
considered;  3)  boundary  conditions  other  than  simply  supported  edges  are  considered; 
and  4)  quantities  compared  include  detailed  through-the-thickness  distributions  of 
transverse  shear  and  transverse  normal  stresses. 

Based  on  the  numerical  studies  conducted,  the  predictor-corrector  approach 
appears  to  be  the  most  effective  technique  for  obtaining  accurate  transverse  stresses,  and 
for  thermal  loading,  none  of  the  two-dimensional  models  is  adequate  for  calculating 


l 


transverse  normal  stresses,  even  when  used  in  conjunction  with  three-dimensional 
equilibrium  equations. 

1 

Introduction 

A  significant  numerical  simulation  capability  now  exists  for  studying  the  various 
phenomena  associated  with  the  response,  life,  failure  and  performance  of  multi-layered 
composite  panels  and  shells.  The  phenomena  involved  cover  a  wide  range  of  length 
scales  from  local  to  global  structural  response.  The  modeling  approaches  used  for  multi¬ 
layered  panels  can  be  divided  into  four  different  categories:  detailed  micro-mechanical 
models,  three-dimensional  continuum  models,  quasi-three-dimensional  models  (with 
simplifying  assumptions  made  regarding  the  stress  or  strain  state  in  the  laminate  or  in  the 
individual  layers),  and  two-dimensional  plate  and  shell  models.  Within  each  category  has 
evolved  a  number  of  models  with  several  levels  of  sophistication.  The  four  categories  are 
described  in  survey  papers  (see,  for  example,  Leissa,  1987;  Grigolyuk  and  Kulikov,  1988; 
Noor  and  Burton,  1989;  Kapania,  1989;  Noor  and  Burton,  1990,  1992;  Reddy  and 
Robbins,  1994;  and  Robbins  and  Reddy,  1996)  and  monographs  (see,  for  example, 
Ambartsumian,  1974;  Bolotin  and  Novichkov,  1980;  Khoroshun  et  al,  1988;  Turvey  and 
Marshall,  1995;  Chao,  1996;  and  Reddy,  1997).  The  use  of  detailed  models,  three- 
dimensional  continuum  models  and  quasi-three-dimensional  models  for  predicting  the 
response  of  panels  with  complicated  geometry  is  computationally  expensive,  and 
therefore,  may  not  be  feasible  for  practical  composite  panels. 

Experience  with  the  two-dimensional  first-order  shear  deformation  model  has 
shown  it  to  be  inadequate  for  calculating  the  inter-laminar  stresses  that  are  used  in 
predicting  the  onset  of  some  of  the  damage  mechanisms  in  multi-layered  composite 
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panels.  Therefore,  various  higher-order  shear  deformation  models  and  post-processing 
techniques  have  been  proposed  for  the  accurate  determination  of  transverse  stresses  in 
laminated  panels.  The  higher-order  models  can  be  divided  into  (see,  for  example,  Noor 
and  Burton,  1989,  1990):  a)  global  approximation  models,  based  on  global  through-the- 
thickness  displacement,  strain  or  stress  approximation,  and  b)  discrete  layer  models  based 
oh  layer-by-layer  approximations  of  the  response  quantities  in  the  thickness  direction. 
The  post-processing  techniques  proposed  for  the  evaluation  of  transverse  stresses  are 
based  on  the  use  of:  a)  three-dimensional  equilibrium  equations  (Chaudhuri,  1986; 
Chaudhuri  and  Seide,  1987;  Engblom  and  Ochoa,  1985;  Kant  and  Pandya,  1988;  Reddy, 
Baibeio  and  Teply,  1989);  b)  predictor-corrector  approaches  (Noor,  Burton  and  Peters, 
1990;  and  Noor  and  Malik,  1999);  and  c)  simplifying  assumptions  (Rolfes  and  Rohwer, 
1997;  and  Rolfes,  Noor  and  Sparr,  1998).  Most  of  the  reported  studies  considered  the 
case  of  mechanical  loading  only.  The  few  studies  that  considered  thermal  loading,  such 
as  Reddy  (1997);  Rolfes,  Noor  and  Sparr  (1998);  and  Noor  and  Malik  (1999);  did  not 
assess  the  effectiveness  of  the  various  modeling  approaches  for  calculating  transverse 
stresses.  The  establishment  of  reliable,  efficient  and  practical  modeling  approaches  and 
computational  procedures  for  predicting  transverse  stresses  in  multi-layered  composites 
subjected  to  thermo-mechanical  loadings  remains  a  challenging  task  and  is  the  focus  of 
the  present  study.  Specifically,  the  objective  of  this  paper  is  to  assess  the  accuracy  of  five 
modeling  approaches  for  calculating  the  detailed  response  characteristics,  including 
transverse  stresses,  of  composite  panels  subjected  to  thermo-mechanical  loading. 

The  composite  panels  considered  herein  consist  of  a  number  of  perfectly  bonded 
layers.  The  individual  layers  are  assumed  to  be  homogeneous  and  anisotropic,  and  are 
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anti-symmetrically  laminated  with  respect  to  the  middle  plane  of  the  panel.  At  each  point 
of  the  panel,  a  plane  of  elastic  symmetry  exists,  parallel  to  the  middle  plane.  The  sign 
convention  for  the  different  displacement  and  stress  components  is  shown  in  Fig.  1.  The 
panels  are  subjected  to  mechanical  and  thermal  loads.  The  basis  of  comparison  is  taken  to 
be  the  solutions  obtained  by  using  three-dimensional  continuum  models  for  each  of  the 
individual  layers.  The  effects  of  the  different  lamination  and  geometric  parameters  and 
boundary  conditions  of  the  panel  on  the  accuracy  of  the  detailed  response  characteristics 
obtained  by  the  different  modeling  approaches  are  studied. 

2 

Modeling  approaches  used  in  the  present  study 

The  five  computational  models  considered  in  the  study  are:  first-order  shear 
deformation  theory;  third-order  theory;  a  theory  based  on  trigonometric  variation  of  the 
transverse  shear  stresses  through-the-thickness;  a  discrete  layer  theory;  and  a  predictor- 
corrector  approach.  The  predictor-corrector  approach  is  a  slightly  modified  version  of  the 
one  presented  in  Noor  and  Malik  (1999),  and  is  briefly  described  in  the  succeeding 
section.  The  first  four  models  can  be  considered  as  special  cases  of  a  general  two- 
dimensional  theory  based  on  the  following  through-the-thickness  displacement 
assumption: 

«ah.Jt3)=<W+f/0h-^)  W 

(2) 

where  u°  and  w°  are  the  displacement  components  of  the  reference  (middle)  plane  of  the 
plate  (jc3  =  0),  Ua  are  functions  of  x3  which  vanish  at  x3=Oand  a,  (5=1,2.  The 
functional  dependence  of  Ua  on  jc3  ,  along  with  the  characteristics  of  the  four  models,  is 
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given  in  Table  1.  The  in-plane  stresses  for  the  four  two-dimensional  models  were 
calculated  by  assuming  a  state  of  generalized  plane  stress  to  exist  in  each  layer.  The 
transverse  stresses  were  calculated  by  piecewise  integration  of  the  three-dimensional 
equilibrium  equations.  The  following  comments  can  be  made  about  the  four  two- 
dimensional  modeling  approaches. 

1.  The  first-order  shear  deformation  theory  is  an  extension  of  the  Reissner-Bolle- 
Mindlin  type  theories  for  isotropic  plates.  Since  in  these  theories  the  transverse  shear 
strains  or  stresses  are  assumed  to  be  constant  within  each  layer,  correction  factors  have  to 
be  used  in  order  to  adjust  the  transverse  shear  stiffnesses  and  match  the  response 
predicted  by  the  two-dimensional  theory  with  that  of  the  three-dimensional  elasticity 
theory.  The  range  of  validity  of  the  first-order  shear  deformation  theory  is  strongly 
dependent  on  the  factors  used  in  adjusting  the  transverse  shear  stiffnesses  of  the  plate.  In 
the  present  study  the  shear  correction  factors  were  calculated  by  assuming  cylindrical 
bending  type  of  deformation  in  each  of  the  jc,  and  x2  directions  (see  Chow,  1971;  and 
Whitney,  1973).  The  use  of  these  composite  correction  factors  was  found  to  result  in 
fairly  accurate  gross  response  characteristics  for  a  wide  range  of  lamination  and 
geometric  parameters  of  the  panel  (see  Noor  and  Burton,  1989  and  1990). 

2.  The  third-order  shear  deformation  theory  is  based  on  using  a  cubic  in-plane 
displacement  approximation,  and  a  constant  transverse  displacement,  in  the  thickness 
direction.  To  reduce  the  number  of  displacement  parameters  to  five,  the  conditions  of 
zero  transverse  shear  stresses  (and  strain)  at  the  top  and  bottom  surfaces  of  the  laminate 
are  imposed.  This  approach  was  introduced  for  homogeneous  isotropic  plates  by  Pane 
(1975),  and  later  applied  by  a  number  of  researchers  to  laminated  plates  (see,  for 
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example,  Kaczkowski,  1980;  Bhimaraddi  and  Stevens,  1984;  Reddy,  1984;  Pandya  and 
Kant,  1987;  and  Krishna  Murty  and  Vellaichamy,  1987).  Reddy  used  the  same  kinematic 
assumptions  and  applied  Hamilton’s  principle  to  obtain  an  energy  consistent  set  of 
equations  for  the  plate  (see  Reddy,  1984). 

3.  Model  3  was  proposed  by  Touratier  (1991)  and  is  based  on  assuming 
trigonometric  variation  of  the  transverse  shear  stresses  through  the  thickness,  which 
satisfies  the  free  shear  stress  boundary  conditions  at  the  top  and  bottom  surfaces  of  the 
panel.  This  is  accomplished  by  augmenting  the  thickness  distribution  of  the  in-plane 
displacements  of  the  classical  theory  with  a  trigonometric  function  whose  derivative  with 
respect  to  x3  vanishes  at  the  top  and  bottom  surfaces  of  the  laminate.  The  use  of 
trigonometric  functions  in  the  thickness  coordinate  for  the  in-plane  displacements  was 
previously  proposed  in  a  number  of  publications  (see,  for  example,  Kilchevskii,  1961; 
and  Stein,  1986). 

4.  The  discrete  layer  theory  (model  4)  is  based  on  piecewise  linear  variation  of  the 
in-plane  displacements,  and  constant  transverse  displacement,  in  the  thickness  coordinate. 
The  imposition  of  the  continuity  of  the  transverse  stresses  at  layer  interfaces  is  used  to 
reduce  the  total  number  of  displacement  parameters  to  5.  Di  Sciuva  (1986,  1987) 
proposed  this  model.  Other  discrete  layer  models  were  previously  proposed  in  a  number 
of  publications  (see,  for  example,  Ambartsumian,  1987;  and  Whitney,  1969). 

3 

Predictor-corrector  approach 

The  predictor-corrector  approach  is  based  on  using  the  through-the-thickness 
displacement  field  for  the  three-dimensional  continuum  model  of  a  simpler  panel  having 
the  same  lamination  as  the  original  panel,  but  with  simply  supported  edges,  to  generate 
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coordinate  functions  for  the  Rayleigh-Ritz  technique,  and  then  adaptively  improving 
these  coordinate  functions.  The  computational  procedure  can  be  conveniently  divided 
into  two  stages.  In  the  first  stage,  coordinate  functions  are  generated  using  the  three- 
dimensional  continuum  model  of  a  simply  supported  panel.  The  coordinate  functions  for 
each  displacement  component  are  obtained  by  decomposing  the  corresponding  through- 
the-thickness  distribution  into  four  components:  a)  uniform,  b)  linear  antisymmetric,  c) 
nonlinear  symmetric,  and  d)  nonlinear  antisymmetric,  where  the  symmetry  and 
antisymmetry  of  these  components  are  defined  with  respect  to  the  middle  plane  of  the 
panel.  The  amplitudes  of  the  coordinate  functions  are  determined  by  using  the  Rayleigh- 
Ritz  technique.  The  resulting  displacements  are  used  in  conjunction  with  three- 
dimensional  kinematic  and  constitutive  relations  to  calculate  the  strains  and  the  in-plane 
stress  components.  Subsequently,  the  transverse  stresses  are  determined  by  through-the- 
thickness,  piecewise  integration  of  three-dimensional  equilibrium  equations.  In  the 
second  stage,  the  transverse  strains  are  determined  by  using  the  three-dimensional 
constitutive  relations.  The  transverse  strains  are  then  integrated  in  the  thickness  direction 
to  generate  more  accurate  through-the-thickness  distributions  of  the  displacement 
components,  from  which  improved  coordinate  functions,  displacements,  strains  and 
stresses  are  obtained.  A  flow  chart  of  the  computational  procedure  is  shown  in  Fig.  2. 
Other  predictor-corrector  approaches  are  presented  in  Noor,  Burton  and  Peters  (1990), 
and  Noor  and  Burton  (1990). 

4 

Numerical  studies 
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The  accuracy  of  the  different  response  quantities  of  multi-layered  composite 
panels  subjected  to  thermo-mechanical  loading,  predicted  by  different  modeling 
approaches  is  dependent  on  a  number  of  parameters,  including: 

•  Lamination  parameters  (viz.,  number  of  layers,  stacking  sequence,  degree  of 
orthotropy,  and  fiber  orientation  of  different  layers). 

•  Geometric  parameters  (e.g.,  panel  geometry,  thickness  ratio,  presence  or 
absence  of  discontinuities). 

•  Type  and  rate  of  variation  of  thermal  and  mechanical  loading. 

•  Boundary  (or  support)  conditions. 

Due  to  the  large  number  of  these  parameters  and  the  fact  that  closed  form  (or 
analytic)  solutions  are  only  obtainable  for  panels  with  simple  geometries,  loading  and 
boundary  conditions,  it  is  impractical  to  present  quantitative  results  of  a  general  nature. 
Although  several  attempts  have  been  made  to  assess  the  accuracy  of  the  response  of 
composite  panels  and  shells  predicted  by  different  modeling  approaches  (see,  for 
example,  Di  Scuiva,  1986;  Noor  and  Burton,  1989;  Touratier,  1991;  and  Reddy,  1997) 
the  combination  of  the  following  four  key  elements  distinguishes  the  present  study  from 
previous  studies  reported  in  the  literature:  1)  the  standard  of  comparison  is  taken  to  be  the 
solutions  obtained  by  using  three-dimensional  continuum  models  for  each  of  the 
individual  layers;  2)  both  mechanical  and  thermal  loadings  are  considered;  3)  quantities 
compared  include  detailed  through-the-thickness  distributions  of  transverse  shear  and 
transverse  normal  stresses;  and  4)  boundary  conditions  other  than  simply  supported  edges 
are  considered;. 
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Herein  the  results  of  parametric  studies  for  flat  multi-layered  rectangular  panels 
are  presented.  These  studies  were  conducted  to  provide  some  insight  into  the  effects  of 
variation  in  the  lamination,  geometric  parameters  and  boundary  conditions  of  composite 
panels  on  the  accuracy  of  the  five  modeling  approaches  described  in  the  preceding 
section  (see  Table  1).  The  modeling  approaches  will  henceforth  be  referred  to  as  models 
1  to  5. 

The  composite  panels  considered  in  this  study  are  rectangular  with  side  lengths  in 
the*,  and  x2 directions  equal  to  and  L2,  respectively,  and  Ljis  taken  to  be  1.0.  Cross 
ply  lamination  with  the  fiber  orientation  selected  to  be  [0/90/0/90/...],  where  the  fibers  of 
the  top  layer  are  parallel  to  the  jc,  direction.  The  material  characteristics  of  the  individual 
layers  are  taken  to  be  those  typical  of  high-modulus  fibrous  composites,  namely. 

El  /  Et  =  25  ,  Glt  I  Et  =  0.5  ,  Gn  /  ET  =  0.2  , 
vtr  =  0.25  ,  v  jj  =0.25  ,  txr/aL  =3,  aL=1.0 

The  panels  are  subjected  to  transverse  static  loading  p,  or  to  a  thermal  loading  in  the  form 
of  either  a  constant  temperature  change  AT0 ,  or  a  temperature  gradient  in  the  thickness 
direction  AT, .  Each  of  the  three  loadings  had  a  double  sinusoidal  variation  in  the  xl~x2 
plane,  namely: 


r  ' 

P 

Po  ' 

•AT0 

^  =  « 

V 

at;. 

.■*3^1 . 

fsm- 
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(3) 


The  amplitudes  of  the  transverse  loading,  uniform  temperature  and  temperature  gradient 
(p0 ,T0,TX)  were  chosen  to  be  one. 


Four  parameters  were  varied:  namely,  the  thickness  ratio  h  /  Lx ;  the  aspect  ratio 
Lx  /  L2 ;  the  lamination;  and  the  boundary  conditions.  The  thickness  ratio  was  varied 
between  0.01  and  0.2;  the  aspect  ratio  was  varied  between  1  and  3;  the  number  of  layers 
was  varied  between  2  and  10.  Both  symmetric  and  anti-symmetric  laminations  (with 
respect  to  the  middle  plane)  were  considered.  Three  types  of  boundary  conditions  were 
considered;  namely,  all  edges  simply  supported;  two  opposite  edges  simply  supported 
and  the  other  two  clamped;  and  all  edges  clamped. 

For  panels  with  all  edges  simply  supported,  analytic  solutions  were  obtained  for 
all  five  models,  as  well  as  for  the  three-dimensional  model  (used  as  a  standard  for 
comparison).  For  panels  with  other  types  of  boundary  conditions,  the  numerical 
discretization  was  performed  by  using  the  differential  quadrature  method  (see  Bellman,  et 
al,  1973;  Bert  and  Malik,  1996;  and  Chen,  et  al,  1997).  The  predictions  of  the  two- 
dimensional  models  were  validated  by  comparing  them  with  those  published  in  the 
literature,  for  both  a  version  of  model  1  with  different  composite  correction  factors  and 
model  2  (Reddy,  1997),  model  3  (Touratier,  1991),  and  model  4  (Di  Scuiva,  1986).  For 
panels  with  two  opposite  edges  clamped  or  all  edges  clamped,  convergence  studies  were 
performed  for  the  three-dimensional  model  to  insure  that  the  results  presented  herein  are 
converged  solutions. 

Typical  results  are  presented  in  Fig.  3  for  a  two-layer  panel  with  two  opposite 
edges  simply  supported  and  the  other  two  clamped,  and  in  Figs.  4-14  for  panels  with  all 
edges  clamped.  Figures  3-14  show  the  through-the-thickness  distributions  of  the  in-plane 
stresses  (ou,CT22,a12),  the  transverse  shear  stresses  (o,13,o23),  and  the  transverse  normal 
stresses  a33  predicted  by  the  five  models,  along  with  those  predicted  by  the  three- 
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dimensional  continuum  model.  The  description  of  the  boundary  conditions,  lamination, 
geometric  parameters  and  loading  used  in  each  of  the  figures  is  summarized  in  Table  2. 
The  results  are  described  subsequently  for  the  three  loading  cases. 

4.1 

Case  of  mechanical  loading 

Typical  results  for  the  case  of  mechanical  loading  are  presented  in  Figs.  3-6.  An 
examination  of  the  results  obtained  reveals: 

1.  For  thin  panels  (hi  <0.01)  with  simply  supported  edges,  all  the  two- 
dimensional  models  predict  accurate  stresses.  For  panels  with  two  or  all  edges 
clamped,  the  stresses  predicted  by  models  1,  3, 4  and  5  are  in  close  agreement 
with  those  of  the  three-dimensional  continuum  model.  However,  the 
predictions  of  model  2  show  a  pronounced  difference  (15%  for  the  in-plane 
normal  stresses,  6%  for  the  in-plane  shear  stress,  22%  for  the  transverse  shear 
stresses,  and  13%  for  the  transverse  normal  stress,  see  Fig.  4). 

2.  As  expected,  an  increase  in  the  thickness  ratio  ft/L,  results  in  increasing  the 
differences  between  the  predictions  of  the  two-dimensional  and  three- 
dimensional  continuum  models.  This  effect  is  more  pronounced  for  the 
transverse  shear  stresses  predicted  by  models  2,  3  and  4;  and  for  the  in-plane 
shear  stress  predicted  by  model  1  (see  Figs.  3, 5  and  6). 

3.  As  the  aspect  ratio  of  the  panel  L2/L,  increases,  the  differences  between  the 
maximum  values  of  each  pair  of  stresses  (cr  13  ,cr  23 )  increases.  The  errors  in 
the  smaller  stress  predicted  by  each  of  the  two-dimensional  models  increases 
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with  the  increase  in  L2  /  L, .  This  effect  is  more  pronounced  for  a23  predicted 
by  model  2  (see  Fig.  6). 

4.  For  two-layered  panels,  the  transverse  shear  stresses  predicted  by  models  1,  2 
and  3  have  comparable  accuracy.  The  corresponding  stresses  predicted  by 
model  4  are  less  accurate.  As  the  number  of  layers  increases,  the  accuracy  of 
the  transverse  stresses  predicted  by  the  two-dimensional  models  increases. 
The  increase  is  more  pronounced  for  the  stresses  predicted  by  model  1. 

5.  The  accuracy  of  the  transverse  shear  stresses  predicted  by  the  different  models 
is  sensitive  to  the  boundary  conditions  of  the  panel.  As  an  example,  for  a 
square  two-layered  simply  supported  panel  with  hi =0.2,  the  maximum 
errors  in  the  transverse  shear  stresses  predicted  by  models  1,  2,  3  and  4  were 
7.3,  13.0,  13.7  and  17.6%,  respectively.  For  the  corresponding  panels  with 
two  opposite  edges  simply  supported  and  the  other  two  clamped,  the  errors 
increased  to  7.6, 19.3, 20.6  and  31.6%,  respectively. 

6.  For  all  the  panels  considered,  the  stresses  obtained  by  the  predictor-corrector 
approach  (model  5  -  with  one  iteration  in  stage  2)  are  highly  accurate  (within 
0.5%  of  the  three-dimensional  continuum  model  predictions).  When  a  second 
iteration  is  used  in  stage  2,  the  predictions  of  model  5  become 
indistinguishable  from  those  of  the  three-dimensional  continuum  model. 

4.2 

Case  of  uniform  temperature  change  through  the  thickness 

Typical  results  for  the  case  of  AT0  loading  are  presented  in  Figs.  7-10.  The  results 

can  be  summarized  as  follows: 
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1.  The  accuracy  of  the  stresses  predicted  by  the  different  two-dimensional 
models  is  sensitive  to  variations  in  the  thickness  ratio  and  the  lamination,  and 
is  insensitive  to  the  boundary  conditions  of  the  panel.  This  can  be  seen  by 
comparing  the  corresponding  results  shown  in  Figs.  8-10. 

2.  For  thin  panels  {hi L,  <0.01)  with  simply  supported  edges,  the  in-plane 
normal  stresses  (c^a^)  and  transverse  shear  stresses  (a13,o23)  predicted 
by  the  four  two-dimensional  models  are  fairly  accurate.  The  same  is  true  for 
the  in-plane  normal  stresses  and  transverse  shear  stresses  predicted  by  models 
1,  3  and  4  in  panels  with  two  or  all  edges  clamped.  By  contrast,  the  in-plane 
shear  stresses  cr  12  and  transverse  normal  stresses  a33  predicted  by  all  the  two- 

dimensional  models  are  grossly  in  error.  For  panels  with  two  or  all  edges 
clamped,  the  transverse  shear  stresses  predicted  by  model  2  are  less  accurate 
than  those  predicted  by  the  other  models  (see  Fig.  8). 

3.  As  the  thickness  ratio  increases,  the  accuracy  of  the  stresses  predicted  by  all 
the  two-dimensional  models  decreases.  This  is  particularly  true  for  the 
transverse  shear  stresses. 

4.  In  all  the  cases  considered,  the  transverse  normal  stresses  predicted  by  all  the 
two-dimensional  models  were  highly  inaccurate. 

5.  As  for  the  case  of  mechanical  loading,  the  stresses  obtained  by  the  predictor- 
corrector  approach,  with  one  iteration  in  stage  2,  are  fairly  accurate.  For  thick 
panels  (/i/L,  =0.2),  the  maximum  error  in  the  transverse  normal  stresses 
predicted  by  this  model  was  about  5%  (see  Fig.  10).  When  a  second  iteration 
is  used  in  stage  2,  the  corresponding  error  reduces  to  less  than  1%. 
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4.3 

Case  of  temperature  gradient  through  the  thickness 

Typical  results  for  the  case  of  A Tx  loading  are  presented  in  Figs.  11-14,  and  can 
be  summarized  as  follows: 

1.  As  for  the  p0  case,  the  in-plane  and  transverse  stresses  predicted  by  the  two- 
dimensional  models  are  fairly  accurate  for  the  simply  supported  panels 
(h/L j  <0.0l).  When  two  or  all  edges  of  the  panel  are  clamped,  the  in-plane 
and  transverse  shear  stresses  predicted  by  models  1,  3  and  4  are  still  accurate. 
The  accuracy  of  the  transverse  normal  stresses  deteriorate  with  the  increase  in 
the  number  of  layers.  The  predictions  of  model  2  show  a  pronounced 
difference  from  those  of  the  three-dimensional  model,  regardless  of  the 
number  of  layers  (see,  for  example,  Fig.  11). 

2.  For  medium  thick  and  thick  panels  {hi L,  =0.1  to  0.2)  the  accuracy  of  the 
in-plane  stresses  predicted  by  the  two-dimensional  models  increases  with 
restraining  the  edges  of  the  panel.  This  observation  applies  to  panels  with  two 
and  ten  layers.  For  example,  for  two-layered  panels  with  hi  1^  =0.2  and  with 
two  opposite  edges  clamped  and  the  other  two  simply  supported,  the 
maximum  errors  in  the  in-plane  stresses  predicted  by  models  1,  2,  3  and  4 
were  28.9,  22.0,  25.2  and  41.5%  (see  Fig.  11).  The  corresponding  maximum 
errors  in  panels  with  all  edges  clamped  were  (6.1,  5.1,  5.1,  and  1.9%), 
respectively.  For  the  corresponding  panels  with  ten  layers,  the  maximum 
errors  were  (78.5,  31.8,  28.9  and  73.4%)  and  (7.6,  0.6,  0.9  and  4.8%)  for  the 
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cases  of  two  opposite  edges  clamped  and  all  edges  clamped,  respectively  (see 
Fig.  13). 

3.  The  transverse  stresses  in  medium  thick  and  thick  panels 
(/i/L,  =0.1  and  0.2)  predicted  by  the  two-dimensional  models  are  grossly  in 
error.  Although  the  through-the-thickness  distributions  of  transverse  stresses 
predicted  by  the  four  two-dimensional  models  are  in  close  agreement  with 
those  predicted  by  the  three-dimensional  model  for  the  simply  supported 
panels,  the  differences  become  pronounced  when  two  or  all  edges  are 
clamped,  as  can  be  seen  in  Figs.  11  and  12.  None  of  the  four  two-dimensional 
models  is  adequate  for  predicting  the  transverse  stresses  in  panels  with  two  or 
all  edges  clamped. 

4.  By  contrast  to  the  p  and  Aro  loading  cases,  for  the  AT,  loading  case,  the 
aspect  ratio  (Lj  /ij  has  a  significant  effect  on  the  accuracy  of  the  predicted 
response  characteristics  of  the  two-dimensional  models.  As  the  aspect  ratio 
increases,  both  the  in-plane  and  transverse  stresses  increase,  but  the  transverse 
stresses  show  orders  of  magnitude  more  increase.  At  the  same  time,  the  errors 
in  the  transverse  stresses  decrease  by  orders  of  magnitude.  As  an  example,  for 
a  square,  ten-layer  antisymmetrically  laminated  panel  with  clamped  edges  and 
h/Ll=  0.2,  the  transverse  stresses  predicted  by  all  the  two-dimensional 
models  were  grossly  in  error.  By  contrast,  for  rectangular  panels  with 

/  L,  =  3 ,  the  maximum  errors  in  the  transverse  shear  and  transverse  normal 
stresses  predicted  by  models  1,  2,  3  and  4  were  (17.9,  26.7,  32.4  and  31.5%) 
and  (27.4, 44.3, 34.4  and  42.5%),  respectively  (see  Fig.  14). 
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5.  The  stresses  obtained  by  model  5  with  one  iteration  in  stage  2  were  highly 
accurate.  For  all  the  panels  considered,  the  maximum  errors  in  the  in-plane 
and  transverse  stresses  obtained  by  using  one  iteration  in  stage  2  were  found 
to  be  less  than  0.1  and  1%,  respectively. 

5 

Concluding  remarks 

A  study  is  made  of  the  effects  of  variation  in  the  lamination  and  geometric 
parameters,  and  boundary  conditions  of  multilayered  composite  panels  on  the  accuracy  of 
the  detailed  response  characteristics  obtained  by  five  different  modeling  approaches.  The 
modeling  approaches  considered  include  four  two-dimensional  shear  deformation 
models,  each  with  five  parameters  to  characterize  the  deformation  in  the  thickness 
direction;  and  a  predictor-corrector  approach  with  twelve  parameters.  The  two- 
dimensional  models  are  first-order  theory,  third-order  theory,  a  theory  based  on 
trigonometric  variation  of  the  transverse  shear  stresses  through  the  thickness,  and  a 
discrete  layer  theory.  The  predictor-corrector  approach  is  based  on  using  the  through-the- 
thickness  displacement  field  for  the  three-dimensional  model  of  a  panel  with  the  same 
lamination,  but  with  simply  supported  edges,  to  generate  coordinate  functions  for  the 
Rayleigh-Ritz  technique,  and  then  adaptively  refining  the  coordinate  functions  and  the 
through-the-thickness  displacement  field. 

Parametric  studies  are  conducted  for  flat  multi-layered  rectangular  panels  to 
provide  some  insight  into  the  effects  of  variation  in  the  lamination,  geometric  parameters 
and  boundary  conditions  on  the  accuracy  of  the  five  modeling  approaches.  The  panels  are 
subjected  to  transverse  static  loading,  or  to  a  thermal  loading  in  the  form  of  either  a 
constant  temperature  change  or  a  temperature  gradient  in  the  thickness  direction. 
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The  combination  of  the  following  four  key  elements  distinguishes  the  present 
study  from  previous  studies  reported  in  the  literature:  a)  the  standard  of  comparison  is 
taken  to  be  the  solution  obtained  by  using  three-dimensional  continuum  models  for  each 
of  the  individual  layers;  2)  both  mechanical  and  thermal  loadings  are  considered;  3) 
boundary  conditions  other  than  simply  supported  edges  are  considered;  and  4)  quantities 
compared  include  detailed  through-the-thickness  distributions  of  transverse  shear  and 
transverse  normal  stresses. 

Based  on  the  numerical  studies  conducted,  the  following  general  observations  can 
be  made: 

1.  For  thin  panels  with  simply  supported  edges  subjected  to  mechanical  loading, 
the  in-plane  stresses  predicted  by  all  the  two-dimensional  models  are  accurate. 
The  transverse  stresses  calculated  by  using  the  three-dimensional  equilibrium 
equations  are  reasonably  accurate.  For  thermal  loading,  the  transverse  normal 
stresses  predicted  by  the  four  models  are  inaccurate.  The  accuracy  of  model  2 
decreases  when  two  or  four  edges  are  clamped. 

2.  As  expected,  the  accuracy  of  the  four  two-dimensional  models  deteriorates 
with  the  increase  in  the  thickness  ratio.  The  deterioration  is  more  pronounced 
when  two  or  four  edges  of  the  panel  are  clamped. 

3.  For  all  the  panels  considered,  the  stresses  obtained  by  the  predictor-corrector 
approach  with  one  iteration  in  stage  2  are  in  close  agreement  with  those 
obtained  by  using  the  three-dimensional  models  for  each  layer  of  the  panel. 
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The  foregoing  predictor-corrector  approach  can  be  used  in  conjunction  with  finite 

element  models  for  the  accurate  determination  of  the  transverse  stresses  in  the  critical 

regions  of  panels  with  arbitrary  lamination  and  geometry. 
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Table  1  -  Two-dimensional  modeling  approaches  used  in  the  numerical  studies. 


Model 

Description 

Through-the-Thickness 
In-Plane  Displacement 

Assumptions  (Ua  in 
Eqs.  1) 

Constraint 
Conditions  on 
Stresses 

Reference 

i 

First-order  shear- 

deformation 

theory 

a33=0 

2 

Third-order  shear 

deformation 

theory 

-x3daw° 

r  4 ( x  vi 
+T"3i‘)r 

a33=0 

throughout  the 
thickness,  and 

Oa3  =  0attop 

and  bottom 
surfaces 

Reddy,  1984 

3 

Higher-order 

shear 

deformation 

theory 

-x3daw° 
h  .  nx3 

H — sin— ^Ya 

n  h 

Touratier,  1991 

4 

Discrete  layer 
theory 

i*l 

4»(k,i)=1 

for  K  =  i 

C33  =  Oand 
Go3  are 

continuous  at 
layer  interfaces 

Di  Scuiva, 

1986 

__  *3  ~K-l 

hk  ~K-i 
for  K  =  I 

Notes: 

The  transverse  displacement  w  in  the  four  models  is  assumed  to  be  constant  throughout  the  thickness  of  the 
laminate;  total  number  of  independent  displacement  parameters  in  each  model  =  5;  the  composite  shear 
correction  factors  in  the  first-order  shear  deformation  are  obtained  by  using  the  procedure  described  in 

Chow,  1971,  and  Whitney,  1973;  K  is  the  layer  number  1  <  K  <  NL ;  ,  hK  are  the  distances  from  the 

reference  surface  to  the  bottom  and  top  surfaces  of  the  kth  layer;  the  parameters  (j)"  ,y°  and  are 


functions  of  Xa  only  (see  Eq.  (1)),  and  da 


(a  =  1,2). 


Table  2  -  Types  of  panels  and  loadings  for  the  results  presented. 


Panel 

Lamination 

Aspect 

Thickness 

Figure  for  Loading 
Type 

Boundary 

Conditions 

Ratio, 

VA 

Ratio,  hi Ly 

P 

Ar0 

Ar, 

Clamped- 

Simply 

Supported 

2-layer  [0/90] 
antisymmetric 

1 

0.2 

3 

1 

11 

Fully 

Clamped 

10-layer 
[0/90/...  /0/90] 
antisymmetric 

1 

0.01 

4 

8 

12 

10-layer 
[0/90/.. 790/0] 
symmetric 

1 

0.1 

5 

1 

13 

10-layer 
[0/90/... /0/90] 
antisymmetric 

3 

0.2 

6 

I 

14 

Clamped  simply  supported  panel  has  the  edges  X1  =  0,  Lj  clamped  and  the  other  two  supply 
supported.  Clamped  panel  Aro ,  A Tx  =  ( p0 ,  T0 ,  )sin  — -  sin  — — ,  T0  =  1,7^  =  1 . 


Figure  1 


For  each  pair  (x,,  xj: 

(a)  Calculate  the  transverse  strains  e„  using  3-D  thermoelastic  constitutive  equations, 
(b)  Determine  through-the-thickness  displacement  distribution  by  integrating  the 
3-D  kinematic  relations  of  the  transverse  strains,  and 


(c)  Generate  a  new  set  of  approximation  functions  u^x,,  x v  Xj)  through 
_  decomposition  of  each  displacement  distribution 


Stage  1 


Stage  2 


Figure  2 


Model  2 
Model  3 


Figure  7 


r  wn^fw 


Figure  9 


*4  *  2 


io3xa  /E_  io2xcr  /E 


Figure  12 


*4  *2 


Figure  14 


LIST  OF  FIGURES 


Fig.  1  Laminated  panel:  geometry,  coordinate  axes,  and  sign  convention  for 
displacements  and  stresses. 

Fig.  2  Flowchart  of  the  computational  procedure  based  on  the  predictor-corrector 
approach. 

Fig.  3  Accuracy  of  stress  components  obtained  by  different  models.  Square,  two-layer 
cross-ply  panel,  with  two  opposite  edges  simply  supported  and  the  other  two 

7tX  7ZX 

clamped,  subjected  to  the  static  loading  p  =  p0 sin — -sin—2*,  hi  =0.2.  Stress 

L,  L2 

components  are  shown  at  different  locations:  a  n, a  22,^33  at  the  point  1;  a13  at  the 

point  2;  Cy  at  the  point  3;  and  a12  at  the  point  4. 

Fig.  4  Accuracy  of  stress  components  obtained  by  different  models.  Square,  ten-layer 
antisymmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected  to 

7ZX  7LX 

static  loading  p  =  p0 sin — -sin — — ,  hi Lj  =  0.01.  Stress  components  are  shown  at 

L i  L2 

different  locations:  cu,c 22,033  at  the  point  1;  o13at  the  point  2;  cr23  at  the  point  3; 
and  ct12  at  the  point  4. 

Fig.  5  Accuracy  of  stress  components  obtained  by  different  models.  Square,  ten-layer 
symmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected  to  static 

7lX  TlX 

loading  p  -  pa  sin — -sin — — ,  A/L,  =0.1.  Stress  components  are  shown  at 
Lj  L2 

different  locations:  on,a22,o33  at  the  point  1;  o13at  the  point  2;  a 23  at  the  point  3; 
and  ct  12  at  the  point  4. 
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Fig.  6  Accuracy  of  stress  components  obtained  by  different  models.  Rectangular,  ten- 
layer  antisymmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected 

TtX  TtX 

to  static  loading  p-  p0  sin — Lsin — -,  L2  / Lj  =3,  h/L1  =  0.2.  Stress  components 

A  ^2 

are  shown  at  different  locations:  81  the  point  1;  a,3at  the  point  2; 

at  the  point  3;  and  a12  at  the  point  4. 

Fig.  7  Accuracy  of  stress  components  obtained  by  different  models.  Square,  two-layer 
cross-ply  panel  with  all  edges  clamped,  subjected  to  uniform  temperature  change 

TtX  TtX 

Aro=70sin — Lsin — -,  h/Ll=0.2.  Stress  components  are  shown  at  different 

A  ^2 

locations:  ou,a 22,033  at  the  point  1;  a  13  at  the  point  2;  oa  at  the  point  3;  and  al2 
at  the  point  4. 

Fig.  8  Accuracy  of  stress  components  obtained  by  different  models.  Square,  ten-layer 
antisymmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected  to 

TtX  TtX 

uniform  temperature  change:  AT0  =  T0  sin — Lsin — -,  h/Ll=  0.01.  Stress 

A  ^2 

components  are  shown  at  different  locations:  on,a72,a33  at  the  point  1;  a13  at  the 
point  2;  a23  at  the  point  3;  and  al2  at  the  point  4. 

Fig.  9  Accuracy  of  stress  components  obtained  by  different  models.  Square,  ten-layer 
symmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected  to 

7DC,  TlX2 

uniform  temperature  change:  AT0  =  T0  sin — Lsin - ,  h/L^  =0.1.  Stress 

A  ^2 
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components  are  shown  at  different  locations:  cr„,a22,a33  at  the  point  1;  c13  at  the 


point  2;  o  23  at  the  point  3;  and  aI2  at  the  point  4. 

Fig.  10  Accuracy  of  stress  components  obtained  by  different  models.  Rectangular,  ten- 
layer  antisymmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected 


71 x, 

to  uniform  temperature  change  A  T0  =  T0  sin — sin 


7tX, 


L2/L1=3,  fc/L,=  0.2. 


Stress  components  are  shown  at  different  locations:  ou,a22,o33  at  the  point  1; 
a13at  the  point  2;  at  the  point  3;  and  an  at  the  point  4. 

Fig.  1 1  Accuracy  of  stress  components  obtained  by  different  models.  Square,  two-layer 
cross-ply  panel  with  all  edges  clamped,  subjected  to  temperature  gradient 

7tX  7LX 

A 7,  =  x3Tx  sin — -sin — -,  hi =0.2.  Stress  components  are  shown  at  different 

Lj  L, 

locations:  cr^cr^a^  at  the  point  1;  o,3at  the  point  2;  a23  at  the  point  3;  and  o12 
at  the  point  4. 

Fig.  12  Accuracy  of  stress  components  obtained  by  different  models.  Square,  ten-layer 
antisymmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected  to 

7DC  7ZX 

temperature  gradient  A 7^  =  x3Tx  sin — -sin — — ,  /z/L,  =0.01.  Stress  components 

L,  L2 

are  shown  at  different  locations:  au,a22,a33  at  the  point  1;  o,3  at  the  point  2;  a a 
at  the  point  3;  and  o12  at  the  point  4. 

Fig.  13  Accuracy  of  stress  components  obtained  by  different  models.  Square,  ten-layer 
symmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected  to 
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temperature  gradient: 


ATj  =  x3T,  sin 


JZXj 

T 


h!Lx  =0.1.  Stress  components 


are  shown  at  different  locations:  o„, on,a33  at  the  point  1;  a13  at  the  point  2;  aa 
at  the  point  3;  and  on  at  the  point  4. 

Fig.  14  Accuracy  of  stress  components  obtained  by  different  models.  Rectangular,  ten- 
layer  antisymmetrically  laminated  cross-ply  panel  with  all  edges  clamped,  subjected 

7tX  7LX 

to  temperature  gradient  A Tx  =  x3Tx  sin — Lsin — Z^/L,  =3,  h/Z,  =0.2.  Stress 


components  are  shown  at  different  locations:  a„, 0^,033  at  the  point  1;  a13  at  the 
point  2;  a  23  at  the  point  3;  and  a12  at  the  point  4. 
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